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EDWARD  H.   COUKTENAY. 


In  the  publication  of  tlie  following  Treatise  on  the 
Differential  and  Integral  Calculus  by  Edward  H.  Oourtenay, 
two  Institutions  have  an  ecLual  interest  —  tie  Military 
Academy  where  he  was  graduated  in  the  year  1821,  and 
the  University  of  Virginia,  where  he  died  in  the  Fall  of  1853. 

Mr.  Courtenay  was  horn  in  the  City  of  Baltimore,  on  the 
19th  of  November,  1803.  He  entered  the  Military  Academy 
as  a  cadet  in  September,  1818,  and  was  the  youngest 
member  of  the  Class  of  that  year. 

The  Course  of  Study  embraced  a  term  of  four  yeai^.  In 
three  years  Mr.  Courtenay  made  himself  highly  proficient  in 
all  the  branches,  and  was  graduated  at  the  head  of  his  class, 
m  July,  1821. 

In  his  initiatory  examination  he  made  a  strong  impression 
on  the  mind  of  the  examiner,  who  remarked,  when  the 
examination  was  concluded,  that  "  a  boy  from  Baltimore,  of 
spare  frame,  light  complexion  and  light  hair,  would 
certainly  take  the  first  place  in  his  class." 

We  transcribe  the  following  record  from  the  Eeglster  of 
the  United  States  Military  Academy, 

"  Edward  H.  Cotjktenay — Promoted  Bvt.  Second  Lieut., 
Corps  of  Engineers,  July  1,  1821.— Second  Lieut.  JiUy  1, 
1821.— Acting  Asst.  Professor  of  Natural  and  Expeiimental 
Philosophy,  Military  Academy,  from  July  23, 1831,  to  Sept. 
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1, 1832 ;  and  Asst.  Professor  of  Engineering,  from  Sept,  1, 
1822,  to  Aug.  31,  1824.— Acting  Professor  of  mtural  and 
Experimental  Philosophy,  Military  Academy,  from  Sept.  1, 
1828,  to  Feh.  16,  1839  ;  and  Professor,  from  Peb.  16,  1829, 
to  Dec.  31,  1834. — Resigned  Lieutenancy  of  Engineers,  Feb. 
16,  1829;  and  Professorship  of  Natural  and  Experimental 
Philosophy,  Dec.  31,  1834. — Professor  of  Mathematics, 
University  of  Pennsylvania,  from  1834  to  1836. — Division 
Engineer,  New  York  and  Erie  Eaiiroad,  1836-37.— Civil 
Engineer,  in  the  service  of  United  States,  employed  in  the 
construction  of  Port  Independence,  Eoston  Harbor,  from 
1837  to  1841.*— Chief  Engineer  of  Dry  Dock,  Navy  Yard, 
Brooklyn,  N.  Y.,  1841-42. — Professor  of  Mathematics, 
University  of  Virginia,  since  1842. — Autlior  of  Elementary 
Treatise  on  Mechanics,  translated  from  the  French  of  M. 
Boucharlat,  with  additions  and  emendations,  designed  to 
adapt  it  to  the  use  of  the  Cadets  of  the  U.  S.  Military 
Academy,"  1833.— ^Degree  of  A.  M.,  conferred  by  University 
of  Pennsylvania,  1834;  and  of  LL.  D.,  by  Hampden 
Sidney  College,  Va.,  1846." 

*  Mr.  Courtenay,  while  emplojeil  as  Engineer  in  the  construction  of  the  works 
in  Boston  Harbor,  tvoB  assooiaCed  with  that  distinguished  officer,  Colonel  Sylvanue 
Thayer,  of  the  Corps  of  Engineers. 

The  year  before  Mr.  Coartenay  entered  the  Militaiy  .\cademj,  as  a  Cadet, 
Colonel  Thayer  hEid  boon  appointed  Superintendent.  He  was  then  eng^ed  in 
laying  the  foundation  of  the  Byalem  of  instraction  and  discipline  which  haa 
imparted  so  much  reputation  to  that  institution. 

It  was  among  the  most  agreeable  and  cherished  remembrances  of  Mr.  Couitenay'a 
life  that  he  enjoyed  the  entire  confidence  and  friendship  of  so  interesting  and 

The  relation  of  principal  and  pupil,  in  a  public  institution  became  tbe  basis  of 
a  sincere  and  generous  friendship;  and  when  the  news  reached  the  north  that 
Court^^nay  was  dead,  no  eye  was  moistened  by  a  tear  of  wanner  sympathy  than 
that  of  the  Superintendent  who  had  (fuided  hie  youth  and  admired  his  Ufe. 
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The  author  of  this  notice  examined  Mr,  Courtenay  when 
he  entered  the  Military  Academy,  was  associated  with 
him  in  the  Academic  Board,  and  knew  him  intimately 
in  all  the  situations  -which  he  subsequently  filled;  and 
yet  feels  quite  incompetent  to  do  justice  to  the  memory 
of  so  perfect  a  man  and  so  dear  a  fiiend. 

The  painter  -who  has  a  faultless  form  to  delineate  or  a 
perfect  landscape  to  transfer  to  the  canvas,  is  embarrassed 
by  the  very  perfection  of  his  subject.  He  has  nothing  to 
put  in  opposition  to  the  beautiful — no  shading  that  can  give 
full  effect  to  the  living  light.  Characters  which  afford 
strong  contrasts  are  easily  drawn— it  is  the  perfect  char- 
acter which  it  is  difBcult  to  sketch. 

The  intellectual  faculties  of  Professor  Courtenay  were 
blended  in  such  just  proportions,  that  each  seemed  to  aid 
and  strengthen  all  the  others.  He  examined  tie  elements 
of  knowledge  with  a  microscopic  power,  and  no  distinction 
was  so  minute  as  to  elude  the  vigilance  of  his  search.  He 
compared  the  elements  of  knowledge  with  a  logic  so  scruti- 
nizing that  error  found  no  place  in  his  conclusions ; — aud 
he  possessed,  in  an  eminent  degree,  that  marked  character- 
istic of  a  great  mind,  the  power  of  a  just  and  profound 
ilization. 


His  mind  was  quick,  clear,  accurate  and  discriminating 
in  its  apprehensions — rapid,  and  certain,  in  its  reasoning 
processes,  and  far-reaching  and  profound  in  its  general 
views.  It  was  admirably  adapted  both  to  acquire  and 
use  knowledge. 

The  intellectual  faculties,  however,  are  but  the 
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and  shaft  of  the  colnmn — ^the  moral  and  social  faeiiltiea 
are  ita  entahlatnre  or  crowning  glory.  It  is  these  faculties 
which  shed  over  the  whole  character  a  soft  and  attractive 
radiance,  exhibiting  in  a  favorable  light  the  majesty  of 
intellect  and  the  divine  attributes  of  trnth,  justice  and 
beneficence. 

It  was  the  ardent  desire  and  steady  aim  of  Professor 
Courtenay,  during  his  whole  life,  to  be  governed  bv 
these  principles,  and  there  are  few  cases  in  wHch  the 
ideal  and  the  actnal  have  been  brought  more  closely 
together.  Modest  and  nnasBuming  in  his  manners  even 
to  diffidence,  he  was  bold,  resolute  and  firm  in  asserting 
and  maintaining  the  right.  Liberal  in  his  judgments  of 
others,  he  was  exacting  in  regard  to  liimself.  He  could 
discriminate,  reason,  and  decide  justly  even  when  his  own 
interests  were  involved  in  the  issue.  His  love  of  truth 
and  justice  was  stronger  than  his  love  of  self  or  of  friends. 

His  intercourse  with  others  was  marked  by  the  gentlest 
courtesies.  He  was  an  attentive  and  eloq^uent  listener. 
Differences  of  opinion,  appeared  to  excite  regret  rather  than 
provoke  argument,  and  his  habitual  respect  for  the  opinions, 
wishes  and  feelings  of  others,  imparted  an  indescribable 
charm  to  his  manners. 

As  a  professor  he  was  a  model.  He  was  clear,  concise, 
and  luminous  in  his  style  and  methods.  Laborious  in  the 
preparation  of  liis  lectures,  even  to  the  minutest  facts,  he 
was  at  all  times  prepared  to  impart  information.  His  manner, 
as  a  teacher,  was  highly  attractive.  He  never  by  look,  act, 
word,  or  emphasis  disparaged  the  efforts  or  undervalued 
the  acquirements  of  his  pupils.     His  pleasant  smile  and  kind 
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voice,  when  be  would  say,  "  Is  that  answer  pe'rfeaily 
correct  ? "  gave  hope  to  many  minds  struggling  with  the 
difficulties  of  science  and  have  left  the  impression  of  affec- 
tionate recollection  on  many  hearts. 

At  the  Kilitary  Academy,  on  the  banks  of  the  Hndson, 
where  Mr.  Oourtenay  was  educated,  and  where  he  first 
labored  to  advance  the  interest  of  instruction  and  science, 
his  name  is  recorded  on  the  list  of  distinguished  graduates, 
and  honorably  enrolled  among  the  most  eminent  Professors 
»f  that  Institution,  There  his  labors  and  memory  will  live 
long  together. 

At  the  University  of  Virginia  he  has  left  a  name  equally 
dear  to  that  distinguished  Faculty  of  which  he  was  an  orna- 
ment and  to  the  many  pupils  whom  he  there  taught.  "When 
these,  in  later  years,  shall  revisit  their  Alma  Mater,  to  revive 
jarly  and  cherished  recollections — to  strengthen  the  bonds  of 
early  friendships  and  renew  their  resolves  to  be  good  and 
great,  they  will  find  that  a  wide  space  has  been  made  vacant. 
They  will  realize  in  sorrow  that  a  favorite  professor  has  been 
transferred  from  the  halls  of  instrnction  to  the  grove  of  pines 
which  borders  the  town,  and  which  contains  the  remains  of 
the  revered  dead.  Thither  they  will  go,  in  the  twilight  of 
the  evening,  to  visit  the  grave  of  a  man  of  science— their 
able  teacher  and  faithful  friend.  In  reviewing  his  life  and 
contemplating  his  character,  they  will  exclaim — 

"Mark  the  perfect  man  and  behold  the  upright ;  for  the 
end  of  that  man  is  peace," 

FlBUKILL    LxNDmB.  1 

March  lUth.  1855.     J 
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NOTICE. 

The  following  work  was  left  by  ProfoE«or  Courlcnay,  in  mannscript,  in 
B.  highly  finished  condition ;  and  yet,  it  must  ho  regretted  that  it  eonld  not 
receive  the  final  corrections  of  the  author,  A  premature  death,  at  the 
meridian  of  life,  placed  the  work  in  other  hands,  and  any  slight  inaccuracies 
of  language  which  may  now  appear,  would  doubtless  have  been  corrected, 
if  the  sheets  could  have  passed  imder  the  eye  of  the  author. 

It  is  a  cause  of  thankfulness,  however,  that  the  work  was  entirely  com- 
pleted by  ProfesBor  Courtenay;  and  in  its  publication  fhe  plan,  language, 
and  even  the  punctuation,  have  been  followed  with  a  fidelity  due  to  the 
memory  of  a  friend. 

The  work  will  be  found  more  full  and  extensive  than  any  which  has  yet 
appeared  in  this  country  on  the  same  subject ;  and  the  part  which  relates 
to  the  Calculns  of  Variations  will  bo  especially  acceptable  to  the  AmericaB 
public. 

It  is  perhaps  not  improper  to  add,  that  the  Publisher  have  generously 
oSered  to  publish  the  work  on  very  favorable  terms,  and  that  the  profile 
whatever  they  may  be.  will  go  to  the  family  of  fhe  author. 
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CHAPTER  I. 


F  R&T    PBINCIPLES 


I  ill  1  tleaatcil  c  k  lat  0%  tie  qua  1 1  s  i^l  I  are 
j»—e  t  J  lor  our  Co  =  derat  on  belo  ^  to  ne  of  t  o  re  kable 
ciius  3  uamelj  co  itanl  qui  1 1  es  \  1  h  are  s  1  as  pre  tr\p 
the  sane  \alii  s  througlout  the  lu  ts  of  one  nvcs  gat  on  or 
raTtoble  quaut  t  e«  wlii  h  may  ass  n  e  s  cce'Js  \e\y  d  ffe  e  t  il  es 
the     un  her  of  such  values  te  ng  unl  n  ted 

Ihe  frbt  letters  of  tie  j,lphahet  as  o  J  c  &c  ire  i  ilv 
en[loj  d  to  de  ote  eoTslait  qua  t    es  a  d  the  last  letters  r 

&,c  are     sed  to  reprtseat  such  qua  1 1  es  as  are  la     blc 

2  'W  hen  two  qua  1 1  es  j;  and  y  are  n-  ut  illy  dej  e  le  t  ;  on 
e  1  other  so  tl  at  a  k  o pledge  of  tie  vilue  of  c  0  U  1  id 
to  thit  ot  the  otl  er  tl  ey  are  si  d  to  be  /  ctto  s  of  ach  other 
Th  tl  e  equ  t    na 

ij  =:ax,       ij  ~  bx^  +  cx-\-e,       y  =  wj?  +  bx^  —  ra  +  c, 
tUe  value  of  y  is  determined  as  soon  as  that  of  x  ia  known ;  and 
accordingly  y  is  said  to  be  a  function  of  x. 

In  like  manner,  an  assumed  value  of  y  will  fix  the  cori'espond- 
ing  values  t)f  x,  and  therefore  a;  is  a  function  of  y.  There  is 
this  difference,  however,  between  the. two  cases:   when  the  value 
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of  X  is  assumed,  that  of  y  is  obtaiaed  by  a  simple  substitu- 
tion ;  whereas  the  determination  of  the  value  of  x  from  that 
of  y  requires  the  solution  of  an  equation.  Hence,  y  is  called. 
aji  explicit  function  of  x,  but  3:  is  said  to  be  an  implicit  func- 
tion of  y. 

The  general  fact  that  y  is  an  explicit  function  of  x  is  written 

y  =  Fx^  or  y  =  <px, 
when  the  character  i^  or  ip  stand"*  as  the  representatn  e  of  certain 
operations  to  be  performed  on  the  quantity  ss,  the  result  of  which 
operations  will  be  a  quantltj  equal  in  value  to  y.  And  when 
we  wish  to  imply  that  the  values  of  x  and  y  are  connected  by 
an  unresolved  equation,  or  that   y  is   an   implidt  function  of  x, 

-f(«,»)=0,        or        ?(.',!')=»■ 
For   the  purpose   of  illustration,  let  there  ho   taken   the  three 
equations 

y^cr^  +  J         (1), 

y  =  ax^  +  bx-i-e  (2), 
y^ax^+bx^-i-cx  +  e  (3), 
and  suppose  x  to  receive  an  increment  h  in  each  equation,  con- 
verting it  into  z  +  h,  and  causing  y  to  assume  a  now  value  y,. 
Then  if  the  form  of  each  function,  or  value  of  y,  he  supposed 
to  remain  unchanged,  the  three  equations  (1),  (2),  and  (3),  will 
become  respectively 

■y,  =  o(i  +  i)  +  4         (»), 
S,  =  o(»  +  ;.)■  +  J(i  +  J)  +  c        (o), 
and  y,  =  0(1  +  J)>  +  6(x  +  I,)'  +  «(,+  »)  +  ,  (6). 

Subtracting  (1)  from  (4)  we  obtain 

■J,-,j=.i    (7), 
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fVom  (2)  and  (5)  we  get 

y,~.y^a{2xh  +  h?)  +  hh     (8). 
And  from  (3)  and  (6) 

i/,-tl  =  a{Bx^h  +  Zxh?'  +  A3)  +  h{2xk  +  K')  +  ch     (9). 
From  (7)  we   deduce,  by  division, 

from  (8)  ^Lpi  ^  «(.^^  +  A)  +  6     (II); 

=2ax  +  ak  +  b; 
and  from  (9) 

^^-^  =  a{3x-i  +  &xh  +  /.=)  +  6(2z  +  h)  +  c         ( 1-2). 

The  results,  (10),  (11),  and  (12),  express  tne  ratio  between 
the  increment  h  assigned  to  x^  and  the  corresponding  increment 
'ji—y  imparted  to  y.  The  values  of  this  ratio,  ia  the  three 
examples  selected,  present  remarkable  differences. 

In  the  first  example,  this  ratio  retains  the  same  value  «,  what- 
ever  may   be   the   value  assigned  to  the  increment  h.      In   the 
second  example  it  consists  of  two  parts, 
one  =  2ai  +  6, 

entirely  independent  of  A,  and  the  other  =  ah, 
which  varies  with  k.     If  the  value  of  A  be  supposed  to  diminish, 
the  ratio 

'Zax  +  h-\-ah         (II), 

will  become  more  and  more  nearly  equal  to  2ax  +  b ;  and,  final- 
ly, when  h  becomes  indefinitely  small,  the  .ratio  is  reduced  to 
this  latter  value. 

The  corresponding  increments  h  and  ji,  —  y,  when   indefinitely 
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small,  are  called   the  differentials  of  the  quantities  x  and  y,  and 
the  limiling  value  of  tho  ratio 


is  called  the  differential  coejieient,  because  it  is  the  multiplier  of 
the  differential  of  x  necessary  to  produce  the  differential  of  y. 

The  differentials  of  x  and  y  are  written  dx  and  rfy.  the  char- 
acter d  being  the   symlHil  of  an  operation   to  be  performed   on 

a;  or  w,  not  a  factor :  and  tlie  differential  coefficient  is  written  -;— 

dx 

Moreover,  one  of  the  variables  (usually  i)  is  called  tho  inde- 
pendertl  variable,  its  increment  dx  (although  small)  bfing  arbi 
trary  ;  while  the  Other  y,  whose  increment  dy  depends  on  (hat 
of  X,  is  called  the  dependent  variable  or  simply  the  function. 

In  tlie  tiird  example,  the  ratio 


:,  at  the  limit  when  A  =  0,  to 

^  =  3ax^  +  2hx  +  c. 


These  examples  illustrate  the  fact  that  two  indefinitely  '.mall 
quantities  may  yet  have  a  finite  ratio;  and  they  suffice  tu  'ihow 
that  the  form  of  the  differential  coefficient,  which  is  iisuully  a 
function  of  x,  will  depend  very  materially  on  the  form  of  the 
original  function  y. 

(3.)  The  considerations  just  presented  analytically  admit  of 
geometrical  illu'ftration.  Por,  whatever  may  be  the  relation  be- 
tween x  and  y,  the  former  may  be  regarded  as  the  abi-ci^hia,  and 
the  latter  as  the  ordinate  of  a  plane  curve;  and  the  determination 
of  the  relation  between  the  corresponding  increments  of  x  and  y, 
is  reduced  to  finding  the  change  in  the  length  of  the  ordinate 
produced  by  an  arbitrary  change  in  the  length  of  the  abscissa. 
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It  is  the  chief  object  of  the  Differential  Calculus  to  investigate 
the  laws  of  increase  of  functions  having  various  forms,  when  such 
changes  are  produced  by  an  arbitrary  change  in  the  value  of 
the  independent  variable  upon  which  the  values  of  the  functions 
depend. 

Geometrical  considerations  will  also  point  out  very  clearly  how 
it  happens  that  a  given  angmentation  of  the  variable  x  will,  in 
different  stages  of  its  magnitude,  produce  widely  different  increments 
of  the  function  y. 

Referring  to  the  an- 
nexed diagram,  it  will 
be  apparent  that  near 
the  vertex  C  of  the 
curve  CPF,  a  slight 
increase  in  the  value  of 

the  absdssa  x  will  produce  a  cumparati\  e!y  large  increase  in  the 
value  of  the  ordinate  y;  but  when  the  ianirent  to  the  curve  forma 
a  smaller  angle  with  the  axis  OX,  as  at  P,  the  same  increment 
in  X  wiU  produce  a  much  smaller  increase  of  y ;  and  if  the  tangent 
be  nearly  parallel  to  OX,  the  increment  received  by  y  will  be  very 
small  in  comparison  with  that  given  to  r.  Fmally,  by  continuing 
to  increase  x,  the  ordinal*  y  may  first  cease  to  increase,  and  may 
afterwards  actually  decrease,  or  the  increment  of  y  may  become 
negative;  and  these  different  results  will  occur  without  any  change 
in  the  form  of  the  function  y. 

4.  One  of  the  first  inquiries  presented  for  consideration  is  the 
determination  of  the  general  form  of  the  function  ^{x  +  h)  ;  for, 
since  we  desire  to  compare 

fj  =  Fx        with        yj  =  I'{x  +  A), 
it  is  important  to  know  what  form  F(x  +  A)  wOl  assume  when  ex- 
panded into  a  series  of  terms  involving  x  and  A.     Hence  the  fol- 
lowing 
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Fropo  t  T  d  t  m  th  n  1  form  of  the  development 
of  any  fatnfth  Iba  un  f  two  quantities,  such  as 
JF{z  +  A)    a     ng  d  ace    d    g  t     tl     p  wers  of  the  second  h, 

1st.  Th  mtt  ntm  th  development  of  the  form 
Fx,  and  th      th      t  m    t        t   n  h      For,  since  the  develop- 

ment is     ppo    i  t    h    g  1  a  d  th      fore  true  for  all  values  A, 

it  ought  to  be  applicable  when  h  =  0,m  which  case  the  undeveloped 
function  F{x  +  h)  reduces  to  S'x.  This  condition  will  be  satisfied 
by  supposing  the  first  term  in  the  development  to  he  Fx,  and  all 
the  succeeding  terms  to  contain  powers  of  h,  since  the  supposition 
A  =  0  will  then  give  rise  to  an  equation,  Fx  ~  Fx,  which  is  identi- 
cally true.  And  no  other  conceivable  form  of  development  would 
lead  to  this  result. 

We  may  therefore  write 

F{x  +  ?.)  =  Fx  +  Ah'  +  Bh?  +  Ch'  +  &c.         (1), 

in  which  the  coefficients  A,  B,  C,  &c,  will  usually  be  functions  of  x, 
and  the  exponents  a,  b,  c,  &c.,  undetermined  constants. 

2d.  None  of  the  exponents,  a,  b,  c,  &c.,  can  be  negative.  For  if 
there  could  be  a  term  of  the  form 

h" 
it  would  become  infinite  when  A  =  0,  thus  rendering  the  developed 
expression  infinite,  while  the  undeveloped  expression  would  become 
simply  Fx,  and  this  latter  would  probably  be  finite. 

Sd.  None  of  the  exponents  can  be  fractional.  For  if  there  could 
be  a  term  of  the  form 

Sk'  or         E'^/hT, 

such  t«nn  would  have  as  many  different  values  as  there  are  units 
ins;    that  is,  it  would  have  s  values;    and  each  of  these  valaea 


d  by  Google 


FIEST  PHINCIPLES.  19 

(ould  be  combined  in  succession  with  the  aggregate  of  the  other 
terms  of  the  series. 

Now  if  each  of  these  other  terms,  except  the  first  term  Fx,  be 
supposed  to  have  hut  one  value,  the  sum  of  all  the  terms  containing 
h  will  have  s  different  values.  And  if  Fx  be  susceptible  of  n  dif- 
ferent values,  the  entire  development  will  admit  of  ra  x  s  values, 
since  each  value  of  Fx  may  be  combined,  in  succession,  with  each 
value  of  the  remaining  terms. 

But  F{x  +  h)  being  of  the  same  form  with  Fx,  must  have  the 
same  number  n  of  values.     Thus,  for  example,  if 

»nd  both  will  have  three  values. 

If  F{x  +  7.)  =  a{x  +  KY  +  h{x  +  A)^, 

i 

then  Fx  —  a:i?-\-  hx*, 

and  both  will  have  five  values,  &c. 

Thus,  in  th    cas       pp      d    1  wh        th       w        no  fractional 

exponent,  jP(    -f  ft)  U  h        n       1  es  wh  d    eloped,  but 

n  X  «  values     1       d      1  ]   d—  f  t    b      d  tj 

We  conclud     th     f       tl   t  th        p        t  b        &&,  in  the 

general  deve    pn     t,  m    t  b     p     t  t«g  a  d  in  order  to 

inake'the  development  include  every  possible  case,  we  write 

F{x  ■\-h)^Fx  +  Ah  +  Bh^  +  Ch?  +  m\  &C., 
mcluding  every  power  of  It,    If      any  pa      ula        e   ome  of  these 
"erms  should  be  unnecessary     t  w  11  suffi        o      ppose  the  cor- 
responding coefficients  A,  B,  C  f>.       o      du  e        z    o 

We  have  a  familiar  example  f  h  expa  on  of  F{x  +  h)  in  the 
well  known  binomial  theorem      Tl         f 

F{x  +  h)  =  {x  +  A)-  =  %'  +  nx^^h 
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we  shall  hare 

■where  A,  B,  C,  &c.,  are  functions  of  x. 

The  following  are  liltewise  examples  of  tlie 
plied  to  particular  cases, 

2.  Let  Fx={a  +  xy+  hx- :     then 

F{z  +  h)  =  {a  +  x  +  h)^  +  b{x  +  hy, 

which  expressions,  when  expanded  by  the  binomial  theorem,  give 


=  Fx  +  \nlx'^^  +  \{<z  +  x)~^'\h 

+  g  J„(„  _  1)^-5  -^  {a  +  ^)"*]f  +  &c 

■which  corresponds  with  the  general  form. 
3,  Let  Fx  =  \figx:     then 

JF(^  +  A)=Iog(*  +  ;0-log[^(l+^)]-log3;  +  log(l+^) 
,    „(h        k^  h^         ^*    ,  A     ] 

where  M  denotes  the  moclulus  of  the  system  of  logaritiims. 
vhidi  dso  corresponds  to  the  general  form. 
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It  may  be  well  to  observe,  that  although  the  form  of  the  develop- 
ment of  F{x  +  A)  is  always  such  as  has  been  indicated  while  a; 
retains  its  general  value,  yet  it  is  possible  (in  some  eases)  to  assign 
certain  particulaf  values  to  x  which  shall  cause  the  development 
in  this  form  to  become  impossible. 

Thus,  if  in  the  second  of  the  above  examples,  we  put  x  ^  —  a, 
the  true  development  of  F{x  +  h)  will  become  simply 

F{x  +  k)==h^  +  b{~  a)"  -}-  6n{~  a)"-'  k  +  &o., 

in  which  one  fractional  exponent  appeara 

The  same  suppositiuu  causes  all  the  coefficients  m^ohin^  negative 
powers  oi  a  -\-  3s  bo  become  infinite  in  the  general  evpansion.  It 
wiU  be  shown  hereafter  that  the  particilar  tases  m  which  the- 
general  development  is  iaapplicable,  are  always  mdicated  bj  soma 
of  the  terms  of  the  development  becoming  infinite  At  present 
it  is  sufficient  to  remark  that  the  number  of  such  cases  i?  compara 
tively  small,  and  that  they  will  receive  a  fecial  ejtamination 

5.  From  the  development  of  F{x  +  A),  \se  derive  a  direct  and 
general  method  of  fmding  the  differential  of  any  proposed  function 

ij  =  Fx. 

For,  if  wo  give  to  a;  an  increment  ft,  we  shall  have 

y^-  F{x  +  k)  =^  Fx  +  Ah  +  m^  +  (7^3  +  &e. 

.■  .y^  -  y  ^  F{x  +  k)  -  Fj:  =^  Ah  +  BIfi  +  Ck^  +  &c 

• '  ■  ^^T^  =  ^  +  jSa  +  a<?  +  &c. 

And  by  passing  to  the  limit,  when  A  =  0,  we  get 
~  =  A,        whence        dy  =  Adx, 
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Thus  it  appears  that  the  coefBcient  .1  &f  the  1st  power  of  h 
in  the  development  of  F(x  +  k)  11  the  differential  coefficient  of 
the  proposed  function,  and  this  multiplied  by  dx  gives  the  re- 
quired differential  of  y. 

It  will  be  found  convenient,  however,  to  form  ntlea  for  di£ 
ferentiating  functions  of  the  various  forms  likely  to  arise,  and 
to  this  investigation  we  proceed  next. 
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CHAPTEE    II. 

DIFFERENTIATION  OF  AIGEBRAIC   FCNCTIONS. 

6.  Prop.  To  differentiate  the  product  of  two  functions-of  ,a  sin- 
gle Yariable. 

Let  w  =  yt, 

*here  y  and  z  are  given  functions  of  the  same  independent  variable 
X,  and  let  x  take  an  increment  h,  converting  it,  y,  and  z,  into  Wj,  y^, 
and  Zy.  Then,  since  y,  and  g,  will  each  bo  a  function  of  a;  +  S, 
ve  shall  have 

y^  =  y-\-A.h  +  Bk^+  Ch^  +  &c, 
and  Zi  =  3  +  Ajh  +  B^h'^  +  C-Ji^  +  &c 

.  ■ .  wi  =  yi^i  =  yz  +  {Az  +  ^iy)A  +  (5^  +  B^y  +  ^^j)*" 
-f  {Cz  +  C,y  +^-Bi  +  A-iB)h?  +  &c. 

...  :ii^  =^^^^^  =  ^^  +  -^^J  +  (-s^  +  ^^J  +  -^i)^ 

+  {Cz  +  Cij  +  ^-Bi  +  -4,^)F  +  &(^ 
and  when  A  —  0,  this  becomes 

rfw        .     ,     .  dy       ^    dz 


-in  _ 


And  by  multiplying  by  dx,  we  get 

du  =  grfy  +  ydx. 
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Thus  ike  differential  of  the  product  yz  of  two  functions  is  found  hy 
multijfly'mg  each  function  by  the  differential  of  the  other  funetion,  and 
adding  tlie  results. 

7,  Pro^}.  To  differentiate  the  product  of  several  functions  of  a 
single  variable. 

1st  Let  M  ;:=  vyz,  where  v,  y,  and  e,  are  functions  of  the  inde- 
pendent variable  x. 

Put  yz  =  s;         then         u=vs, 

and  by  the  last  proposition, 

da  =  vd$  +  sdv,         and  also         ds  =  ydz  +  s%. 
Substituting  the  values  of  s  and  ds  in  that  of  du^  tlicre  results 
du  ^  v(j/dz  +  ziiy)  +  jisi^y  —  v^dz  +  "^'^i'  +  y^du. 
2d.  Let  M  =  svijs. 

Put  yz  =  w ;  then  •((  =  s^^iw, 

.  ■ .  iZ((  ;:^  swiiie  +  &wdv  +  iijwis  :i^  sv[yde  +  si^y)  -|-'  ■'i'^i^i'  -H  vyzds, 
or,  rfu  =  swyrfs  +  svzdy  +  syzrfu  +  vysds  ; 

and  the  same  method  could  be  applied  to  the  protlnct  of  a  greater 
number  of  functions. 

Hence  we  have  the  following  rule  for  the  differential  of  the 
product  of  several  functions  : 

Multiply  the  differential  of  each  factor  by  the  continued  product  of 
all  the  other  factors,  and  add  the  results. 

8.  Frop.  To  differentiate  a  fraction  whose  numerator  and  denom- 
inator are  functions  of  a  single  variable. 

Ltt  w  =  -  J  where  y  and  z  are  functions  of  x. 
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Then  y  = «?,  and  this  differentiated  hy  the  rule  for  products, 
gives 

dff  =  udz  +  zdu  ^-  -dz  -j-  zdu 

.  ■ ,  zdy  =  ydz  -1-  z^dxi, 

and  by  reduction  du  =  —  -  _^— ■■  ■ 

Thus  the  rule  is  aa  follows : 

Multiply  the  differential  of  the  numerator  by  the  denominator,  and 
the  differential  of  the  denominator  by  ike  numerator ;  subtract  the 
second  product  from  the  first,  and  divide  the  remainder  by  the  square 
of  tlie  denominator. 

9.  -Prop.  To  differentiate  a  power  of  a  single  variable. 

1st.  Let  M  =;  a",  where  n  is  a  positive  integer. 

Regarding  «"  as  the  product  x.  x.  x.  r,  &c.,  of  n  ei^^ual  fa.etors 
each  :^  a:,  and  applying  the  rule  for  dilferentiating  a  pi  o duct,  we 

get 

du  =  x*~'Hx  +  x'^^dx  +  x'^'^dx  +  &e.,  to  n  terms. 

and  the  rule  in  this  case  is  the  following : 

Multiply  the  given  power  (x")  by  the  exponent  (giving  nx")  ;  iAen 
diminish  the  exponent  by  unity  (giving  ns"**') ;  and  finally,  multiply 
by  the  differential  of  the  root  (producing  nx°~'dx), 

2d.  Now  suppose  the  exponent  n  to  be  a  positive  fraction  - 

Then  Ti  =  x' 

.  ■ .  u'  :^  x",  where  the  exponents  a  and  c  are  both  positive  integers. 
Hence,  by  the  application  of  the  rule  just  esl:ablisl}ed  for  such 
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and  the  rule  for  differentiating  the  power  is  the  same  as  when  the 
exponent  is  a  positive  integer. 

3d.  Let  the  exponent  be  a  negative  integer,  or  i*  =  ar" 

Then  w  =  ~  z=  -^ 

and  this  differentiated  by  the  rule  for  fractions,  gives 

da  = in-n  '    — ""''^  ~ n+T  —  ~  n(e-'^^dx. 

And  the  rule  is  still  the  same, 

4th.  Let  the  exponent  be  a  negative  fraction,  or  let  w  =  x    '. 

Then  «'  =  x-",  and  by  the  first  and  third  cases, 


and  the  formula  is  still  the  same. 

Wo  might  have  deduced  the  rule  for  differentiating  a  power,  as 
alike  applicable  to  all  cases,  by  employing  the  binomial  theorem ; 
for,  since  the  second  term  in  the  development  of  (x  +  h)",  ia 
nz'''^h,  for  all  values  of  «, 

we  must  have  ■■■^  -  =  jm"-',     or,     d  (x')  =  nx'-^dx. 

It  is  intended,  however,  to  deraonstrate  the  truth  of  the  binomial 
theorem  by  the  aid  of  the  differential  calculus,  and  hence  the  neces- 
sity of  establishing  the  rules  for  differentiation,  without  reference  to 
that  theorem. 

Remarh.  If  the  function  which  it  is  proposed  to  differentiate 
contain  a  constant  factor,  such  factor  will  appear  in  the  differential. 


d  by  Google 


iXGKBKAIO  FUKCTIONS.  27 

Thus  d  {ax)  =.  adx,  for  when  x  takes  the  increment  A,  the  function 


Ml  =  a  fi  +  A)      and      .  • ,  — i-; —  =  a      and      ^-  =  a. 
^  ^  '  A  dx 

Similarly  if  m  =  a ,  Fx,  where  F  denotes  any  function, 

then  Ujz=aF{x  +  h)       and       du  =  ad{Fx). 

10.  Prop.  To  differentiate  the  algebraic  sum  of  several  functions 

of  a  single  variable. 

Let  u  =  As  +  Bv~  Gy  +  Dz, 

where  s,  v,  y,  and  s,  are  functions  of  x. 

Then  when  x  takes  the  increment  h. 

As  becomes  Aa-^  =  A{s  +  A-Ji  +  BJi?  +  OJi?  &c.). 

Bv  becomes  ^i^i  =  5  (u  +  ^^fi  +  BJi^  +  C^As  &c.>. 

Cj^  becomes  Ctji=  C{y  +  A^h  -}-  £3^^*  +  C^A^  &c). 

Ds  becomes  Dx^  =  D{z  +  AJi,-^  B^h?  +  CJi*  &e.). 

. " .  M  becomes  u■^  =  As  -{■  Bv  —  Cy  -\-  Jiz 

+  {AA^  +  5Ja  -  CJs  +-0^4)  A  +  &c. 

.  - .  du-  {AA^  +  ,BJj  -  (7^3  +  i) J,)  (/a:. 

But       A-^dx  =  (&,       Jjrfa:  =  dv,       A^x  =  dy,       A^dx  =  da, 

.-.  du  =  Ads  +  Bdv  -  Cdy  +  Sdz. 

And  the  rule  is  as  follows : 

Differentiate  the  terms  successively,  and  take  the  algebraic  sum  of 

the  result. 

Remark.  If  a  constant  be  connected  with  a  variable  quantity  by 

the  sign  +  or  — ,  such  constant  will  disappear  by  differentiation. 

Tlius,  when  we  have  m  =  a  +  Fx,  then 

w,  =  a  +  F{x  +  h)  7=a  +  Fx  +  Ah  +  Bh\  &c., 

=  u  +  Ak  +  Bli?,  &c. 

.*.  du  =  Adx,  the  constant  a  having  d 
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BSAMPLES. 

II.    1.  To  differentiate 

J,  _  4^3  4.  7^2  „  8:k  4-  5- 
Applying  the  rule  for  powers  to  each  t«rra  we  obtain 

dij  =  ix3  x-dx  +  7  X  2xdx  —  8dx  =  (ISx'  +  14a:  —  S)dx. 

:  12*2  4.  J4^  _  8. 


2.  y  ^  a*H6l  +  c)  ^  abx^  +  acx\ 

Differentiating  this  as  a  product,  we  get 

dy  =  2ax{bx  +  c)dx  +  ax'hdx  —  {Zabx"^  +  ^acx)dx. 

Or  by  first  performing  the  multiplication  indicated,  and  then  di£ 
ferentlating  as  a  sum,  the  same  result  is  obtained. 


Zabx^ -\-'iaex. 


Differentiating  by  the  rules  for  fractions  and  powers,  we  1 
_  12*^(6  +  x-^fdx  -  3(5  +  x'^f  X  4^a  X  ^dx 

Vi.x\b  +  a=)  ~  2ix*  ,        12x%b  -  x^)  , 

=  — ifi+i^ — '"=~iir+i.^Y-"- 

dy  __l2x%l)  —  x^) 
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l  =  (l  +  *=)(!  +  ^')  +  ^(1  +  ^')  X2x  +  x{l  +  x=)  X  3.^'' 
=  l-hx'^  +  x^  +  x^  +  2x^  H-  2x5  ^  3j3  ^  3_(;5 
=  1  +  Ss^  +  4;c3  +  6^^ 

_  =  *.» 
M  =  — r  —  6  =  car-s  —  6. 


du       8,  f 


« =  VrVvs  +  1  =  »*(»*  + 1)*- 


7«*  +  4 


,,Tri  -  vT- 1 


1  +  -/I  - 


-(l  +  vT^»')_      1  +  1 
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_^4 4a 


•v^ 


^+i/&^ 

v^ 


13.    It  =  w  (t  +  a;  +  -y^a  +  a;  +  -^a  +  »  &c.,  continued  indefi. 
nitely. 

Here         «  =:;  ■</a  +  x  +  u,         and         .-.  w=  =  a  +  «  +  K, 

or,         .>-.  =  .  +  .,  _.-..  =  l  +  y.  +  «  +  J, 

.?«_  1 

'  '  -^^  ~  -v/4a  +  4a;  +  1 
The  functions  considered  hitheito  are  called  algebraic  functions 
becau'se  they  rec^uirc  only  the  pi,rforniane«  of  the  common  algebiiic 
operations  of  iddition,  aubtriotion,  multiplication,  division,  raising 
ot  power'.,  and  e'^traction  of  roofs  There  is  a  second  and  very 
extenaiye  class  of  functions,  m  which  the  variaLle  enters  as  an 
eiiponent,  or  in  connection  with  logirithms,  sme=  cosines,  tangents, 
circular  arcs,  fiuC ,  of  Tvhn,h  the  following  are  examples  a',  j-*, 
log«,  sinj:,  (eos3;)''°*,  sin-' ;k,  (logs)""'*,  &c.  These  are  called 
transcendental  functions,  and  they  will  be  considered  in  the  next 
chapter. 
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TKANSCBSDBNTAL  IDNCTIOSB. 

12.  Prop.  To  differentiate  u  =  \ogx. 

Let  X  take  the  increment  h,  converting  w  into 

Then  w,  =log  (  x  +  A)  =  log  [^  (l  +  |)]  =  log  :i;  +  log  (l  +  JV 

,,  =  „  +  ^(___  +  ___&e.) 
where  M  is  the  modulus  of  the  system. 


du      t^(log  i) 


and 


Hence  the  rule  is  as  follows ; 

Multiply  the  differential  of  the  variable  by  Ike  modulus  of  the  sys- 
tem in  which  the  logarithm  is  taken,  and  divide  the  product  by  the 
variable. 

If  the  logarithms  belong  to  the  Naperian  system  whose  modulus 
is  equal  to  unity,  we  shall  have 

41og.)==t". 

As  the  essential  properties  of  logarithms  are  the  same  in  all  sys- 
tems, while  the  form  of  the  differential  is  simplest  in  the  Naperian 
system,  the  logarithms    employed   throughout   the   Calculus   will 
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always  te  the  Naperian,  unless  the  contrary  is  distiactly  specified, 
and  the  rule  for  differentiating  a  logarithm  will  be  simply  this ; 

Divide  the  differential  of  ike  quantity  hy  the  quantity  itself. 

13,  Prop.  To  differentiate  an  exponential  function  as  m  ^^  a',  the 
base  a  being  constant. 

Passing  to  logarithms  we  liave 

.  • .  d{[o%  -u)  =  d(x  log  a)         or         —  —  log  a.dx; 

■ .  dii  =:\oBa.w.dx  =  \osa.  a',  dx        and         -—  =  lo^a.  a', 
ax  ° 

And  the  rule  for  differentiating  an  exponential  is  this: 
Multiply  the  exponential  (a')  by  the  differential  of  the  exponent 
(dx),  and  that  product  by  the  Naperimi,  logarithm  of  the  base  {log  a). 
Cor.  If  a  =:  e,  the  Naperian  base,  we  shall  have  log  e  ^  1 ; 


e')  = 


dx 


Remark.  The  rule  for  differentiating  logarithmic  functions  will 
often  be  found  useful,  even  when  the  original  function  is  algebraic, 
since  by  passing  to  logarithms  we  may  give  the  function  a  simpler 


Examples  af  Logarithmic  a/nd  Exfxmeniial  FmicHons. 
14.  1.  Let  u  ~  log  {x  +  VTT^. 


'("'+vT+a?)v'l+i"         v/r+«>''''ii     v^i" 
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Passing  to  logarithma  we  have 

log  M  =  log  :B  +  log  (ffi^  +  0:2)  +  -  Jog  ^gZ  _  a2j_ 


=  {a?  4-^3),^45"r^+  2xya^ 


=  Iog  ^ 


('-^\- 


^  +  1  +  a 
Multiplying  numerator  and  denominator  by  the  numerator  w 

,     ae^  +  1  —  2^  V^^ 


■^+1- 


^(2^2  +  1  -^x^x^-\-\) 


i.  w  =  x'-V^.     Then  log  M  =  a 


and  du  =  a-/—  1  .x"-^. —  =  "■\/~  Ix'^-^dx. 

Thus  the  rule  for  differentiating  a  power  is  still  the  same,  when  tlia 
exponent  is  imaginary 
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5.  «  =  x'.     Then  log  u  r=  x  log  x. 

. • ,  —  =  \(igx.dx  -\-  x.—  ^  (log X  +  l)da; 

This  signifies  that  x  ia  raised  to  a  power  whose  exponent  ia  x*, 
and  it  must  not  be  confounded  with  (z') ",  which  latter  implies  that 
**  ia  raised  ta  tlie  «'*  power. 

Then    log  m  =  i*  log  a  .•.  —  =  lc^2(loga:+  l)x'dx  +  ^  — 
.•.g  =  f^-.«>[log.(log^  +  l)+l] 

7.  «  =  e'       where  e  ia  the  Naperian  base. 
log»  =  i-log.  =  »•   .-.  %  =  ••'.  f  (log"'+  1). 

8.  «  =  *'*.  Then        logM^e^logj 


This  result  is  the  same  as  when    u  =.  log  ar,  as  might  have  been 
anticipated,  since  log  {nx)  =  log  n  +  log  x,  and  log  n  is  constant. 


g(Ioga;).     Then    da 


_  rf  (log  x)  __     rfz 
~      log*      ~a;.log» 

1 

log* 
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11.    M  =  {1011)"  =  log  "I.    Thea  dv  =  nlog'^'x.ii{\ogx) 


"'  +^\    Then    log  «  =  log  Ja^+x 


18.  «  =  e""^^" .  dv.  ^  6°'^"'' .  d  (log-*) 

.•.^  =  ^.^"Mog-^.. 

U.  «  =  4  ^  I'^e^^  -  g  ^  log  a;  +  g2  ^^ 

--  =  i3  log'a;  +  ^ a3 log »  -  ^a;3 loga;  -  -a3  +  g:i:3  =  k3  log=a;. 
15.  M  =  e»(i^  -  4a:3  +  12a=  —  24a;  +  24) 

^  =z  e'{s*  —  4z3  +  12^2 -24a; +  24) 

+  «i(4a:3  — 12a;«  +  24^  -24)  sie',**. 

TrigorwmetTical  Functions. 

15.  The  trigonometrical  fanctions  sia  «,  cos  x,  tan  a^  &c  will  next 
be  considered,  but  the  determination  of  the  forms  of  their  differen- 
tials will  be  facilitated  by  the  fuUo-wing 
aro     arc 

s  "^'  ^ 

s  diminished  indefinitely,  is  unity. 

,  i.  sin         cos         rad— vcrsin 
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and  since  the  last  term  in  this  equality  can  be 
rendered  smaller  than  any  assignable  quantity 
hy  taking  the  arc  sufficiently  small,  it  follows 

that  the  limit  t«  the  ratio  — —  is  unity. 


But  both  the  chord  A£  and   the  arc  AB 
are  intermediate  in  value  between  the  sine 
£D  and  the  tangent  AT.      Hence  at  the  limit,  when  the   arc  is 
indefinitely  small, 


sin       chord       tan        tan 
16,  Prop.  To  differentiate    y  =;  sin  x. 
In  the  well  known  trigonometrical  formula, 


=  1. 


i(„_6)cos^(a  +  6), 


make 

a  =  x  +  h         and         S  =  i. 

Then 

li' 

A                                        h 

jf....^.U. 

But  at  the  limit  when  A  =  0, 


•(-+5»)=« 
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17.  Prop.  To  differentiate     y  =  eos  x. 
Here  ^  ~  eos  a:  =  sin  l~it  —  x\ 


fereni 

36  of  the  circle  whose  radius 

=  1. 

,)., 

»(i.-.)..G.-.)= 

—  sin  xdx 

rfcosj: 

the  negative  sign  prefixed  to  the  value  of  this  ratio  signifies  that  the 
cosine  decreases  as  lie  arc  increases. 
18.  Prop,  To  differentiate     u  —  tan  x. 

ix  .dsmx  —  ^\ax.d  cos  x 


du  =  d{\Sinx)=d- 


du       d  tan  x 


19.  Prop.  To  differential*  u  =  cotar, 

d«  =  <i(cot  a)  z^  (^  tan  A  f  -  a)  =  sec^ /^  ir  -  A  d  [i  ff  -  or] 


-  ^  —  cosec^^ 


20.  Pro;).  To  differentiate   «  — secx. 
Here  m:^  sec  a:  ^  —  .       ■     rf-^  =  tf     ^      ^   ^'^''"^^^ 
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21.  Prop.  To  differentiate  w  =  coseci, 

du  =  rf(coseC3;)  =  (iscc(~*  —  a] 

='"(r-^)~(r-")''(r~'") 


22. 

Prop.  To  differentiate 

u  =  versi 

11  ;e. 

dvi==d{^NAv>x) 

=  J(l-0 

os^) 

du 

dyersina 

—  sir 

23.  Proj).  To  differentiate  u  =  coversin  a:. 


i.  =  ,;(co,ersm.)  =  i.,.r.ii>(l. 


(?M        £?  coversin  ^ 
=  —  cos  a:  ■  rfs!.  .  ■ .  ^  =  -J- ■  =  —  lios  X. 

24.  In  each  of  these  expressions,  x  represents  the  length  of  an 
arc  described  with  a  radius  equal  to  unity,  and  the  radius  does  not 
appear  in  the  formulse :  but  it  is  necessary  to  remember  that,  in 
each  case,  ^  :=;  1  must  tie  understood  to  enter  into  the  formula  as 
often  as  may  be  required  to  make  the  two  members  of  the  equation 


GeomeiHoal  lUustvation. 

25.  The  results  just  obtained  may  be  illustrated  geometrically  in 
such  a'  manner  as  to  convey  ii  more  precise  view  of  the  compara- 
tive small  changes  imparted  to  the  several  trigonometrical  functions, 
by  an  arbitrary  small  change  in  the  arc  upon  which  they  depend. 
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Thus  let  ab  represent  an  arc  x  described 
with  rad  =  l,  and  iSj  =  rfa  a  small  in- 
crement given  to  x.  Then 
eb:=siax,  ce  =  ccisx,  at  =  t&nx,  ct  =secx, 
s6j  =  d ,_sin x,sb  =  d. cos x,  U^=zd. tan «, 
W,  =  .;.  sees'. 

Also  when  661  is  diminished  continually, 
the  small  figures  fisSi  and  (r/,  will  continu- 
ally approach  to  the  forms  of  right  angled  triangles,  becoming  in 
definitely  near  to  such  forms  at  the  limiL  Moreover,  the  two  small 
triangles  will  then  be  similar  to  cbt.  Henee  we  shall  have  the 
proportions 

cb  :  ce  ::  bb-^  :  6,3     or     \  :  cosx  ::  dx  :  d  sin  x  =  cos  xdx. 
cb  :  eb  ::  bb^  :  bs     or     1  ;  sin*  : :  i^i  ;  d cos x  tz:  sin xdx. 

The  latter  result  should  be  written     (f  cos  a;  =3  — smx.dx,  be- 
cause the  cosine  diminishes  as  the  arc  increases. 

Again  we  have  the  proportions 

ca  :  cC  ::  rt  :  tfi    1    .  ■.  ca  x  cb  :  (cty  ::  bb^  :  tt^ 
and      cb  :  cl  : :  bb^  :  rl    )    or   1^  ;  sec^^  ■.;  dx  :  d  tan  x. 


=  s^ifixdx. 


cb  :  et  ::  bb. 


■  V 


tan  a ,  sec  :e 


,  • ,  d  sec  X  :=  tan  x .  sec  x  .  dx. 
In  the  same  manner,  expressions  for    dcotx,    d  cosec  x,   &c., 
could  be  obtained. 

Circular  Functions. 
26.  We  will  now  consider  the  circular  functions,  sin-^jr,  tan-'a^ 
&e.,  which  expressions  are  read,  the  arc  whuse  sine  is  ic,  the  aro 
whose  tangent  is  x,  &c. 
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In  these  cases,  it  is  the  arc  wliicii  is  the  function,  or  dependent 
rariable,  the  independent  variable  being  the  sine,  or  the  tangent,  &c, 

27.  Pi'op-  To  differentiate   y  =;  sin~'«. 

Since  this  notation  is  intendt'd  (j)  imply  that  y  is  the  arc  whose 
line  is  eijiia!  to  a:,  we  must  have  as  an  equivalent  relation 


nV       -/T-  ^ 


28.  Prop.  To  differentiate  y  —  ccs-'r. 

Here  jn  =  cos y,  .• ,  dx  =  ~  smy .dy 


'  dx            siny            ^i  _  t^^2y  ^_ 

d  cos-'j; 1 

dx     ~     ^:^^' 

!9.  Pro^.  To  differentiate   m  ^  tan-';e. 

X  =:  tan  v.,  .' .  dx  -r^  sec^M  .  du 

du  _  _J_  _         I  _       1 

■  '  ■   dx~  sec^M  ~  1  +  tan''a  ~  1  +  j^'i 


30.  i^rop.  To  differentiate   m  ^  cot-'a. 

a;  =  cot  -u,  ,  ■ .  (i:t:  =  —  cosec^x .  dn 


1  +eut2« 

1 

1  +x^' 
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31.  Prop.  To  differentiate   m  =  sec-i^:. 

^  _  1  _  1  _  1 

dr.       tan  u .  see  ;*       sec  ^  -i/scu*"  —  1       x-Jx''  —  1 


32.  -fj-oi).  To  diftbrentiate   u  —  cosea-^x. 

X  ^=  cosec  M,  .  • .  rfai  ^  —  cot  m  ,  eosec  it .  du 


dx  cot  a.  cosec  «  coseeM-i/coscc%  -  1 

_  1 

d  coscc^^.i:  1 


33.  Prop.  To  differentiate  u  =  versiii-'^. 
X  =  versin  u     .  • .  (?a:  ^  sin  m  .  du  ~  ■\/:i  versin  is  —  viiisiii^u    dn 


V^y- 


34.  P»-o;j.  To  difffii-ontiate   w  —  co\'ersin-ia;. 

X  =  covcrsin  w 
.  ■ .    (^ar  =  —  cos  «.(?«—  —  y^^  coversin  m  —  coveraiii'^ft  ,  rf;'- 

rfa 1_ _  ^  J 

'    '    dx'^        ^-i,  coversin  !f  -  coversiL,%  ~        y5^  -  i« 
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35.  The  differentiation  of  trigonometrical  and  circular  funotioni 
will  now  be  illustrated  by  examples. 

£XAUFL£B. 

1.  M  =  3  sin'z. 

(fa  =  3  X  4 sin'« .dsinx=  12 sin^a .cosx.dx 

da 
.  ■ .  -T-  =  12  sin'a; .  coa  x. 


du=  —  sin  nx .  d{ni 


da  =  n  tan""'  nx .  d  tan  nx  ^:n'  tan""'  nx .  sec'ni .  dx 

'  '  dx~ 

4.  «  =  sin  3a; ,  cos  2*. 

(?!(=  (3  cos  3a!.  cos  23:  — 2  sin  3a;.  sin  23;ya: 

'.  -7-  =  3cos3a;.cos2a:  — 2sin3a;.sin2a:=cos3j;cos2j;  +  2cos5a!; 
dx. 

5.  M  =  (sin  xy.      Then      log  u  -  i .  log  (sin  x) 

•.  —  =[log(sin3T)+a'Cots]rfa!.*.-7-  =  (sina;)*.  [log(sina:}+  cKCOtar} 

6.  u  =  {cos a')""'.     Then     log u  zi  sin 3 log  {cos 3:) 
...  1=  (,osa;)'i-[cosa;log(cosa:) -sl«;.tan4 

7.  «  =  sin{«>si),     du  =  tMs{>i0^x)d<x,^x. 


dz 


,.,«,{,«,„). 
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_vl±i 


1/1  + I' 
(1  +  »')*  -  I-  (1  +  I-)"* 


rfw  _       1 
*  *  ■  rfi  ~  1  +x^' 

u  =  log  tall  X. 
du      ■n,(,''x  1  2 


.  cos  3!      sin  2x 


rfM  _  1  r    COS  a  CM «    n  cosa^      _     1 

dx~2Ll  +  siria  "''  1  ~"smi  J  ~  1  -  slii^^  ~  cos*' 


i  -  4.x3). 


-12:c* 


(  =  log  (cos  X  +  y'—  1 .  sin  x). 
du  _  -/^^l .  e> 


dx        cos  X  +  _/_  j^ 


1 


^a2_4^  \a  +  6.C09a-/ 

o  sina  (rt  +  6  cos  k)  —  6  sin  a;  (J  +  a  cos  a;) 

= 1 T" 

(a"  _  b-'f  (a  +  6  cos  x)[{a  +  6  cos  »)^  -  (6  +  a  cos  fl:)^]* 
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da  _      (1  +  jr')^^:g  -    1  _  _  1 

'^«  ~  1  +  {yT+l^  -  «)=  ~       2  (I  +  a:^)' 

^  _    1  /cos  :b        sin  x\  _       1 


=  -log{l  +«)  --log(l  -^)  +itan-'z. 


((a:      4(1  +  a)  ^4(1  -a:)  ^2(1 +  1!:^)        1  -  ^t* 


^~  [«■•(. 
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SUCCESSIVE    BIEFKRENTIATION. 

36.  When  we  differentiate  a  functioa  m  =  Fx,  the  differential  co- 
efficient  -7-  will  uauallv  be  itself  a  function  of  x,  and  will  therefore 

ax 

admit  of  being  differentiated.  This  will  simply  bo  equivalent  to 
examining  the  comparative  rates  of  increase  of  the   independent 

variable  x  and  the  variable  ratio  -7—    This  differentiation  will  give 

dx  ° 

rise  to  a  second  differential  coefficient,  which  may  also  be  a  function 
of  X,  and  this,  in  its  turn,  being  differentiated  will  give  a  third  differ- 
ential coefficient,  to. 

37.  To  illustrate  this  subject,  let  «  ^^  a^  be  the  proposed  function. 

The  first  diiTerential  coefficient, 


dx 
second  differential  coefficient, 


=  3a:^ 


third  differential  coefficient, 


As  the  third  differential  coefficient  in  this  example  proves  con- 
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stant,  the  fourth  and  aU  succeeding  differential  coetBcients  will  be 
equal  to  zero. 

38.  The  preceding  notation  of  successive  differential  ooeffidents 
being  inconvenient,  it  is  replaced  by  the  following : 

p„.  ^      ...       <^. 


dx 
the  symbols  d^,  d^,  &c.,  indicating  the  repetition  of  the  process  of 
,  differentiation  twice,  thrice,  &c.,  and  not  the  formation  of  a  power. 
On  the  contrary,  the  expressions  dx',  dx^,  &13.,  represent  powers 

of  dx.      The   second  differential  coefficient   ttt    may  be  obtained 

dx^  '' 

immediately  from  the  first  differential  coefficient  -7-1    by   diifereu- 

tiating  this  latter  as  though  dx  was  constant,  I  thus  producing  -— I 
and  then  dividing  the  result  by  dx. 

Now  since  the  law  according  to  which  the  independent  variabie 
%  changes,  in  different  stages  of  its  magnitude,  is  entirely  arbitrary, 
we  adopt,  as  most  simple,  that  law  by  which  the  successive  incre- 
ments of  X  are  supposed  equal ;  that  is,  we  make  dx  constant. 

The  same  supposition  will  enable  us  to  derive  each  successive 
differential  coefficient  from  the  preceding  coefficient  ^-^  a  similar 
process  of  differentiation  and  division. 


»(»  -  1)(.  -  2)i->,  ^  =  ,(„  - 1)(.  -.  2)(.  -  3),.-  te. 
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This  operation  15111  terminate  when  n  is  a  positive  integer  j  hat 
if  »  be  a  negative  integer  or  a  fraction,  the  number  of  variable 
diiferential  coefficients  will  he  unlimited. 

d*y  1.2.3  ^^  ,  dy  1.2.3....(n-l) 

j~-  =  —  —J —    and  by  analogy    -r^  =  ± -^ '- 


the  upper  sign  will  apply  when  n  is  odd,  and  the  lower  when  n  i 


and  the  succeeding  differential  coefficients  will  i 
order. 


dy  .  <?'^  (f^y        .  d* 

dx  dx^  '     dx'  '     d^ 

and  the  coefficients  will  now  recur  in  the  same  order. 


du  ,      d^u      „      „  d^u       .       .        r.        .,       ,      . 

-;-  =  sec^a;,  -;-;r  =  2  see^a: .  tan  x,  -r^  =  4  sec^j;  tan^  +  2  see**,  &c. 


Here  the  law  of  formation  of  the  successive  coefficients  is  not 
obvious. 


*  _    I  !  ^"  _ 


tiie  law  of  the  coefficients  being  very  evident. 
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the  coefficients  being  all  ei^ual. 

8.  .  =  sinM. 

The  formation  of  successive  differential  coefficients  will  be  found 
extremely  useful  in  the  expansion  of  functions  ty  the  methoda 
which  will  be  explained  in  the  chapters  immediately  succeeding. 
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MACLAnRlN  S   THBORBM. 


40.  The  theory  of  Maclauriu  is  a  very  general  and  useful  fonnula 
for  the  development  or  expansion  of  a  function  of  a  single  variable, 
in  a  series  involving  the  positive  ascending  powers  of  that  variable, 
when  such  development  is  possible. 

41.  Prop,  li  y  =  Fx,  where  Fx  denotes  such  a  function  of  a;  as 
can  lie  expanded  in  a  series  containing  the  positive  ascending  powers 
of  X,  then  will  the  forna  of  the  development  he  the  following : 

»  =  w  +  (l)f  +  (2)o  +  (S)i:^+*^. 

in  which  the  parentheses  are  used  to  denote  the  particular  values  of 
the  quantities  y,  -—-,  --r^,  &c.,  enclosed  therein,  when  <e  is  taken 
equal  to  zero. 

Proof.  By  hypothesis,  y  can  he  expressed  in  the  form 

y  =  A-\-  Bx+  Cx>  +  Dx^  +  Ex*  +  &c,         (1), 
in  which  A,  B,  C,  &c.,  are  unknown  constants. 

.  -.  $^  =  .B  +  2Ge  +  3-»a?  +  iffiB^  +  &a 
ax 

-^  =  3  C  +  2 .  3iJ^  +  3 .  4£3:^  +  &c. 
--j^  =  3 .  3i>  +  3 . 3 .  AEx  +  &c. 


d*y  ^ 


d  by  Google 


DIFFEBENTIAL   CALCULUS. 


Now  making  jr  =  0  in  each  of  these  expressions,  we  obtain 


i$-)=A  (^^=^c.  (!!i: 


Hiese  values,  heing  substituted  in  (1),  reduce  it  to  the  form 

which  agrees  with  the  enunciation. 

This  formula,  called  Maclaurin's  Theorem,  may  be  written  thus 

or  again,  if  we  represent  the  1st,  2d,  3d,  &c.,  differential  coeffi- 
cients, which  are  functions  of  2,  by  F-^,  F^,  F^,  &c.,  the  formula 
may  be  written 

ExAuPLsa. 
42.  1.  To  expand  j(  =  (a  +  x)'. 
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maclausin's  theorem. 
-1)(»- 2)  (.  +  «)—, 


Hence,  when 


(S)  =  •(»  -  1)  (»  -  2)  («  -  3)"",  «■«■■  &=■ 
And,  therefore,  by  substitution  in  Madaurin'a  formula, 
,  =  («  +  i)-  =  <.-  +  «a-ij,  +  !' 

.(.-i)(.-a) 


,^..'^^^. 


^°"- '!":,-/'"- ^'»"^+^c. 


Thus  we  have  a  simple  proof  of  the  binomial  theorem,  applicable 
to  all  values  of  the  exponent,  whether  positive  or  negative,  integral 
or  fractional,  real  or  imagioarj. 


!.  To  develop 

y- 

=  !og(l+»), 

modulus 

of  the 

systen 

1  being  M, 

dy 

M 

d3?  ' 

if, 

dr' 

(1  +  »)" 

d',i 

1.2.3Af 

-     (i  +  ^Y 

.   te 
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.  ■.  when  x  =  0,     (j)  ^  log  1  =  0, 

Yit^V  \d^}~~T  \ii^}~       1     '  \^ 

And  by  substituting  these  ralues  in  Maclaurin's  Lrmula,  we  have 

which  is  the  fundamental  theorem  used  in  the  computation  of  loga 
rithms,  and  is,  indeed,  that  which  was  employed  in  deducing  the 
rule  for  differentiating  logarithms. 

3.  To  expand  y  =  sin  x. 
Here                                        Fx::^smx 

.■.F■^x  =  cos X,     F^  =  ~  sin x,     F^=—  cos x,     F^x  =  sin x, 
and  the  succeeding  coefficients  reeur  in  the  same  order. 

.•.#0  =  sinO  =  0,    ^,0  =  eo30  =  l,   F^O  ^  0,    F^O  =  —  1, 
Ffi  =  0,    -FjO  ^  1,  &c. 
. ' .  by  substitution  in  (4)  the  third  form  of  Maclaurin's  theorem, 
we  have 

sma-ar       j.  a. 3+1,2. 3. 4. 5       1.3.3.4.5.6.7"^     °' 
This  series  converges  very  rapidly  when  x  is  small. 

4.  To  expand  y  =  cos  x. 

Fx  =  cos  X,  F-iX  —  —  sin  x,  F^v.  =  —  cos  a:,  F^x  =  sin  x,  F^x  =  cos  x, 

and  the  succeeding  coefficients  recur  in  the  same  order, 

.■.F(i  =  l,Ffi^O,F^0=r^  ■~l,F^O  =  0,F^O  =  -l,Ffi=:0,&c. 

1         ^     .  ^*  ^  .    , 

.  • .  cos  a;  =  i \-  ■ — — — - —  4-  &c. 

1.2^1.3.3.4       I.  a. 3. 4. 5. G^ 
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5.  To  develop  y  =  a*. 

Employing  Naperian  logarithms,  we  have 

.  ■ .  /■O  =  1 ,  /"lO  =:  log  a,  Fj)  =  log%,  Fji  -  log'a,  F^d  =  log»«,  &c 

This  is  called  the  exponential  theorem. 

Cor.  U  a  :=  e  the  Naperian  base,  then  log  a  :=  log  e  =  1, 

•■••■  = '  +  i+o  +  rl^  +  nrin  +  *'°' 

(uid  if    a  —  1     also, 


1,1,1,  1 


^1^1.  2  ^1.2. 3^1. 2. a. 4^ 
a  formula  for  the  Naperian  hase. 

Cor.  If  «  ::=  1,  but  a  not  equal  e,  then 

a  formula  for  a  number  ia  terms  of  its  Naperian  logarithm. 

Frop.  To   express   the   sine  and  cosine  of  an  arc  in  terms  c 
imaginary  exponentials. 

In  the  series  giving  the  value  of  e',  put  successively^ 

3_/—  1,        and       —  2  V—  1   for  X. 
..e        —  i-T       ,  j^j       1.2.31.2.3.4 
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1 


i.a  "^  1.2. a 


+ 


- 1 


-&c. 


1.3.3.4       I .3. a. 4. 5 

..^^  <-^=  i'/^  D  - nini  +  rsrlrTTs  ^  ^"-J- 

But  the  first  series  within  tlie  [  ]  is  the  development  of  cos  t,  and 
the  second  that  of  sin  z, 

.*,  casz  —  — ,  ....  {A), 

lliese  singular  formulae,  discovered  hy  Euler,  are  very  useful  ia 
the  higher  branches  of  analysis,  especially  in  the  developrnent  of 
flmctions. 

Cor.     If  we  divide  {£)  by  (A),  there  will  result 


1-1 


■  (C). 


Cor.  If  wo  make  a  =  x^/^^  in  (J),  {£),  and  {C),  we  can 
expre^  the  sine,  cosine,  and  tangent  of  an  imaginary  arc  in  terms 
of  real  exponentials  ;  thus  : 

tan  (^i/^^  ^  -7=^-  -— ^         1-  g^'^ ^ 
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Cor.  If  we  square  {A)  and  {B)  and  add,  there  will  result 

,   3    __  g^^V^  +  2  +  g"^'^/=?  -  e^^'^^^  2  — 1-^'^^_ 
~  4  ~    ' 

And  similarly     siti^{LE^—  1)  +  cos^{jrV—  1)  =  1 ; 

two  results  obviously  correct. 

43.  The  applications  of  Maclaurin's  theorem  are  often  much 
restricted  by  the  great  labor  nec«ssary  in  forming  the  succes^ve 
differential  coefficients.  This  may  sometinaes  be  avoided  by  ex- 
panding the  first  differential  coefficient  by  some  of  the  algebraic 
processes.     For  example, 

To  expand  m  =  tan-^ar. 

Here  -r-  = ;i 

dx       \  +  x^ 

which  gives  by  actual  division,  the  quotient 

I—  i^  +  a*  —  a^  +  a^  —  &c. 

,     .■ .  Fx  =  tan-ijr, 

F^x  =  \  _  3^  +  ^1  „  a;6  +  3^  _  &(,, 

F^x  =  —2x-\-Ax^  —  (Si^  -\-  Sa'  —  &c. 

i^'gj:  ^  —  3  +  3 .  4a^  —  5  .  6a^  +  7  .  8a«  —  &c. 

.f;*  =  2 . 3 .  4i  -  4 . 5 .  ft>:3  4- 6 . 7 .  8a^  -  &c. 

i^B:e  =  2 .  S .  4  -  3 . 4 .  5 .  fe'  +  5 .  6 . 7 .  8x<  -  &c 

/>  =  —  2.3.4.  5. 6:r  +  4.5.6.7.83:3  —  &c. 

J^Ta:=  —2.3.4.5.6  +  S.  4.  5.6.7. 8a=  -  &o. 

J'8*=2.3.4.5.6.7.8ar-&c. 

&c.,  &c. 

.■.F0  =  tan-'O  =  0,     F^d  =  1,     F^Q  =  0,     Ffi  =  —  1.2, 

Ffi  =  0      F^0  =  l.2.3.4,     Ffi  =  0, 

.fjO  =  -  1 .  2 .  3 . 4 .  5 .  6,     F^(i  =  0,&:o. 
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Therefore,  by  substitution  in  Maclaurin's  formula, 

Fx  =  tan-'a;  ^  x  - -x>  +  -x'-  -  -x'  +  ^x^  -  &c 

If,  in  this  furmula,  we  make     u  ^  -ir  —  arc  of  45", 
then  a;  =  tan  45°  =  1. 

...  i,  =  (,_i  +  l_l  +  d,..), 

and  *=4(1  -i+|-^+&e.); 

a  formula  for  determining  the  ratio  of  the  diameter  to  the  cir- 
cumference of  a  circle. 

This  series  converges  so  very  slowly,  that  even  a  tolerably 
accurate  approximation  to  the  value  of  *  cannot  be  deduced  from 
it,  without  employing  a  great  number  of  terms, 

44.  Prop.  To  deduce  Euler's  more  convergent  series  for  the 
ratio  of  the  diameter  to  the  circumference. 

If  in  the  trigonometrical  formula 

tan  {a  +  b)=    *»'"'+ii"_i 
*  '       1  —  tan  <( .  tan  b 

we  put         a  +  b  —  -If,         then         tan  {a  +  b)=  1, 

.  ■ .    1  —  tan  a .  tan  b  —  tan  a  +  tan  b ; 

whence  we  deduce  tan  5  —  ■  -■ 

And,  therefore,  if  any  value  be  assigned  to  tan  a,  that  of  tan  S 
oat  be  determined. 

1            ^                    ,       ^~2       1 
Let  tana  =  -,        then  tani  = 7  =  5" 
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111         1         1       , 

•■■i'  =  5^3:2S  +  672i-r2'  +  '^°' 

By  taking  sis  terms  in  the  first  set,  and  four  in  the  second,  and  mul- 
tiplying by  4,  we  get  the  common  approximation, 
ir  =  3.]416. 
Cor.  We  might  extend  this  method,  obtaining  series  still  more 
convergent.      Tor  if  we  take  four  arcs  Cj,  Cj,  Cg,  and  e„  such  that 

e,  +  c,  =  tan-ii  and  e,  +  c,=  tan-'l     Then  e,  +  c^+c^+ c,^^'^, 

and  if  we  assume  the  vaJues  of  tan  Cj  aad  tan  Cg,  those  of  tan  Cg  and 
tan  c^  can  be  determined.  Moreover,  the  values  of  tan  c„  tan  c^, 
tancg,  and  tarn!4,  can  all  be  rendered  less  than  |,  and  therefore  the 
series  for  determining  J  *  will  he  more  convergent, 

46.  Prop.  To  obtain  more  convergent  series  for  the  value  of  r. 
2  tan  3 
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Now  this  result  is  very  little  greater  than  unity,  and  therefore  4a 
must  be  slightly  greater  than  45°. 

Put  4a  —  -  IT  =  g 

where  e  is  a  very  small  arc. 

tan  4a  —  tan  J  T 

Then  tan  a  =  tan  (4a  —  -  «)  = :r— 

1  +  tan  4a .  tan  -  «• 


^239      3 .  23»=      5 .  239^  f 

By  taking  three  terms  in  the  first  line  and  one  in  the  second,  we  get 
the  common  approximation    ?r  =  3.14I6;     and  by  taking  eight 
terms  of  the  first  line  and  three  of  the  second,  we  get 
*  =  3 . 141592653589793. 
46.  1.  To  expand  i*  =  sin-'^ 


1      ,         l.S 

^     '''1.2^  '^1.2.2^"  "^1.2.3.23"' 
-  h^     4.  ^-^-^    3  ,    13. 5. (i 

1.3.5=.6_,   ,    , 
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P         1.2.S^4    ^1.3.4.5^6    ,    ,    , 

P. 2.3=. 4  ,    1.33.4.52.6    ,  ,    , 
^^  =  ■1.2.2=     +      1.2.3.2-*   +'^"^- 
1.2.3^4.5^6       ,    , 


F.x=.t. 


1 .  2 .  3 .  2J 

Ft  =  0,  i^jO  =  I,  ^^0  =  0,  ^jO  =  P,    /;o  =  0,  FSi  =  V .  3*, 

F^O  =  0,  J^O  =  P .  3^  5S  &c. 
.     ,  ,     P.3r3     ,       P.S^x* 


1.2.3       l.a.3.4.5 
"  1 . 2 .  3 . 4 . 5 . 6  77   ' 


^  +  &«. 
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47.  Taylor's  Theorem  is  a  general  formula  for  the  development 
of  a  function  of  the  algehraic  sum  of  two  variables. 

Prop.  IS  y  =■  Fx,  and  if  x  be  supposed  to  receive  an  increment 
%,  converting  y  into  y^  =  F{x  +  h) ;  ttpn  will 
dy  h      iPy     A*        d^y        h^  d'y 


F{x  +  k)  = 


dx^    1.2.3       dX^    1.3.3.4 

,   dFx    h   ,  d'^Fx     h^ 


-  +  & 


+  &C.; 


'^   dx3     1  . 2 .  3  ^   rfj^      1.2.3.4 

To  prove  the  truth  of  this  formula,  we  first  establish  the  following 
principle : 

If  in  the  expression  y^  —  F{x  +  k)  we  suppose  first  that  x  is 
variable  and  h  constant,  and  then  suppose  A  variable  and  x  constant, 
the  first  differential  eoeiKcient  will   be   the  same  in  both  cases; 

that  IS,  -—  —  -—■ 

ax        dh 

This  is  almost  self-evident,  for  when  a  given  increment  is  assigned 

to  X,  or  to  h  the  same  increment    must  be  imparted  to  x  -\-  h,  and 

therefore  Fix  +  A)  =  y^  will  undergo  the  same  change  in  tie  one 

case  as  in  the  other.     Hence  the  ratio  of  the  corresponding  changes 

of  X  and  y,  is  equal  to  the  latio  of  the  changes  in  h  and  y,.     This 

is  true  whatever  lany  bo  ibe  magnitudes  of  the  increments  im 
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parted  to  a;  or  ft,  provided  that  magnitude  be  the  same  in  both 
cases.  But  when  we  suppose  these  increments  indefinitely  small,  it 
is  no  longer  necessary  to  consider  them  eq^ual.     Tor  since  the  ratio 


-P  does  not  contain  dx,  it  will  have  the  s 
dx 

and  dh  be  supposed  equal  or  uneq^ual. 


i  value  whether  dx 


•  dx  ' 


dh 


Similarly, 


<'&)jmjm 


dx 


dx      ' 


And  generally, 
Now  assume 

y,  =  F(x  -}-k)  =Fx  +  Ah  +  Bh'i  +  Ch?  +  Dh^  +  &c.       {!), 

that  being  the  general  form  in  which  F{x  +  }i)  can  be  developed, 
as  shown  in  Art.   4.      The  coeff     lis  A  B    C  D   Ka      re  f 
tions  of  X,  hut  aie  iiidependei  t    f  7 

If  we  differentiate  (1)  fiist  w  tli  re  pe  t  to  A    ad    the 
respect  to  x,  and  place  the  result  ng  d  ff  rtnt  al  coeffic  cnt    equal 
we  shall  obtain 


tb 


A  +  2£A 
dFx 


3C7F  +  4iJAa  +  &c. 


dx 


dx 


which  equation  being  true  for  all  values  of  h,  it  follows,  by  the 
prinuiple  of  indeterminate  coejicients,  that  the  coefficients  of  the  like 
powers  of  k,  in  the  two  members  of  the  equation,  must  be  sepa- 
rately equal, 

.       dFx 


2S  = 


20  = 


42)=- 


,  &c 
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^1.2.3"  (i^a  '  ~'i'  dx~  l.'i.Z.' 


Hence,  by  substitution  in     (I), 


dx     I        dy?     \.Z 
d*Fx         h* 
*"  dx*  '1.2.3.4^ 


'^  dx  1       dx^    1.2      dx^    1.2.3 

If  we  denote  the  suceessive  differentia!  coefficients  by  F^x,  F^, 
FgX,  F^x,  &c.,  the  series  may  be  written 

Cor.  The  formula  of  Maclaurin  may  be  readily   deduced  from 
that  of  Taylor;   for  if  we  make  ^  =  0  in  (S),  there  will  result 


F}l=FQ  +  F-S)rr+  F^O 


1.2         ^    1.3.3 


which  is  Maclaurin's  theorem. 

EXAUFLES. 

48.  1.  To  expand    sin  {x  +  h),   in  terms  of  the  poweis  of  the 
vtch. 
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F^  =  —  cos  X,       F^x  =;  sin  x,  && 
.  ■ .  By  substitution  in  Taylor's  formula 

Bm  («  +  A)  =  sin  a:  +  cor  - 

=  sin:.(l- 

+  cos^(A 


1.2.3       1.2.3.4.5  ■' 

=  sin  a .  cos  A  +  cos  a: .  sin  A,   a  well  known  formula. 

2.  To    expand     cos  [x  -\-  It),   in    terms    of  the    powers   of  the 
arc  A. 

.-.    Fx^w^x,     F^x==.-smx,     F^^-coax, 
F^x  =  sin  X,     F^x  ^  cos  x,  &c. 
.-.By  substitution  in  Taylor's  Theorem  we  have 

cos(a;  +  A)  =  cosai  — fonarY  —  cosib^j— ^  +  smx  j; 

=  cos.(l-  — +  — -^^-&c.,) 

„  ,„, ,  (A  _  __  +  __g__  „  &c.,) 
=  cos  a: .  cos  A  —  sin  a: .  sin  A, , . .  a  well  known  formula. 

3.  To   expand     log  (3;  + A),    whet-e  M  is   the   modulus  of  the 

M  \M 

Fx  =  log  X,     Fjx  =  —,     F^  = ^, 
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.  •.  log  (.  +  *)  =  log.  +  jf  (5  - 1,  +  £L  _  ^+ te.) 

4.  To  espaud  u^  =  tMr-^{x  +  A), 

w  =  tan-la:  =  Fx,    F,x  =  — - — -  =  — —  =  cos=«, 
1  +  x'       see^ 

F^  =  —  29ia  M .  COS  «  -7-  =  —  sin  2m  .  cos^m. 

F^  =  (—2cos2u.cosH  +  2sin 2w .  cos  w .  sin m)  — 
'  dx 

=  —  2cos  M .  cos  3m  -r-  =:  —  2a>s  3u  .  cos'«. 
F^r  =  2 .  S  (sin  3w .  cos'u  +  cos  3m  .  coa% .  sin  a)  -7- 

=  2,  3eos%,sin4M~  =  2.  3.  sin  4m.  cos'a, 

die,  &c. 

,*.  tan-' (a:  -\- h)  —  Ui  =  v,  -\-  cos^-  —  sin 2m.  cos^u  — 

k^  fc*  h^ 

—  cos  3m  .  cos^M  — -  +  sin  4m  .  cos'm  — ■  +  cos  5m  ,  cos^« &c 

3  4  5 

5.  To  expand  it  =  tsm{x  +  h). 

Fx  =  tan  X,       F-^x  =  sec^a;,       F^  —  2  sec^a: .  tan  x, 
FjX  =  2  sec'a:  (1  +  3  tan=a:).     &c.,     &c. 


.-.  tan(x  +  A)  = 


+  2  sec2a!(l-f  Stanza;) 


1.2.3 


Prop.  Having  given      u  —  Fy,      and      y  =  (p«,     to   form  the 

differentlai  coefficient  —  of  m  with  respect  to  x,  without  eliminating 

y  between  the  eijuations,  in  which  the  characters  F  and  9,  denote 
any  functions  whatever. 
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Let  X  take  an  increment  A  coaverting  y  into  Ji  =  ip  (a;  +  A). 
TlieE  if  i  denote  the  increment  received  by  y,  we  shall  have,  by 
Taylor's  theorem, 

d'j   A      d^y      }fl        cPv        A^        ,    „  ., . 

*  =  '.-»=£-i+sr'-o+slTir3  +  *°-   (''• 

Also  when,  y  takes  the  increment  £,  it  im.part3  to  m  ;=  Fy,  an 
increment 

or  by  substituting  for  i  its  value,     (1). 

_  ^A^V  k      -Py    h^        d?y       h^  T 

^1.2rf!/^U^    l^tfa:^    1.2^        J  ^ 
Dividing  iiotJi  members  by  A,  and  then  passing  to  the  limit  by 

making  A  =:  0,  io  which  case     -^, —  =  -t-     we  set 
"  A  da: 

rfw      du    I 


(2)- 


Thus  it  appears  that  the  differential  coefficient  of  u  with  respect 
to  X,  is  found  by  differentiating  u  as  though  y  were  the  inde- 
pendent variable,  then  differentiating  y  as  though  x  were  the 
independent  variable,  and  finally,  multiplying  the  first  of  the  co- 
efficients so  found  by  the  second. 

49.  It  might  perhaps  seem  at  first  view  that  the  equation  (2)  is 
necessarily  and  identically  true,  and  therefore  that  the  preceding 
investigation  is  unnecessary.     But  it  must  be  borne  in  mind  that  the 

increment  given  to  y  by  assigning  an  arbitrary  small  increment  dx 
to  the  variable  x,  is  not  necessarily  the  same  as  di/  which  appears  in 
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-T-,  since  this  latter  increment  of  y  is  arbitrary  (though  likewisn 

1.  u  =  a^,  y  =  6',     to  find      -;— 

dx 

f,  ^v.  ,  du       ,    ,      , 

Here  -7-  =  aW .  loff  o,     -7-  =  0*  iOff  6. 

dy  '^    '     dx  ^ 

Ji.^. 

'  dx       dy    dx 

2.  u-  log  y.     y  =  log  a;. 

dy       y'     dx       k'       '    '  dx       y    %       x  log  a: 
50.  Taylor's  Theorem  may  be  employed  in  approximating  to  the 

roots  of  numerical  equations. 

Let  ^a:  =  0  be  the  given  equation,  and  a  an  approximate  value 

of  one  of  its  roots  found  by  trial ;  then  we  may  put  a:  ^:  a  +  A,  in 

which  A  is  a  small  fraction  whose  higher  powers  will  be  small  in 

comparison  with  A,  and  may  therefore  be  ne<flected  without  great 

error.     But 

/■x  =  J'(a  +  A)  ^  J^a  +  J-^a .  ~ -(- -Pj«  Y^  + /-ga  ^-^  +  &:c.  ^  0. 

.  ■  ■  By  n^lecting  the  terms  involving  A^,  A',  &c.,  wc  get 
Fa-\-  F-fi.-T  =  (S       and      .  - .  A  =  —  -^■ 

Adding  this  approximate  value  of  A  to  a,  we  have 
_Fa_ 
^  ~'^      F-fl 
Call  this  value  Bj     and  put     s  =  Oj  +  Aj. 

Then  by  similar  reasoning  we  shall  find 

Fa,  ^  Fa.  .       . 

A^  =  —  -w^t     '^"d     X  —  a^  —  -~-  =  dj,  a  nearer  approximatioi^ 


nearly. 


Mid  the  same  process  may  be  repeated  if 
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61.  Find  the  positive  root  of  the  equation 

x^  ~  Hx^  +  lac  -  3  =  0, 
to  three  places  of  decimals  inclusive. 
Here  we  find  by  trial  that 

a  >  2  . 6        and        a;  <  3. 
Put  a  =  2 . 8. 

.■.Fa  =  a^-  12a*  +  12a  --  3 

^(2.8)'-  12(2,8)2+  12(2.8)- 3  =  -2.0144 

F^a^  ~  =4a3-24<i  +  12  ^  4{2,8)»-24(2.8)  +  12^32.608. 

—  2  0144 
.•.A  =  --^^^-^^- 0.062 nearly.  .-.  z  =  a  + A  =  2.862nearlj. 

To  test  the  accuracy  of  this  approximation,  put 
o,~  2.802        and         a:  —  a,  +  A,. 
Fa^  =  (2 .  862)'—  12(2 .  862)=+  12(2.  862)— 3^0 .  144674 nearly, 
/■ja,  =4(2.802)3-24(2.862)  +  12  =  37.083072  nearly. 

.■.3:z=a,  + A,  =  2. 802 -0.003901  =  2.  858099  =  2. 858 
to  three  places  of  decimals. 

If  the  process  were  repeated  it  would  be  found  that 
a:  =  2 .  85808  ; 
so  that  the  second  approximation  is  true  to  four  places  of  decimals, 
and  the  fifth  place  ia  slightly  erroneous. 

2.  Given  x'  =  100 

to  find  the  value  of  «  to  the  place  of  hundredths. 
Passing  to  the  common  logarithms,  we  have 

a;loga;^loslOO  -  2.      .  ■ .  arloga  —  2  =  0, 
AJso  a'  >  3,       and       af  <  4. 
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Put 

«  =  3.5, 

and       x  =  a  +  h. 

.■.fa  =  aloga-2. 

n  +  M, 

where  J/'=  modulus  of  the  ci 

3mmon  system  =  .  43420418 

Fa  = 

8 .  5  log  {3 . 5)  -  2  - 

.644068x3.6-2 

=  -0.095- 

iG2 

Fta  = 

.  5440G8  +  .  434294  ^ 
.■.h  = 

:  0.978362. 
.O78302--"*- 

■ .  a;  =  3 . 5  +  .  098  = 

3.598      or      x  =  Z. 

60  iiearl)-. 

"We  shall  now  apply  Taylor's  Theorem  in  deducing  rules  for  the 
expansion    and    differentiation  of  functions  of   more  complicateci 

62.  Prop.  To  establish  a  general  rule  for  differentiating  any 
function  of  two  quantities  j>  and  q,  which  quantities  are  themselves 
functions  of  the  single  independent  variable  x. 

Let  u  =  F{p,  g),  where  p  =fi,  and  q  =fiX,  the  characters 
F,f,  and/i,  denoting  any  function  whatever,  and  let  x  take  the 
increment  h,  conveiting  p  in  ^  +  A  =^j,  q  into  q  -^  I  —  q^,  and 
V  into  M(. 

Then  «j  =  F{p  +  k,q  +  l)==  F{p  +  A,  g,), 

which  may  be  developed  "by  Taylor's  Theorem  as  a  function  of 
j>+  k,  observing  that  i?„  which  does  not  contain  k,  will  appear  in 
the  development  as  would  a  constant : 

I  dF{p,  g,)    * 
1 

But  F{p,  5j)  =  F{p,  q  +  I),  which  developed  as  a  function  of 
i  +  l,  gives 
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-F(?,?+0=-F(i',S')  + 


dF{p,q)    I       <PFip,q)     _P_ 
dq  l'^        dq^  1.2^ 


And  similarly  the  coefficient  of  k  in  the  second  term  of      (1). 

may  also  be  developed  as  a  function  of  5  +  ?,  and  will  give 
dp  -       dp       +<i,L      dp      Jl+*'^ 


""•(p.  g.)  ^  d'F(p,,  +  l)  ^  imjt.jl ^  d_ ri>F{p,,)-\ ^ ^ 
dp^  dp^  dp'  dq\^      dp"^      J 

.'.By  substitution  in     (1). 
F(p  +  ,,,  +  ,)  =  F(p.,)^  '^^, i  +  ^ti)  i 


dp    h       d^p     h? 


•■■"■-"  =  5?L5,^t  +  j.-5t:2+H+ 


Now  dividing  by    ft,  and  then  passing  to  the  limit,  by  malting 

fe  =  0,  in  wliieh  ease  -^—, —  =  —-,  we  obtain 
h  dx 

dit      dii    dq      do.   dp 


dx      dp    dx 
du   dq  du    dp 

dq    dx  dp    dx 


{2)- 

(S). 
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Thus  it  appears  that  we  must  difierentiate  u  with  respect  to 
ea«h  fanction,  as  though  the  olhei'  functions  ■were  constant,  and 
add  the  results. 

53.  It  is  very  important  that  the  precise  signification  of  the 
notation  here  employed  should  be  distinctly  understood.  By  an 
attentive  consideration  of  the  manner  in  which  the  several  expres- 
sions employed  in  the  formuke'  (2)  and  (3)  arise,  it  will  appear 
that  the  expres^on  t— in  (3),  represents  the  ratio  of  the  change 
m  x  to  the  entire  change  m  «,  ■whiLh  latter  is  produced  partly  by 
the   change   imparted   to  p,  ind  partly  by  that   imparted  to   j, 

dj    dx 
to  that  part  of  the  change  m  u  which  is  communicated  through 

g     and  that  ~    ~    represents  the    ratiu  of  the  change   in  a:  to 

that  part  of  the  change  in  -u,  which  is  communicated  thtough^ 

We  must  be  careful,  therefore,  not  to  confound  —    — ,  with  — - 
d<i    ax  dx 

or  to  suppose  that  the  first  of  these  expressions  can  be  biought 

to  the  lorm  of  the  secoud  by  the.  ordinary  process  of  algebraic 

reduction       This  will  appear  evident,  when  it  la  recollected  thit 

the  du  -which  appears  m  -j-  refers  to  the  total  chirge  in  «,  while 

the  du  which  occurs  in  —    ■—,  refers    only    to   so    murh   of  the 

change   m  m,  as    is  commuDicated  through  q      &LmiIiih,  —    -p. 

must  not  be  confounded  with  -p-,  for  a  like  reasMi 
dx 

54.  To  differentiate  u  =  F{p,  g,  r,  s,  &c)  when  p,  q,  r,  s,  &c. 
are  functions  of  the  same  varijihle  x. 

By  attributing  to  a;  an  increment  h,  and  reasoning  as  in  the  last 
proposition,  we  readily  prove  that 
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tdu  dp     du  dq     da    dr     da   ds       .     "Ih 
ip  dx     dq   dx      dr  dx      ds  dx  'J  1 

+  terms  ia  h?,  k^,  &c. 
Trarsposing  u,  dividing  by  k,  and  then  passing  to  the  limit,  we  have 

du     du  dp  .du  dq      du   dr      du    ds       , 
dx     dp    dx       dq    dx       dr  dx       ds    dx 

du  ,  ,        du  dp     ,        du  dq    ,        du    dr    , 

.•.-r-dx  :^du~- —  -dx  +— —•dx  +  -^-'j--dx 

dx  dp  dx  dq  dx  dr  dx 

I   '^"    ''^   J     ,    i 

i ; T~-dx  -\-  &C. 

ds  dx 

that  is,  we  must  differentiate  u  with  respect  to  each  of  the  functions, 
as  if  the  other  functions  were  constant,  and  add  the  results. 

55,  Prop.  To  differentiate  u  =  F{p,  x),  where  p  —fa. 

Here  u  is  directly  s,  fuuctiou  of  x,  and  also  indirectly  a  function  ol 
X  through  p. 

Now  if  in  the  equation      w  ^=  Fi^p,  5),  which  gives 

du       du   dp       du    dq 
dx       dp   dx       dq   dx 

we  put  q  =  X,  there  will  result 


du    dx 
d^    dx 


du      du,    dp      du       ,  .         .  dx 

dx      dp    dx      dx  dx 

The  formula  (1)  is  that  required,  but  we  must  distinguish  care- 

fally  between  the  differentia]  coefficient  -r-  in  the  first  member,  and 
dx 

the  similar  expression  in  the  second.     The  latter,  called  the  partial 

differential  coefficient  of  u  with  respect  to  x,  refers  only  to  that  part 

of  the  change  in  «  which  results  directly  from  a  change  in  x,  while  p 

is  supposed  to  remain  constant ;  and  the  former,  called  the  total  di£ 
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fercnlial  coefficient  of  u  with  respect  to  cr,  refers  to  the  entire  change 
in  M,  which  is  partly  the  direct  result  of  a  change  in  x,  and  partly 
on  indirect  effect  produced  through  p. 

To  distinguish  the  total  from  the  partial  differential  coefficient,  it 
has  been  agreed  to  enclose  the  former  in  a  parenthesis ;  thus  we 

r^l  _rfu(^rf(i  ■    d    —  r~trf    —  —   ^  rf  -A-^-dr 

LdrJ~  dp    dx      dx  ■    ■       ~  Li^J      ~  dp   dx  dz     ' 

Here  again  there  is  a  necessity  for  caution,  so  as  not  to  confimnd 
-r-  ■  dx  with  du ;  the  former  being  only  a  part  of  the  change  im- 
parted to  w  by  a  change  in  x,  while  the  latter  is  the  symbol  of  the 

Coi:  If  there  were  given      w  ^  F{p,  g,  x) 
where  p  and  q  are  functions  of  x,  then 


Cdu~\      du    dp      du    dq 


dp    dx       dq    dx       dx 
and  similar  expressions  would  apply  if  there  were  a  greater  number 
of  functions. 

ESAMVLKS. 

56.  \.     u  =  sin-1  {p  -  9),     where    ;;  -  Zx     and     q  =  4a^. 

—  =  ^ ^  ~  ~^  ^  =  3     ^  ^  I2a^ 

''■^     ^i-(p-  qf  '^'i     yr^/.  -  qi  dx       '   dx 
du      du    dp      du    dq  3  —  12^^ 

'  dx~'  dp    dx       dq    dx  "~  -/i  _  (p^qy. 

3  —  Yix' 3 

~  -v/i  -  fcs  +  24i»  —  loss  ~  yn^ 

2.  M  =:i)g,  where  p—e',  and  5  -  z*  —  4^3+  12a:=  ~  24a:  +  24. 
dp  dq  ax  dx 
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.    du 

du    dp 

du    dq 

'''  dx~ 

dp    dx 

'^  dq'dx 

4 

f +£   "» 

dp 
'    dx~ 

'x'     dx~ 

du    dp 
dp '  dx  "^ 

du.        ^ 
dx~^ 

(i-5)> 

=  x^[\0E^y- 

e-"{p  ~  q) 

where 

p  —  a  sill 

dp       a^  +  1'     dq  a^  +  I'     di 

du  _ae'"^{p  -  q) 


V.dxj      dp    dx 


dq    dx       dx 


Differentiation  of  Im-plieit  .Functions. 

67.  In  the  various  cases  hitherto  considered,  we  have  aupposfid 
Jie  function  to  be  given  explicUl'j  in  terms  of  the  variable.  It  is 
now  proposed  to  establish  rules  for  differentiating  implicit  functions. 

Prop.  Having  given  F{x,  y)  =  0,  to  fomi  the  differential  ciiefii- 

cient  -J-  without  solving  the  equation. 

Put  u  —  F{x,yy.  then  u  will  be  a  function  of  x  directly,  and 
also  indirectly  through  y. 


[d>i~\      du,    d'j      du 
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But  since  u  remains  constantly  equal  to  zero,  the  total  differen- 
tial coefficient  of  u  with  respect  to  x  mast  be  eq^ual  to  zero  also. 


du   dy   ,   du       ^  ,  du  dx 

■  ■:r-i-  +  :r  =  ^>       whence       ^=  _  — -. 

dy    dx       ax  dx  du 


Thus  it  appears  that  we  must  form  the  partial  differential  co- 

efScients    -r-  a^d  -v,  then   divide  the  former  b^  the  latter,  and 
dx  dy  J  ' 

prefix  the  negative  sign  to  the  quotient. 

Ex.  1.  y^  —  Zaxy  +  a^  —  6^  =  0,  to  form  the  differential  coeffi- 
cient of  y  with  respect  to  x. 

du  du 

u  =  y''  —  iiaxy  +  x^  —  b"^,    ~=  —  'Zay  +  2^;,    j-=  2jf  —  'Zax. 

dy  _        —  lay  +  2a;  __  a;/  —  a; 
d%  2y  —  2ax        y  —  ax 

2.  Given  x^  +  Sa^!/  +  y^  =  0,  to  form  the  1st  and  2d  differea. 
tial  coefficients  of  y  with  respect  to  z. 


mdirectly  through  y. 


.•.^=r^v ,  — 

ix^       L  rfr  J       dy     d^  '    dx 


d,  (ai  +  y')'  '  di  (™  + J")' 
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Hence  by  substitution  and  reduction 

<Py    _  2yaa  +  ay^  -  a'as       /     x^  +  ay\       g^y  -  ax'>  -  2xy^ 
dx'-         (ax  +  yi)^         ^\      ax  +  >/)'^         {ax  +  y^y 

^a?xij  —  2x>/{x^  +  3ax^/  +  y^)  ^a^xij 

=  (.»  +  ?■)■  "^  (.»  +  y')' 

58.  Since  it  is  possible  to  ibrm  the  successive  difFereiitial  ooeffi- 
dents  of  y  with  respect  to  x,  without  solving  the  given  equation,  it 
will  be  possible  to  expand  y  in  terms  of  x  by  Maclaurin's 

1.   Given  y^  —  3y  +  a:  =;  0, 

lo  expand  y  in  terms  of  the  ascending  powers  of  x. 


dy         ^^        ''    '    '(&:""  3(1 -2/^) 
Expanding  the  last  expression  by  actual  division,  we  have 


g  =  !(«!,  + 320,. +  «...)  1^5^ 


.  =  ST  (*"'!'  +  ^''"l'  +  *'°-)  SSi  =  »  (■"'»  +  301)!'"+  f"-) 
^  =  ^  (40  +  Vmy"  +  &c.)^  =  ^(40  +  1120y+  Sso.jta 
But  when  ;r  =  0,  [y]  ^  0, 

■■■[a4L?]=«.L5]4.L?]=».S]4.- 

.■.By  substitution  in  Maclaurin's  formula, 
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2.  To  espand  y  in  terms  of  the  descending  powers  of  x,  from 
the  reiatiou 


(HTTSa)^ "•"■■  - 


The  use  of  this  method  is  miieh  restricted  by  the  great  labor 
usually  required  in  forming  the  successive  differential  coefficients. 
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ESTIMATION   < 


69.  It  frequently  occurs  that  the  substitution  of  a  particular  value 
for  a  variable  a;  in  a  fractional  expression  will  cause  that  expression 

to  assume  the  indeterminate  form  -•      Such  expressions  are  often 

called  Vanishing  Fractions,  and  they  may  be  regarded  as  limits  to 

the  values  of  the  ratios   expressed  by  these  fractions,  when  the 

variable  value  of  a;  is  caused  to  approach  indefinitely  near  to  some 

particular  value. 

Thus  in  the  example  u  =  -^r — ,  the  value  of  which  can  usually 

'^  x^  —  I 

be  determined  when  that  of  x  is  given,  by  a  simple  substitution,  we 

find  that  it  assumes  the  form  —  when  x  ^  1.      But  the  value  of  m 

is  even  then  determinate;  for  if  we  divide  the  numerator  and  de- 
nominator of  the  fraction  by  x  —  1,  )iefore  niaking  a:  =  1,  we  get 

"  x^  +  x+1 

as  a  general  value  of  ii,  and  this  becomes 
1+1+1+1 


1  +  1  +  1 


hen       ir  =  1. 


Hero  we  see  plainly  that  it  is  the  presence  of  the  common  factor 
f  —  1  in  the  numerator  and  denominator  which  causes  the  fraction 
lo  assume  the  indetetmiuate  form.     In  this,  and  in  all  similar  cases, 
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the  removal  of  the  common  factor  serves  to  determine  the  value 
of  M.  But  it  usually  occurs  that  the  discovery  of  this  factor  is 
attended  with  considerable  difficulty,  and  hence  the  necessity  of 
some  more  general  method  by  which  to  estimate  the  values  of  frac- 
tions which  assume  the  indeterminate  form  -,  when  the  variable  x 

takes  a  particular  value.  Such  a  method  is  readily  supplied  by  the 
Differential  Calculus. 

It  should  be  observed,  however,  that  there  are  other  indeterminate 
forms  besides  -,  such  as  the  following ; 

^     CD  X  0,      CO  —  CD  ,*    00,     CD  1.      I*'"  , 
each  of  which  will  be  considered  in  succession, 

60.  Pto^.  To  determine  the  value  of  a  function  which  takes  the 
form  -r  for  a  particular  value  of  the  variahle. 

Let  u  ^  — -  = be  a  function  which  takes  the  form  -  when 

X^a;  that  is,  let  Fa  =  0,  and  ipa^O:  let  it  be  proposed  to  find 
the  particular  value  [m]  assumed  by  u  when  x  =s  a. 

Suppose  X  to  take  an   increment  h,  converting  u,  P,  and    Q 

into  «i,    P^,   and    ■Q-,,   respectively,  and  let  P^^  F{x  +  k)    and 

^1  =  (p  {x-\-  h)  be  expanded  by  Taylor's  Theorem  :  then  denoting 

the  successive  differential  coefficients  Fx  by  F^x,  F^.  &o..  and  those 

of  ipa;  by  ^jx,  9jK,  &o.,  we  have 

Fx  +  F,x  -  +F^x  —  +F'x  —  +  &c; 
_  A  _  Fjx  +  fi)  _  ^^     '    I  ^  1.2^         1.2.3^ 

Fa  +  F,J-^  +  F,a^^  +  F,aJ^  +  &c. 
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But  "by  hypothesis,  Fa  —  0,  and  ipa  =  0.  .  ■ .  Omitting  the  first 
term  in  the  numerator  and  denominator,  and  then  dividing  each  by 
A.  we  get 

?,«  +  Ps*  j-^  +  ?3a  i-2-g  +  '^*^- 
Now  making  A  ;^  0,  wo  convert  Mj  into  [«],  and  thus  ottain 

Hence  it   appears  that,  in, order   to  determine  the  value  of  a 

function  —  which  takes  the  form  —  when  x  ^=a,  we  must  replace 
ipa;  0 

Fx  and  i^x  by  the  values  of  their  first  differential  coefficients,  awl 

then  make  a  :=  a  in  each. 

It  will  sometimes  occur  that  this  substitution  will  reduce  to  zero 

both  FjO,  and  9^0,  in  case 

F.a     0 
[u\  ;=  — -  =:  -  remains  still  undetermined. 
■-  -'       ^1^      0 

we  then  omit  J^iO  and  (f^a  in  equation,  (I)  and  divide  the  numerator 
and  denominator  by  -r—^^  ^'^^  obtaining 

F^^-F^a^+iia. 


<Paa  +  (psffi  g  +  &c. 
f„1  -  ^ 


.  ■ .  when  the  first  differential  coefficients  both  reduce  to  zero,  they 
must  be  replaced  by  the  second  differential  coefficients.     If  F^  and 
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ipH«  both  become  zero  also,  we  omit  them  in  (2),  then  divide  bj 

5,  and  Anally  make  h  =  0,  obtaining 

~  "Pat 
And  since  the  same  reasoning  may  be  extended,  we  have  the  foi- 
Fa      0 
lowing  rule  for  finding  the  value  of  ["]  =  —  =  ^,  viz. : 

Substitute  for  Px  and  i^\  their  first,  second,  third,  dc,  differential 
eoe^cienls,  and  make  x  —  a  in.  each  remit,  until  a  pair  of  coefficients 
U  obtained,  both  of  which  do  not  reduce  to  zero ;  the  fraction  thus 
found  mil  be  the  true  value  of  [u], 

EXAMPLES. 

61,  1.  u  =  ■     _-■  -  -       when      x=\. 

Fx~x^—\,     and     i^x  =  x  —  \.     .-.F^x  —  ^x',     and     ip^a:  =  1. 

.■.F,a  =  b,     a),a^l,     and     M^^^'l^Q. 

This  result  is  easily  verified  by  division,  before  making  x  —  I;  thus 
by  actual  division 

— ^-—  =  x*  +  3:a  +  i=  +  *  +  l=5     when     x  =  \. 

j>     iog....-i.g>.j^        /V;^ 

»,.  1  ffi      ^        '      ^  ^ 

This  result  is  easily  verified  by  expanding  a'  and  6'. 

™.                                           a'  —  b' 
Tbaa  

H-logc.-|  +  log=«^  +  &o.-I-logSj- log's— +  &0. 
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,  • .  «  =  log  a  -  log  6  +  —  (log%  -  log'i)  +  &0. 
.  ■ ,  [«i]  :=  log  a  —  log  6       by  makiog      a;  ^^^  0. 


.(.'. 


Here  the  first  differential  coefficients  prove  eq^ual  to  zero,  and 
therefore  they  must  be  replaced  by  the  second  differential  coefR- 
cients.     But 

<f^  2  2a       '■  ' 

■when     X  =  e. 


'  bx''  —  'ibex  4-  W      0 
2ax  ~  2ac  F,a      Hoe  —  2ae 


if^x       2bx  —  Sic      '   *  ipiit      24c  —  26c 
F^  ___2a         .    -^2«  __  2(1  _  a  _ 

:       0 


x^  -  a? 

~ 

F^x      3x^  -  2ax  ~  a^ 

9,«                  2x 

ax-x^ 

<t*  -  2a^x  -i-  2m3  - 

-a* 

a-2x 

-  20^  +  Qax^  —  ix^       ■    ■   ^.iit       —  2a3  +  Ga^  —  4a» 
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=  ,=;    Then    1  =  1. 


F^% 

X 

"»=" 

.?(i 

-«)* 

9i» 

-l<>- 

-") 

* 

F^ 

2U 

1 

=  0 

-K 

e""  —  e""      0 

-  ,^  _  ^. ,  —  -^      « ,.^1.    -  —  ,.,     (s  being  an  integer.) 
Differentiating  s  times,  we  get 


<p^       s(s-l)(s-2) 3.3.1 

F,<i                             Tfe" 
■  '•  ^=,(B-l)<,-2) 3.2.1  =  M- 


.(.-!){.- 2). 

tan  a;  —  sin  a;       0 
K  =  — — r-^ — —  —  --    when 

F^x      aec%  —  cos  x  F^a      see^ 


9,a;       3  sin^a: .  coa  a;'      '    '  tp^a       3  si;i^O  .  cos  0      0 
Fj^  _  2  sec^a; .  ti 


?a» 

'  6  sin  a: .  cos%  —  3  sin^i 

.     -P> 

2  aec^O  .  tan  0  +  sin  0 

0 

fa" 

'esinO.cos^O  — Ssin'O 

0 

.^...         4« 

M^x  .  ta-D?x  +  2  sec^x  +  co 

s:b 

;i:       6  ooa% 

-12siii%.cosa:-9sin% 

.CO 

sx 

4  sec^O . 

tan=0  +  2  sec^O  +  cos  0 

3 

ip^a       OcosSO-  12sin^0.-cosO~9sin''0.cos0      6      3      '■  ■' 

63.  The  method  just  explained  and  illustrated,  ceases  to  he 

applicable  when  we  obtain   a  differential  coefficient  whose  value 

becomea  infinite  by  making  x  ^^  a;  for  such  a  result  shows  the 
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impossibility  of  developing  the  corresponding  functioa  F  (x -\-  k)  by 
Taylor's  Theorem,  for  tiat  particular  value  of  x,  and  therefore  the 
process  founded  on  such  developnient  foils. 

TTie  expedient  adopted  in  such  cases,  is  that  of  substituting 
a  +  A  for  X,  then  expanding  numerator  and  daionuoatcr  by  the 
common  algebraic  methods,  then,  dividing  numerator  and  denomi- 
nator by  the  lowest  power  of  k  found  in  either,  and  finally  making 
A  =  0.  A  few  exaKiples  will  illustrate  this  m.ethod, 
I 
63,  1.  „^C^£!)    ^^when;r  =  a. 

Here  the  first  differential  coefficients  reduce  f«  zero,  and  all  suc- 
ceeding coefficients  become  infinite  when  x  :=  a.  "VVe  therefore  put 
«  +  A  for  a  and  expand, 

_  (a=  ~a^~  2cA  -  A^)^       {2a  +  k)^ .{- k)^ 
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Remark.  This  method  may  be  used  even  in  those  cases  to  whieli 
the  method  of  differentiation,  is  applicable.  We  will  now  conaider 
the  other  indeterminate  forms. 

P      Fx 
64-  Prop.  To  find  the  value  of  the  funetion  ii  =.—=-  =  — ,  wliieh 
V       9* 
s  the  form  52.  -when  x  ■=  a. 


since     y  = 

''  F' 

<ic~ 

F''  d. 

■imlWy 

Wf 

■■■  [•]  = 

"  pa 

9,a 

_(JVf 
(f«)" 

Thas  the  function  being  reduced  to  the  ordinary  form  -,  its  value 
may  be  found  by  the  methods  already  explained. 


(&)•' 


If  la  (pa       9 

Hence  it  appears  that  the  ord  nary  d  re  t  pro  e&^  of  subst  t  ^ 
for  numerator  and  dcnommator  tier  fi-st  dffeie  t  al  coefh  ts 
■will  apply  when  I  f  c  mi  takts  the  fori^  Bts  e  le 
P  =  CD  and  Q  —  an  the  r  d  fferent  al  coefh  ent«  w  11  al  o  b 
finite,  the  reduced  Iract  on  n  II  still  tike  tl  e  form  ^  a  d  tl  eref  re 
■will  Dot  serve  to  di.tcrmine  the  true  value  ot  u,  unle-.  ■we  tan  dis- 
cover a  factor  common  to  the  numerator  and  denominator,  or  can 
trace  some  relation  between  the  numerator  and  denominator  of  tlie 
new  fraction,  which  will  facilitate  the  determination  of  its  value. 


d  by  Google 


FONCTIONS  HAVING  THE  INDETERMINATE  FORM. 

65.  Frop.  To  find  the  value  of  the  function  w  —  /"  x  C  ~Fx  > 
which  f*kes  the  fona  «>  x  0  when  x  =  a. 

PutP  =  -     Thenar  — =,    when    a  =  a,  the  common  fc 
p  P       0 


■•■M  =  -W'-ig 

But  since  when  P  =  ^x  =  t»  ,  its  differential  coefficients  will  also 
i)o  infinite,  the  value  of  «  will  take  the  form  ^  unleaa  the  infinite 
factor  should  disappear  hy  division. 

66.  Prop.  To  find  the  value  of  the  function  u=P—  Q  =  Fx  —  <fx, 
wliieh  takes  the  form  cc  -20  whea  x  =  a. 

Put  P  =  -  and  0  =  -■     Then 

P  9 

n^---^  '^-~-^  =  -      when     x-a 

and  the  value  is  to  be  found  by  the  ordinary  method. 

67.  Prop.  To  find  the  value  of  the  function  m  =  P  L  {F-^f  which 
takes  either  of  the  foinis  0",  qc *',  or  1~     ,     wlien      a;  =  a. 

1st.  Let  the  form  be  ii  ~  0".     Passing  to  logarithms  wc  have 
log  M  =  g.  log  P  =  ^x.  log  {P.t) 
■ .   [log  m]  =  ^a.  log  (i^a)  ^  -  0  X  00  . 
which  is  one  of  the  forms  already  provided  for. 
Tlius,  having  found  log  n,  we  have  u  ^=  e'^s  ". 
2d.  Let  the  form  be«=i»o.  Then  log  «:^  §.  log  P-^a-.  log  (i^^). 
.-.   [iog«]^f<,.   iog(/c,)=:OX*. 
a  form  already  considered. 
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Sd.  Let  the  form  be  1*"  . 

Then  log  M  =  §  log  P  =  ipi.  ]og(JS'«). 

.-.  [log «]  =  <pa. log (i^«)=±  00X0, 
and  the  form  is  still  the  same. 

EXAMPLES. 

68.  1.     M  =  (1  —  a).taiili.|J=  0  X  CO      when     x  =  i. 
Here            Fx  =  tan  (a;  ■  -  I         and        tfx  =  \  —  x, 
...    A.  =  i.e4.0     ,.«  =  _,, 
.  • .   [«]  =  -  (OT  '^  =  Ion'  Cl  X  -'j ! 


— p- —  —  ~(1  —  cos^-ffl^  -. 


2        2 
S.     «  =  e-".  sin  at  =  cc  X  0     when  «  =  0. 

1     L 


^K  =  e- ,     93;  = 


,«.5!_,K 


Here  the  fuactiwi  still  takes  the  form  oc  X  0 ;  tut  the  true  vala« 
is  easily  found  by  expanding  e" . 

For         ;-..>  =  (l+i+_i_-  +  _J^  +  fa.)-- 
.-.       .*xO>  =  .  =  [.]. 
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3.     «  =  —  =  —     when    x  =  <x>. 
e*      CD 

Dif&rentiating  n  times,  we  get 


•■■  w  = 


1 


'■"J  ~  _  1  -     2 


^-  —  :; =  CO  —  CO     when    a;  =  I. 

- 1      log* 

1^-1 


q  ~  p      X  log  X  —  X  -\-  \       0 
"    j>5     "     {x  —  l)loga!    ~0 
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log  1  +  1  -  1       0 

Differentiating  numerator  and  denominator  of  the  value  of  w  a 
second  time,  and  making  a;  =  1,  we  get 

L   '         1  +  1        2 

7.  «  ^  a:=^  =  0"     when     x  -  0. 

log  Ji  =  I .  log  a;  =  —  0  X  CO  ,     when     x  =  Q. 

or,  log  M  =  — 1^—  = when  x  =  0. 

Then  Ji;  =  loga^         and         <{ix  =  — 

1 
.-.  :^  =  — — =_s.      .-.    [log«]=^  =  0,  and   [w]  =  1. 

8.  M  =  a;""  *  =  0",     -when     x  =  0. 

Since  — -  =  I  when  a;  =  0,    ,  ■ .  x"" "  =  a^  =  1  when  a:  =;  0. 

And  similarly     sin  a;''"  *  =  ar'  =  1   when  x  =  0. 
Again,  since        sin  a: .  log  a  =  sin  a; .  log  x .  log  e. 

_  -  _    ^sini  ^  garni  .  log  I  -_  I     wlien    X  =1  0. 

.  • .  sin  X  .hgx  =  0,  when  x  ~  0. 
And  similarly  sin  x .  log  sin  a;  =  0  when  x  =:  0. 
0.  u  =  cot  a;"'"  *  =  (»''  when  a;  =  0. 

logM  =  sin  a:,  log  ^^  =  sin  3!  (log  cos  X- log  sin  a:). 
=  0-0  =  0     when     x  =  0,         .-.  ].«]  =  1. 
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10.  «  =  (1  +  nx)'  =  l"     when     x  =  0. 

]os(l  +  nx)       0 
log  M  =  -■^■'      -■■    '  =  g     when    x  =  0. 

,  ■ .  By  diiFereiitiation,    [log  uj  =  —  =:  n,     aiid     [m]  =:  e'. 

This  result  is  easily  verified ;    for  hy  expanciing  (1  +  nx)'     by 
the  hinomial  theorem,  we  obtain 

which  series  is  the  expansion  of  e", 

11.  M  =  (co3(w)'™'°°''     =1'°,     when     x  —  t), 

,  „       ,  log  COS  aa:       0        , 

log  M  =  coscc^ca:.  log  cos  ax  =     ^.  ^_     ■  7=  --     when     x  z 

Fut  log  cos  az  =  Fx       and       sin^ea^  =  ifx. 


■f&e. 


i^V  __  0 

Differentiating  again  we  get 

F^  ~  ~a^.  see^fl*,     92*  =  2c^ .  cos  Scr. 
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UAX1UA  AND  UIStMA  FnNCIIOHS  OF  A.  SIKGLE  TAIUASLB. 

69.  If  u  he  &  function  whose  value  depends  on.  that  of  a  variable 
X,  so  that  u  =;  Fx,  and  if,  when  x  takes  a  certain  value  a,  the  cor- 
responding value  M,  of  -u  be  greater  than  the  values  which  immedi- 
ately precede  and  follow  it,  then  the  value  w,  is  called  a  maximum; 
but  if  the  intermediate  value  be  less  than  those  which  precede  and 
follow  it  immediately,  the  value  Mj  is  said  to  be  a  minimum. 

Suppose  for  example  that  when  x  =  a,  the  general  value  u  =  Fx 
becomes  «,  —  Fa,  that  when  ic  =  o  Tfc  fi  a  becomes  u^  =  F{a  +  IC), 
or  1/3  =^  F(a  —  A),  and  suppose  that  for  some  small  but  finite  value 
of  h,  and  for  all  values  between  that  and  zero,  the  corresponding 
values  of  both  wj  and  W3  shall  be  less  than.  Wj,  then  will  u^  be  a 
maximum ;  but  if  Wj  and  u^  be  toth  greater  than  mj,  then  the  latter 
will  be  a  minimnm. 

70.  In  order  to  discover  the  conditions  necessary  to  render  a 
function  (m  ~  Fx)  either  a  maximum  or  minimum,  the  following 
principle  will  be  established. 

Prop.  In  any  series  jUi'  +  Bh^  +  Ch'  +  &c.,  arranged  according 
to  the  positive  ascending  powers  of  h,  a  value  may  be  assigned  to  k 
so  small  as  to  render  the  first  term  Ah",  (which  contains  the  lowest 
power  of  h),  greater  than  the  sum  of  all  the  succeeding  terms. 

Proof.  Assume  A  >  Bh''-'^  +  Ck'-'^  +  &c.,  a  condition  always 
e  by  diminishing  h  the  second  member  may  be  rea- 
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dered  less  than  any  assignable  quantity.  Multiply  each  memher  by 
A" ;  and  there  will  result  JA"  >  £h^  +  Ck'  +  &c.,  as  stated  in  the 
enunciation  of  the  proposition. 

Cor.  The  value  of  A  may  be  taken  so  small  that  the  sign  of  the 
fiist  term  shall  control  that  of  the  entire  series. 

71.  Prop.  To  determine  the  conditions  necessary  to  render  a 
function  w  of  a  single  variable  a.  either  a  maximum  or  minimum. 

Let  a  —  I'j:,  and  suppose  x  to  receive  successively  an  increment 
and  a  decrement  k.     Then  developing  by  Taylor's  Theorem,  we  get 

m     .,\      J,    ,dFx  h      d^Fx    k^       d^Fx      h?      ,    .         ,,. 

_.,       ,.      p       dFxhdFxli^        d^Fx      P      ^^         .„. 
«3^ir(.-A)=i^.-^   j+^^^^-j-^+to.     (2). 

Now  in  order  that  Fj!  may  exi,eed  both  F{x  +  k)  and  F{x  —  J), 
it  is  obviously  necessary  that  the  algebraic  sum  of  the  terms  suc- 
ceeding the  first  term  m  each  ot  the  seues  (1)  and  (2)  shall  be 
negative ;  that  is,  we  must  hive  by  employing  the  usual  notation, 


and    _Ji-,i.j  +  JPi,.pj-iP-,iJ-j-j.+  te.<0....(4). 

Now  the  sign  of  the  first  term  in  each  of  the  series  (3)  and  (4) 
will  control  that  of  the  entire  series  when  h  is  taken  sufficiently 
small,  and  since  the  first  terms  of  (3)  and  (4)  have  contrary  signs, 
it  is  impossible  that  both  of  these  series  shall  be  negative,  so  long  as 
the  term  FjX .  ~  has  a  finite  value.  Hence  the  first  condition  neces- 
sary to  render  Fx  a  maximum  is  that  FjX .  y  ^  0,  or  since  k  is  finite 
-.  =  ?  =  0....<5), 
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Now  omitting  the  first  terms  of  (3)  and  (4),  we  have 

aud  F^x  ^  -  F,x-  -p^  4-  &c.  <  0  .  .  .  ,   (7). 

The  signs  of  the  series  (6)  and  (7)  will  be  controlled  by  those  of 
their  first  terms,  which  terms  have  the  positive  sign  in  both  series ; 

and  therefore  each  series  will  be  negative  when  F^t  — —  is  an  essen- 
tially negative  quantity,  or  wliea  J'jK  is  essentially  negative,  (sinco 
= — ^  IS  always  positive}. 

Thus  the  two  conditions  which  usually  characterize  a  maximum 
value  of  Fj>  aro 


(&  '  dc^ 


<0. 


On  the  contrary,  when  Fx  is  a  minimum,  we  must  have  Fx  less 
than  F{j:  +  '0  and  F(x  —  k),  and  therefore  by  a  similar  coiuBe 
ing,  the  necessary  conditions  are 


^  =  0,       ™d      ^>0. 

The  conditions  here  obtained  are  those  usually  applicable:  the 
exceptions  will  now  be  considered. 

72.  The  results  obtained  in  the  last  proposition  indicate  the 
following  as  the  ordinary  rule  by  which  to  discover  those  values  of 
the  independent  variable  x,  wiiich  will  render  any  proposed  function  u 


1st.  Form  tiie  first  diiJeraitial  coefficient  -3—,  place  its  value  equal 

t«  zero,  and  then  solve  the  equation   thus  formed,  obtaining  the 
several  values  of  z. 
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2d.  Form  the  second  differential  coefficient  -— -,  and  substitute  for 
X,  in  the  value  Of  that  coefficient,  each  of  the  values  found  above. 
Then  all  those  values  of  x  which  render  ~-^  negative,  will  corres- 
pond to  maximum  values  of  « ;  but  those  values  of  x  which  render 
-7-T  positive,  will  correspond  to  minimum  values  of  u.  And  when 
the  proper  values  of  ar  have  been  ascertained,  the  maximum  or 
niiuimum  vaJues  of  «  are  found  by  simple  substitution  in  the 
equation  u  ^  Fx. 

73.  1.  In  the  application  of  tlie  preoed  ng  methi- 1  it  may  occur  that  a 

value  of  X,  obtained  by  making  -^  =  0,  will,  when  substitued  in  -r — , 
cause  that  eoeffident  to  reduce  to  zero  also  Id  that  case,  the  signs 
of  the  series,  (6)  and  (7),  in  the  last  proposit  on,  will  defend  on  tha 
terms  which  contain  the  third  differential  coeftic  ents ,  and  since 
these  terms  have  contrary  signs  in  the  two  series,  the  \  xlue  of  x 

■which  renders  -^  ^:  0,  and  ^-r-  =  &,  cannot  rtndcr  «  either  t  iiin\i- 
dx  dx^ 

d^u 
mum  or  minimum,  unless  it  should  happen  to  render  -^-r,  ^-  0  also. 
'■'^  dx^ 

When  this  occurs,  we  must  examine  the  sign  of  the  fourth  differential 
coefficient,  which  now  controls  the  sign  of  each  series,  and  if  this  he 
negative,  the  value  of  u  will   be  a  maximum;    but  if  positive,  a 


And  since  the  same  reasoning  could  be  extended  when  other  differ 
ential  coefficients  reduce  to  zero,  we  have  the  following  more  general 
rule  for  the  discovery  of  maximum  and  minimum  values  of  a  func- 
tion of  a  single  variable. 

1st.  Form  the  first  differential  coefficient^  place  its  value  equal  to 
zero,  and  deduce  the  corresponding  values  of  a. 

2d.  Substitute  each  of  these  values  in  the  succeeding  differential 
coefficients,  stopping  at  the  first  coefficient  which  does  not  reduce  to 
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zero.  If  this  coefficient  fae  of  an  odd  degree,  the  corresponding  value 
of  ti  will  be  neitner  a  maximum  nor  a  minimum ;  but  if  it  be  of  an 
even  degree,  the  value  of  i*  will  be  a  maximum  or  mininum,  accord- 
ing  as  the  sign  of  that  coefficient  is  negative  or  positive. 

The  annexed  diagram  will 
illustrate  the  fact  that  the 
same  function  may  have  sev- 
eral maximum  and  several 
1  values ;  and  that 


one  minimum  may  exceed  another  maximum.  Thus,  if  the  curve 
CDEFGH  be  the  locus  of  the  equation  y  =  Fx,  then  will  DQ  and 
^5^  represent  maximum  values  of  the  ordinates  y,  while  CP,  EB, 
and  OX  will  be  minimum  values  of  the  same.  Also  the  minimum 
CA' exceeds  the  maximum  DQ. 
74-  The  substitution  of  a  value  x  :=  a,  derived  from  the  equation 

-T—  =:  0,  in  the  succeedins  differential  coefficients,  will  sometimes 
ax  °  ' 

cause  the  first  of  these  coeffidents  which  does  not  reduce  to  zero,  to 

become  infinite. 

This  happens  only  when  the  development  o(  F  {x  -\-  k)  in  the 

ordinary  fonn  {by  Taylor's  Theorem)  is  not  possible  for  that  parti 

cular  value  of  x.     We  must  then  find  by  other  methods  (suLh  is 

algebraic  development)  the  true  value  of  the  ttrm  which  cnnnot  he 

obtained  by  Taylor's  Theorem.     If  it  be  found  to  contiin  a  power 

of  h,  which  will  change  sign  with  h,  such  as  A      or  A  ,  the  value  of 
u  will  be  neither  a  maximum  nor  a  minimum  ;  but  if  the  power  o 

a        IX 

k  be  such  as  will  not  change  with  A,  as  A    or  A    ,  the  value  of 
will  be  a  maximum  when  that  term  is  essentially  negative,  and  a 
minimum  when  the  term  is  essentially  positive. 

76.  Finally,  it  may  occur  that  when  x  has  a  particular  value  a, 

the  first  differential  coefficient  -j-  will  become  infinite,  and,  therefore, 
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■in  order  t )  complete  the  search  for  maximum  and  minimum  values 
of  w,  we  ought  to  solve  the  eijuation  —  ^  od  ,  and  if  a  be  a  root  of 

that  equation,  we  must  substitute  a  +  A,  and  a  —  A  for  a:  in  «  =  Fx. 
Then  if  the  term  containing  the  lowest  power  of  A  be  found  to 
change  sign  with  h,  there  will  be  neither  maximum  nor  minimum ; 
but  if  not,  there  will  be  a  maximum  when  that  term  is  negative,  and 
a  minimum  when  it  is  positive. 

76-  Prop.  To  determine  the  maximum  and  minimum  values  of 
an  implicit  function  of  a  single  variable  x. 

Let  F  {x, !/)  ^  0  be  the  relation  connecting  x  and  y, 

Pu.  u  =  n.,,)  =  0:   .h„   |=-|. 

d,j 

But  when  y  is  a  maximum  or  mmimum,  -^  =  0  ;,-.  —  =  0  also, 

and  we  have  the  two  following  conditions  by  which  to  determine  the 
values  of  x  and  y,  viz. : 

*=^-%M  =  o...a),  »a  .  =  ^(.,,,  =  0....,., 

Having  found  the  values  of  x  and  y  which  correspond  to  either  a 
maximum  or  minimum,  we  distinguish  one  from  the  other  by  sub- 
stituting the  same  values  in  the  successive  differential  coefficients, 
and  stopping  at  the  first  which  does  not  reduce  to  zero.  If  this  be 
negative,  y  will  be  a  maximum  ;  if  positive,  a  minimum. 

The  suceeasive  differential  eoefGcients  are  formed  without  difficulty 

ax 
=  0,  become  much  simplified. 

=  jij,  -T—  =  ^3,  &c.,  and  employ 
tie  [  ]  to  represent  the  particular  values  of  the  quantities  eneloseii, 
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^n  -T-  =  ^j  :zz  0.     Then  observing  that  pi  qi  &c.,  are  usually  fuco 
ls  of  both  X  and  y^'we  have 


/  dp,    pA  (  dq,     p,\ 


And  in  a  similar  manner  the  higher  differential  coefficients  can  be 
formed,  altiiough  the  operation  is  more  laborious. 

77.  The  following  considerations  will  facilitate  the  application  of 
the  pre(,ediiig  printiples  to  particular  examples. 

1st  If  1  ^j^uantify  which  is  a  maximum  oi  minimum  contain  a 
constant  factor,  that  factor  may  be  omitted  and  the  result  will  still 
be  a  mail  mum  or  minimum 

2J  If  u  3)6  a  maximum  or  minimum,  then  «  ±  «  i^  also  a  max- 
imum or  minimum,  but  a  ~  u  will  be  a  minimum  uhen  u  is  a 
ma\imuiii,  and  i  maximum  when  u  is  a  minimum 

3d.  It  M  be  a  maximum,  -  will  be  a  mmimum ;    and  if  u  be  a 

--'-■' -    ^-  will  be ' 


4th.  If  u  be  a  maximum  or  minimum  and  positive,  then  v,\  w', 
and  in  general  «",  will  be  a  maximum  or  minimum  where  n  is  any 
positive  integer :  but  if  «  he  negative,  m^,  u*,  and  in  general  i*'", 
vill  he  a  maximum  when  u  is  a  minimum :  and  a  minimum  when  u 


5  a  maximum. 
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5th.  If  «  be  a  maximum  or  minimum  and  positive,  log  u  will  also 


6th.  If  the  power  «^"  be  a  maximum  or  minimum,  the  root  w  is 
not  necessarilj  either  a  maximum  or  minimum;  for  it.  may  be 
imaginary ;  and  even  when  m^"  =  0  and  a  maximum,  the  cor- 
responding root  w  =^  0,  althougli  real,  is  not  admissible  as  a 
maximum,  because  the  adjacent  values  of  -u  are  imaginary. 

7th.  The  value  a:  :^  oo  cannot  correspond  to  a  maximum  or 
minimum  value  of  m,  because  s;  cannot  have  a  preceding  and  a  suc- 
ceeding value ;  but  m  ^:  co  may  be  a  masimum  provided  the  pre- 
ceding and  succeeding  values  of  w  have  like  signs, 

8th.  In  determining  whether  «  is  a  maxmium  or  minimum  by 
the  sign  of  -y-^,  when  -j-  has  the  form  of  a  product  v^.V2.v^ w„, 

and  X  =  a  causes  one  factor  f„  to  become  equal  to  zero,  the  only 

.     '^w  ,  .     ,  .      ,       .       ,  .        di> 

term  m  -r-s  necessary  to  be  exammed  is  that  involvmg  -—2,  since 

the  other  terms  disappear  with  v,. 

78.  1.  To  determine  the  values  of  the  variable  x  which  render 

the  function  «  7=  6ar  +  3a^  —  4a^  a  masimum   or  minimum,  and 

the  corresponding  values  of  the  iimction  u. 

Here       k  =  6a;  +  3it=  —  4a^.     .  ■ .  Jl  =  C  +  Ga;  -  12^^  =  0. 
ax 

Hence  if  u  have  maximum  or  minimum  values,  they  must  occur 

when  a;  —  1  or  when  »;=—-■ 

To   discover  whether  these  values  are  maxima  or  minima,  we 

Ibrm  the  second  differential  coefficient :  thus 

■r^  =  6-24e  =  6  —  24=  —  18       when      ^=1 
die' 

=  6  +  12= +  18       when      «=-y 
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. ' .  when  35  =  1,    w  =  6  +  3  —  4  =  5    a  maximum, 

1  3       1  '' 

when  x=~^    „  =  _3  +  -  + 

3.    M  =  a*  -  8^3  +  23j:»  —  243: 

~  =  Ax^-  24a=  +  44a;  —  24  =  0     or     x^  —  6a:=  +  ]1«  —  6  =^  0. 
da; 

The  Talue  a;  =  1  is  obviously  a  root  of  this  equation,  and  by 

dividing  the  first  member  by  a;  —  1   we  have  for  the  ( 

equation 

a;^  —  5a;  +  6  =  0.     .  ■ .  ar  -  2,     or    a;  =  3. 

Hence  the  values  requiring  examination  are 

a;  =  1,     a;  =  2,     and     a;  =  3. 

But  -J-.  =  Vix^  _  48a;  +  44  =  +  8     when     a;  =  1, 

=  —  4     when     a;  —  2, 

=  +  8    when    x  —  S. 

.  when  a;  =  1,     w  =  3 

when  a;  =  2,     m  :=  4 

when  a;  —  3,     m  =  3     a  minhnum. 

3.         M  =  a'  —  5^*  +  52^  +  1-    a  maximum  or 

dii 

^  -  5a;*  —  20a;»  +  15.^^  =  0     or     a;^  —  4j;3  +  Sa;^  =  0  .  .  ,   ■ 

.-.  a?^0,     or    a;2  —  43;  +  3  =  0, 
and  the  four  roots  of  (1)  are  0,  0,  1,  and  3. 

■j-S-^Wx^-QQx^+30x=:  0     when  x=0 ;  /.  ■ .  let  us  examine  -, 
ax"  '\  d 

=  —  10  "     1=1 ;  then,  m  =  2,  a  max. 
=  -f  90  "     a;=:3 ;  theQ,  «  =  —  26,  a  m 
~  =  eOa;^  —  120a;  +  30  =  30     when    a;  =  0. 
,  • .  «  =  1  ia  neither  a  maximum  nor  a  mmimum. 


d  by  Google 


MAXIUA  AND   MINIMA.  99 

79.  In,  eaeli  of  the  preceding  examples,  the  condition  -^  =  00, 
I'enders  a;  ~  ao ,  and  therefore  not  applicable  to  a  maximum  or 
minimum. 

Remark.  In  forming  the  second  differential  coefficient,  it  will  save 
labor  to  omit  any  positive  numerical  iactor  common  to  every  term 
of  the  first  difiereatial  coefficient,  and  the  sign  of  the  second  differ- 
ential coefficient  'will  not  be  affect«d  by  such  0 

J.._3(»+3)'(«  +  !i)  -2(»'  +  S)'^^      ^^,    *.^^ 
dx  (x  +  ^)''  '  ^    dx 

But,  when  ^  =  0    we  have  3(*  +  3)2(x  +  3)- 2{i' +  3)' = 

•.  cn-\-^  =  0,  or,  3(»  +  2)^2{»  +  3),  .-.  ^—-3,  or,  x^ 

d-^u  _Q{x  +  S){x  +  2)^-  12  {x  +  3)^(^  +  2)+  G  (^  +  3)  = 

dx^  "  {x  +  2)' 


Now,  -without  actually  furmitig  the  3d  diiferential  ooeffinient,  it 

is  easily  seen  that  it  will  contain  one  term  (and  only  one)  which 

will  not  reduce  to  zero  when  a;  =  —  3;  and,  therefore,  the  correa- 

pondiug  value  of  ii  is  neither  a  maximum  nor  minimum. 

27 
Tlie  value    «  =  0,     gives     «  =  ---  a  minimum. 

Now  talking  the  equation  -^  =  )    _^  L.     ^-^~^--=  (o , 

^  dx  (a +  2)3 

we  get  x  +  2  =  0,     or,     sc=  —  2, 

and  by  putting  successively  x  =  —  2  +  A      and      »■  =  —  2  —  /j, 

in  the  value  of  the  original  function  u,  there  results 
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., 

,  =  #(. 

.;  =  { 

-2  +  A  +  2)^ 

(1  +  4)> 

.  =  F(a 

-.H 

■-2-4  +  3)> 

'-.^ 

:-2-4  +  2)' 

aod  since 

both  of 

these   .p 

e  positive  values,  i 

iiid   less   than 

ihaS 

correspond 

ing  to  a 

:  =  -2, 

we  have  m  —  oo    a 

■»»™»- 

(»-!)' 

i,  a  maxir 

(.1  +  1)^ 

du      2(.- 

-l)(»+l)"-3 

(^ +!)'(«- !)■ 

A    „    *       . 

-1=0,    or,     2(:.+  l)-3(«-l)=0,    or,    ar -[ 

,  ■ ,   ^  =  1,     or,     1  =  5,     or,     ^  =  —  1, 
^  _  2(a:  +  1)^  -^12(a  +  l)(ir  --  I)  +  I2(x  -  1)^ 


when  ^  —  1,  and  m  =  0,  a 
5,   and    n  = 


324 

When    a^  =:  ~-  1,    m  =  co ,    ivhich  is  neither  a 
minimum,  for 


=  i  +  (a  —  a)  ,  a  masimum  o 


<ii!»~4^ 
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Henee  we  caimot  develop  by  Tayloi-'s  Theorem,      Put    a  ±  h 
br  X  in  the  value  of  u. 


inary,  and  therefore,  u  =  6  is  neither  a 


and 

•>  = 

:S+(.-S- 

This  l«.l  vulnc  i 

maxi. 

»»»  iio'  "  " 

liiiimum. 

4. 

a  =  4  +  (I 

-.)•,.„.. 

-.)♦=»,     .-. 

» ,  when  x  =  a.    Then  put  s 


s  +  2a(.-a)': 
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3125 


c  >  0  when  x 


aiOc* 


Hence  when     a  ^^  o  —  ^ 


...  _,         3125 

2iec^'     ***     ^^^     **  4(>ti5«t»' 

a  minimum. 

In   order   to  examine  the  value  o^  x  ^=  a,  put  o  ±  /(.  for   a^  i 
the  original  value  of  u. 


7.  To  inscribe  the  greatest  rectangle  in  a 
given  circle. 

Put  the  diameter  AC  =:  a,  and  the  side 
AB^x;  then 

AD=',/a3-afl    and  ^£xJi? 
.■,u={A£xADy  =  x^{a'~x'')  = 

=  2a^z  — 4x^  =  0.     .-.at^O, 


■rfa:^ 


^  =  2u2-12:c^^2a^    when 


=v^^'=«v4^-. 


and  the  rectangle  must  be  a  square.     Its  area  is  -  a.\ 

8.  To  inscribe  a  maximum  ■.■yliudor  in  a  given  right  cone  havi 
-ft  circular  base. 
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PatAO  the  radius  of  tie  cone's 
tase  =  6,  CO  the  altitude  of  the 
cone  —  a,  J)!"  the  altitude  of  the 
cylinder  :=  x. 

Then  from  the  similar  triangles 
COA  and  CQD  wt  have 


(a 


^ 


,  volume  of  cylinder  - 


7^  —  —  4a  -f  6iK  =  2a      when     x  =:  a 


-2a 


1 


Hence  the  altitude  of  the  cylinder  is  one-third  of  the  cone,  and  con- 
sequently 

volume  of  cylinder  =  —  ifah'^  =  ~  volume  of  cone, 

9.  Find   tlte  greatest  and  least  ordJnates  of  the  curve  whose 
equation  is  a^y  —  ax^  +  a;^  =  0. 
Put  u^a^y  -ax^  +x^  =  0  .   .   .   .   {1). 

Then  ~---2ax  +  ix'  =  (i (3). 

Combining  (1)  and  (2),  we  get 

2  4 

a;  ^  0     and     y  =  0.     or     x  = -^a     and    y  —  ^a. 
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_  2a  +  6^. 


■■■mi-mhm-. '^^ 


■ .  Wlicn  3T  ^  0,  ji  =  0,  a  niin.,  and  when  x=-ii,y  =  ~a=A  max. 
10.  To  find  a  number  x  such  that  its  a;'*  root  shall  he  a  maximum. 


-  a  masimiim. 


dx 


''{\  -log^)=0. 


may  draw  the  final  i 
iial  coefficient,  it  heii 


.-.x'^      r=0     or     I  —logs;  =  0. 

The  first  of  these  equations  gives  a:  =  0 ;  the  second  log 
whence  «  =  e  and  u  =:  e'  =  maximum. 

In  this  and  in  many  similar  examples, 
ference  without  forming  the  second  diftt 
obvious  from  the  nature  of  the 
question  that  there  is  one,  and 
only  one  masimuiri,  and  it  be- 
ing easy  to  decide  which  of  the 
values  of  x  is  that  applicable 
to  the  maximum. 

11.  To  cut  the  greatest  para- 
bola from  a  given  right  cone 
having  a  circular  base. 

Put  AB  the  diameter  of  the 
base  =  a,  j1(7  the  slant  height 
=  b,  and  BG^x.  ^ 

Then  Aff^^a  —  a^,  and  by  the  property  of  the  circle, 

FH  =  2FG  =  2V^(^^4. 
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AJso  by  the  similar  triangles  BAG  and  BGD,  we 

But  the  area  of  the  parabola 


-4^3  ^0,  . 


3  second  value  being  obviously  that  reijuired,  t 
J  area  of  the  parabola  =  0. 
.  area  of  a 


parabola  ^^  ~rah^/Z. 


12.  To  form  the  greatest  quadrilateral  with 
four  given  lines  taken  in  a  given  order. 

Put    AB  =  a,    BC=h,    CD  =  c,    DA-e, 
angle  BAD  =  a:,  and  BC'I)  =  x^,  the  latter  an- 
gle Xj  being  obviously  a  function  of 
two  are  connected  by  the  relation 

[BDy  =  0=  +  e'  —  Soecoss  =  i^  +  c^  - 
But  area      ABCD  =  aABD  +  aBCD  = 

Now  by  difierentiatlng  (1),  we  have 


The  latter  is  plainly  the  required  solution,  and  consequently  tha 
quadrilateral  must  ha  such  as  can  be  inscribed  in  a  circle. 
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13.  To  find  the  greatest  quadrilateral  that 
a  given  perimeter. 

Suppose  AUCD  to  ho  the  required 
figure,  and  suppose  two  of  the  sides  x  and  y 
to  vary,  while  the  other  two  sides  v  and  z 
and  the  diagonal  t  remain  unchanged. 
Then,  since  ABCB  is  supposed  to  be  the 
greatest  quadrilateral  which  can  bo  formed 
with  tho  given  perimeter,  the  triangle  ,.4£C 
must  be  greater  than  any  other  triangle  having  the 
the  sum  of  the  sides  =  «  +  y  =  6  a  constant. 

But  if  I  +  y  +  i  =  s, 


cont^ned  within 


the  area  of  the  A^£(7^y^|7(I7I'^)  gs  -  yj.gs  -  () 
Therefore,  by  squaring  and  omitting  the  constant  factors 


=(M(M=(J-')G'-' 


arj  =  a  J 


that  is,  the  sides  AB  and  BO  must  be  equal.  Similarly  it  may  be 
shown  that  a;  —  i^,  v=z,  z^y. 

Hence  the  figure  must  he  equilateral,  and,  consequently,  either  a 
rhombus  or  square.  But,  since  the  lengths  of  the  sides  are  now 
given,  the  quadrilateral  must  admit  of  being  inscribed  in  a  circle. 

,  ■ .  The  figure  must  be  a  square. 

14.  To  find  the  greatest  figure  of  n  sides  contained  %vithin  a  given 
perimeter. 
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By  supposing  two  sides  AB  and  BO  to 
■vary,  while  the  other  sides  remain  fixed  in 
magnitude  and  position,  we  prove,  as  in 
the  last  example,  that  ABz=BO\  and 
bimilarly  that  5(7  =  CD,  CD  ^  DS,  &e. 
Therefore  the  required  figure  must  be 
equilateral. 

Then,  supposing  the  three  equal  sides  HA,  AB,  and  BC,  to  vary 
in  position,  while  the  other  sides  remain  fixed,  we  show,  as  in  a  pre- 
ceding example,  that  the  eireumference  of  a  circle  can  be  described 
through  ff.  A,  B,  and  C;  and,  similarly,  that  a  circumference  can 
be  drawn  through  A,  B,  C,  and  D.  But  only  one  circumference  can 
he  drawn  thicu^h  the  same  three  pomti  i  B  and  C  Therefore 
the  same  eiicumference  passes  thiough  H  A  B  C  ind  1>  And, 
similarly,  it  maj  he  shown,  that  this  iiuumference  passes  through 
E,  F,  G,  &c  The  polygon  must  he  equiangular,  and,  coDse* 

quently,  regular. 

15.  To  divide  a  line  a  into  n  parts,  x,  Xj,  x^,  ikc,  and  determine 
the  relations  between  those  parts  when  the  continued  product  of 
their  numerical  values  shall  be  a  maximum. 

Let  two  of  these  parts  x  and  x^  vary,  while  x^,  x^,  &c.,  remain 
constant. 

Put     cCj  +  a^3  +  &c.  :=  b,  and  x^  X  x^  X  x^  &c.  =  c 

Then  x  +  x,  — a -b,mA  xx^■X2■X3  Sic.  ^x(a~l-~x)e. 

.,p  =  a-b-2x  =  Q 
ax 


.)  =  : 


.■.i  =  j(.-S),  . ■»!.,  =  . ^i-.  =  -(a-S)  =  ,. 
Similarly,  X2  =  a',  x^^  x,  &c.,  and,  therefore,  the  parts   are  all 

16.  To  determine  the  number  of  equal  parts  into  which  a  given 
imnibcr  a  must  be  divided,  so  that  their  continued  product  may  he  a 
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Let  X  =  required  number  of  parts ;  tiien  —  =  value  of  one  part. 
,  ■ .  -  X  -  X  -   iSic.  to  ic  factors  —  |-l  =i  a  maximum. 
,  •,  M=IogI-j  z=  K  (log  a— log  «)  =  a  max.  -j-=loga— log:(— 1=0 


This  is  a  solution  in  the  arithjnetical  sense  only  when  a  is  a  mul- 
tiple  of  e,  for  otherwise  x  would  not  be  an  integer. 

The  general  solution  belongs  to  the  following  problem.     To  find 

&  number  x  such  tiat  the  x     power  of  -  shall  be  a  maximum. 

17.  To  determine  the  point  P,  in  the  line  joining  the  centres 
C  and  Ci  of  two  unequal  spheres,  from  which  the  greatest  amount 
of  spherical  surface  car 


Put  CO  =  r,    C\0^=-r^,    CCi^a   CP  z=  x,   C\P  ^ 
and  similarly  D^E^  =  '''^^'~'"'^- 


±zrA- 


.  S'jrface  of  zone  OEQ  ^  2  *r  - 
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nd  surfiiee  seen  ^  2  ff     )■"  +  r 


which  ja  always  less  than  the  entire  surface  of  the  two  spheres. 

18.  A  right  prism,  whose  hase  is  a  regular  hexagon,  is  truncated 
by  three  planes  drawn  through  the  alternate  vertices  of  the  upper 
base,  and  intersecting  at  a  common  point  in  the  axis  prolonged. 
Required  the  inclinations  of  the  planes  to  the  axis,  when  the  truncate 
prism  shall  (with  a  given  volume)  bo  contained  under  the  least  surfiice. 

Let  ABCDEF  be  the  lower  hase  of  the  prism,  and  ahcdf,  the 
upper  base. 

Join  /6,  hd,  and  df^  and  through  these  lines  draw  planes  inter 
ejecting  the  axis  Rr  prolonged  at  some  point  v. 

The  plane  fvb  intersects  the  edge  Aa  at  Oj,  cutting  off  from  the 
prism,  the  triangular  pyramid  /fiooj.  From  r,  the  centre  of  the 
tipper  base,  draw  rf,  ra,  and  rb.  Then  fabr  is  a  rhombus,  whose 
diagonals  bisect  each  other  at  o  perpendicularly.  Join  va^ ;  it  will 
be  perpendicular  to  fb,  and  will  pass  through  o.  Then  uo  =r  or, 
and     .  ■ .  aa,  —  fw. 

.  ■ .  Pyramid  fbaa-^,  is  equal  to  the  pyramid  /brv. 

,  ■ .  The  volume  of  the  prism,  when  terminated  by  the  three  planes 
which  intersect  at  v,  is  equal  to  the  volume  of  the  original  prism, 
for  all  inclinations  of  the  planes. 

Put  M  =  a,     AB  ^  b,     the  angle  rvo  =  x. 

Then    ro  =  oa  =  ^b,    Mj  =  i*  cot  r,    on,  -  o?- =  iicosecjr, 
of—ob=:  ~b-,/3,     ^a,  =  a  —  ^  6  cot  x. 
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.-.  Surface  jl£Sai:=-6  (2a  — -6. cot  ar). 

Surface  a^bvf=fh  x  vo  =  ^b^ -y^cosecx. 
Hence  by  the  nature  of  the  questjor,  wo  shall  have 
GABba^  +  Sa^bvf  =  3b{2a  -^b  cot  x)  +  -  4= -^3  cosec  »  =  a 

.  • .  u  =2a  —  -bcQtx  +  -b  -y/3 cosec a;  =  a  miuimuin. 


V3 

.  ■ .  x  =  54°  44'  OS". 
This  is  the  celebrated  problem  relating  to  the  form  of  the  cells 
of  the  bee. 
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rmrcTiOHa  cy  two  iNDEpaNnsHT 

81.  Hitherto  it  has  been  supposed  that  the  function  m  d 
either  directly  or  indirectly,  on  a  single  variable  a;.  But  the  Taluc 
of  11  may  depend  on  the  values  of  two  or  more  variables,  entirely 
independent  of  each  other.     Thus,  if  there  were  given 

u^xy  +  y'^ (1). 

we  might  suppose  x  to  vary  and  y  to  be  constant;  or  y  to  be 
variable  and  x  constant;  or,  lastly,  x  and  y  may  vary  simulta- 
neously. These  three  suppositions  lead  to  three  essentially  different 
changes  in  the  function  «. 

Thus  when  x  becomes    a;  +  A,  and  y   is    constant,  u   becomes 

u^=zxy  +  hj  +  y\ 
When  y  becomes    y  +  A,  and   x  is  constant,  m  becomes 

Wa  =  »y  -f-  xlc  +  y^  +  2yA  +  k\ 
And  finally,  when  x  and  y  become  respectively  x  +  k  and  y  +  ^, 
M  becomes     u^  =z  xy  +  hy  +  Ar  +  y^  +  2ky  +  A^  +  hk. 
The  general  case  is  presented  in  the  following  proposition. 

82.  Prop.  Having  given  u  =  F{x,  y)  ,  .  .  .  (1).,  to  develop 
u^  =  F  (x  +  h,  y  +  k),  the  vaiiables  x  and  y  being  independent 
of  each  other. 

Since  X  and  y  are  supposed  to  have  no  mutual  dependence,  they 
may  be  supposed  to  vary  successively. 

Let  X  take  an  increment  h;  then  m  becomes  Ui  =  F(x  +  h,  y) 
whidi,  developed  as  a  function  of  a;  4-  A  by  Taylor's  Theorem,  gives 
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du  h      iPu    Ifi       d?u      K^ 


(2). 


in  ■which  u,      -j-,     -=-;,     &c.,  are  functions  of  both  x  and  y. 

Now,  if  in  every  term  of  (2),  we  replace  y  by  y  +  *,  wo  shall 
convert  «[  =  ^{x  +  h,  y)  into  1(3  ^  F{x  +  h,  y  +  k),  and,  since 
each  term  in  the  second  member  of  (2)  will  then  be  a  function 
of  y  +  k,  we  must  replace 

dii   ,        du  dx    k  dx     ifl     ,    „ 

-J-     by      T-  +  —J-  ■  -  +  -7^  ■  rr—L  +  &C. 

dx      ^     ax        dy     \         dy^     \  .2 


__d^ 
du^ 


d  — 


i  put  for 


that  two  differentiations  of  u  have  been  performed,  the  first  ■with 

respect  to  x,  and  the  second  with  respect  to  y.     Similarly  we  put 

JB  '^"  J  ^^^ 

:^  ,    ,  „,     and    — r — ~  = -r— — ;    the  first    expression    indi. 

dy^        dxdy'-  dy         axMy 

eating  one  differentiation  with  respect  to  x,  followed  by  two  with 

respect  to  y;   and  the  seeond  implying  two  differentiations  with 

regard  to  x,  followed  by  one  'with  regard  to  y.     And  generally,  we 

denote  the  result  of  w  differentiations  with  respect  to  x,  followed  by 

m  differentiations  with  respect  to  y,  by  the  symbol. 

d*+^u 

dit'dy" 
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Now  let  the  necessary  substitutions  be  made  in    (2),  and  we 
ehall  get 

which  is  the  proposed  expansion. 

If  wc  had  supposed  the  variable  y  to  receive  its  increment  first, 
we  should  have  obtained  the  following  series  for  Wj. 

3  _     4.  "^^    *  4.  "^^    *  J, '''"     i^         i^M     iA      d%      A^ 

"*■  rf3/3  ■  1 . 3 . 3  ■''  dy^rfi  '1.2"*^  rfyrfa;^ '  1 . 2  "^  d^s  '  1 . 2 .  3  "*■ 
The  two  series  must  obviously  give  equal  'results,  and  being  true 
for  all  values  of  h  and  i,  the  coefficients  of  the  like  powers  and  pro- 
ducts of  A  and  i  must  be  equal. 

d^u         (Pu         d^a  (Pm  iPu  d^u 

'  d^y  ~  dydx      d3?dy  "  dydx'      dxdy'^  ~  dy'dx 
Hence  the  result  of  n  diiTerentiatioi^  with  respect  to  x,  followed 
by  m,  difierentiations  with  respect  to  y,  will  be  the  same  as  that  pro- 
duced by  performing  the  differentiations  in  a  contrary  order. 


83. 

1. 

^  =  x=y  +  ay\ 

du 

dx  ~ 

:3.^J 

dv, 
''     dy 

=  x^ 

dH                  a 

d^y'^ 

:32= 

and 

d^ii 
dydx 

=  3a^  also. 

dx^  ~ 

^6y, 

dy^- 

0, 

d^u                   d?u 
dxUy             -  dydx" ' 

d*u 

=  0, 

d'u 

d'U            d^u 
~  dyd3?       dxUy'-- 

dyUx 

,1  &C.,  &0, 
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,x      dv.  y  dw  X 

y      iia;  a;=  +  ^^      rfjf  a:*  +  y^ 

d^u  x^  —  w"         dhi     . 

dxrfy  (a^  +  y^f      dydx 

da,  du  ,  , 

S.     ,  =  .,„..„,.     -  =  co.i.eo,!,3^=-,m«.„„i,. 

d^u  ,  d^M       d^u 

d^y  =  —  cos  « .  ain  y  -  ^^,     —  ^  -  sm  a:  cos  y 

rf^u  ,         ,       d'^ii  dhi 

dx^dy  ~^  dydx'       dxdydx 

In  general  the  order  of  the  differentiations  is  immaterial,  provided 
vo  always  differentiate  the  same  number  of  times  with  respect  to 
lie  same  variable. 
The    expressions    —  and  —   are  called  partial  differential  co- 


e^cknti  : 


du  ,  ,    du  , 


die  ^ -J- dx  -{•  ~  dy  is  the  total  differential  of  a. 

84.  Similarly,  if  «  ;^  -f  (■''i  Ji  s),  where  x,  y,  and  s,  arc  inde- 
pendent variables,  then 

,        du  ,.     ^  du  J     ,  du  , 

du  —  —  dx+~dy  +  —  dz. 

dx  dy  de 

And  generally,  to  differentiate  a  function  of  several  independent 

variables,  wo  must  differentiate  successively  with  respect  to  each, 

and  add  the  results. 

85.  If  it  were  proposed  to  develop  Wj  =  F{x  +  A,  y  +  A,  e  +  0' 
where  w  =  I'{x,  y,  z),  we  should  obtain,  by  supposing  x,  y,  and  z 
to  vary,  and  reasoning  as  in  the  expansion  of  Ffx  +  A,  y  +  i), 


'  dx    1       dy    1   '  ds     I   '  dx'     1.2       dxdy      1    '  dy^    1.3 

"  dxds  ■  1        t/z^  ■  1 .  a  "^  dydz  '  1  '^  dx^'  \.2.^ 
d^u       h^k   ,     d^u      hk^    .  d^u       F  d^u      hH 

'T^^Ts'^d^z'T^'^ 
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Eemark.    The  formula   da  =  -^dx  +  -rdy  +t— tfe  +  &c,  for 
dx  ay  dz 

diiferentiatiDg  a  function  of  several  variables,  may  be  deduced  im- 

mediately  from  the  preceding  development. 

For  put  k  =.  rk,  I  :=  r^k,  &c  where  r,  Vj  &c.  are  arbitrary,  since 

X,  y,  s,  &C.,  are  independent  of  each  other.      Thea  by  substitution 

and  reduction, 

M,  —  u       du  dtt  da 

■■-'-■,  ■ —  =  -—-i-  r-r-  -i-  r,-r-  &c.  +  terms  m  h,  h\  &e. 
h  dx         dy  dz  ' 

and  by  passing  to  die  limit,  making  h  =  0,  neglecting  terms  con- 
taining A,  h?,  &C.,  and  finally  making 
«,  —  «=:  d»,     k  t=  dx,     rh  =  k  :=  dy,     r-Ji  :=  I  =i  dz,  &c.,  we  get 

du  :^ -;- dx  +  ~-r- dy  -\~  -^  dz  -^  &c. 
dx  dy   "       dz 

86.  Prop.  To  differentiate  successively  u  ^  I'(z,y). 

We  have  already  found  the  first  differential 

,        du  ,     ,  du  , 

du  =  -T-  rfx  +  -—  dv. 

dx  dy 


functions  of  both  x  and  y,  but  that  dx  and  dy  are  constant,  > 


dx^  dxdy  dy'^ 

md  by  difTerentiating  again,  we  have 
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and  similarly  may  d^w,  d^u,  &c,  be  foand,  the  numerical  coefficients  of 
the  several  terms  proving  the  same  as  in  the  powers  of  the  binomial. 


ioH  Functions  of  two 

87-  Prop.  Let  ^(a:,j(,  s)—  0,  so  that  z  shall  be  aa  implicit  functioa 
of  the  two  independent  variables  x  and  y,  and  let  it  be  proposed  to 
form  expressions  ds,  d^z,  &c.,  without  solving  the  equation  with 
respect  to  z. 

Put  u  ^  F{x,  y,  z)  =  0 ;  then,  observing  that  u  is  directly  a  func- 
tion of  the  independent  variables  x  and  y,  and  also  indirectly  a  func- 
tion of  X  and  y  through  z,  we  shall  have  for  the  total  differential 

coefficient  1  —  I     and     |  —  j 

tdu\      du   dz       du  f'^"'!      i^"  dz     du     „     „^ 


Next  to  form  dH,  we  have 

d^z  =  -TT.  ■  dx^  +  a  --—  ■  dxdy  +  -— ;  dy^. 
dx'  dxdy  ■"        dy^    -^ 

But  ty  differentiating  (1)  with  respect  to  x,  (2)  with  respect  to  y, 

wid  (1)  or  (2)  with  regard  to  y  or  x,  respectively,  and  observing  that 

dv.  dw  du         ^       .  ,  , 

— -,  -=-,  -;-,  are  functions  ai  x,  y,  and  z,  we  get 

dx  dy    dz 


dx^  dz^    di^^  dz  dx^^dx^  ' 
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dydz    dy      dz^    dy^       dz    dy^      dy^ 

d^u    dz      dhi   dz   dz       da 
dydz  dx       dz"  ''"    ''"       •'' 

d^z    d^z  d^z 

whence  -7^,  -7-5-,  and     ,    ,     may  be  found  in  terms  of  the  partial 
dx"    ay^  dxdy        '' 

differeatial   coef5ici«its  of  the  first  and  second  orders  of  m,  with 

respect  to  x,  y,  and  z,  all  of  which  are  easily  formed. 

88.  Prop.  Having  given  u  =:  fis,  and  z  ^  -^(a:,  y),  to  differentiate 
u  without  previously  eliminating  s. 

If  we  suppose  x  alone  to  increase,  it  will  impart  a  change  to  m 
through  a;  and  a  similar  change  will  be  transmitted  to  u,  when  y 
alone  varies ;  thus  we  shall  have 

du       du    dz         ,     du       du    dz 
dx       dz    dx  dij        dz   dy 

,        du     ^        du  ,        du    dz  ,     ,   du    ds     , 
.- .  du  =  -—'  dx  +  -7-  dy  =  ~  ■  —  dx  -^  --r--  —  ■  dy, 
dx  dy  ds    dx  dz   dy 

EUminatMrb  hy  Differentiation. 

89.  When  a  constant  is  connected  with  a  function  by  the  sign 
+  or  — ,  it  disappears  by  differentiation,;  but  when  it  is  a  coefficient 
of  the  function,  it  will  appear  in  the  differential  also. 

Thus,  if  u~F{x,  y)  ^  0  ...  (1)  be  a  relation  connecting  x  and  y, 
into  which  the  constant  a  enters  as  a  factor,  then  a  will  also  be  found 
li  the  equation. 

[du"]  _<la       du    *^  _  p  /„  „   <iy\ 
^  dy'  dx 


.(2). 


Now  a  may  be  eliminated  between  (1)  and  (2),  and  the  resiiltin 
in,  called  adifferenlial  ?§««  (/on,  will  con  tarn  x,y,  and  -—• 


equatifi] 
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If  it  were  required  to  eliminate  two  constants,  we  m  j,ht  d  ffpren- 

tiate  twice,  thus  obtaining  three  equations,  including  the  pr  m  t  re 

(1),  with  which  the  elimination  could  be  effected,  ai  1  th    res  It  r^ 

dy  dhf 

equation  would  contain  x,  y,--ri  and  ■-—■     Surds  an 3  trans  en3     ia 

quantities  may  also  be  eliminated  by  a  similar  process. 

90.  1.  Given  y^  =  2ai,  or  u  =:  y^  —  Saa;  =  0,  to  eliminate  Sa. 


Ga= 


an    equation  in  which  2a  docs  not  appear,  but  which  implies  tha 
same  relation  between  x  and  y. 


|4(.  +  .,*...  =  2f^^. 

■ix. 

.•.(.■  +  »')|  =  3,. 

Eliminate  a  and  b  from  the  equation  ij  ■=  ax 

:"+S«.. 

■■(>). 

l=-+'-.p)S=^ 

(S). 

By  combining  (1),  (2),  and  (3). 

1  (P;/  ,       /rfy          d'yX 

'J=y_2  -^/z  ,  2,*/_^ 

4.  Eliminate  the  esponentia'  from  the  equation  y  =  2a«^'. 
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5.  Eliminate  a  and  b  from  the  equation  y  =  a  cos  2x  -i-  b  sin  Hx. 

-f=-2asmZx+2bcos2x,  ~^  -.4acos2ie  —  ibain2x  =  ~iy. 
dx  dx^ 

d^ 
dx^  "' 

91.  Prop.  Let  u  =  Fz,  and  z  =  (p{K,  y),  where  x  and  y  are  in- 
dependent variables,  and  let  it  be  proposed  to  eliminate  the  func- 
Uon  F. 

Differentiate  u  first  with  respeet  to  ar,  and  then  with  respect  to  y. 
du       da    dz       dFz  dp^x,y)  ... 

'    '    dx       dz    dx        dz         dx       '■■'*./■ 

dii  ^du.    dz  ^  dFz  d<:f{x,  y)  ,  , 

dy       dz     dy^dz  dy        '  '  "  '  V   J " 

Now  divide  (1)  ly  (2),  observing  that  the  common  factor  -^ 
will  disappear; 

du      d:p{x^  y) 

dx  dx  du    d(fi{x,  y)      du    dip{<e,  y) 

du       rf(p(«,  y)  '      dx  dy  dy         dx 

dy  dy 

in  which  equation  F  does  not  appear, 

1.  Eliminate  the  fuoction  F  from  the  equation  w  =  F{az^  +  by''). 

Put     ax'  +  by'>-  =  z.     .  ■ .  —  =  Zax^,      and       -^—  2by. 
dx  dy 

.  • .  -T-  ■  26t/  —  —  ■  Soa:^, 

2.  Eliminate  the  function  i^  from  the  equation  u  —  -^l-J- 

du  I        /x\       1       /x\    1  du  1       lx\x 

(tE  s-i      \y/      X    '\y!  y  dy  X    '\yj  y^ 

...  r*+!]4_Li=_i_w')^*^i. 

Ldx       xj      L~  y^J  xy^     ^\y/       dy  •    ary 
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3.  Prove  tiiat  if  y  —  a sm x -{- b sm^x,  then 


.  (1).        ^  =  o  cos  a:  +  26  COS  2a:. 


-JL^-a  sin x—\h sin Sa (2).  and  -/r-a sin x-^\(ih sin 2r. .  (3) 

Multiply  (1)  ty  4,  and  (2)  by  5,  and  add  the  results  to  (3); 


r.+  5^S  +  4y=o. 


92.  Pj-op.  To  determine  whether  any  proposed  combination  of 
X  and  y,  as  i''(«,  y),  is  a  function  of  some  other  conibination,  as 

^(■r,  y)- 

Put     M  =  -^(^1  y)]     ^iiii    2  =  I'i^i  y);  tl"'"  if  M  bo  a  function 
of  z,  we  must  have 

du      da    dz  du      d'i    dz 

dx~  ds    dx  di/"  dz    dy 

,  du    dz       du    dz 

'   '  dx    dy       d'j    dx 
which  is  the  required  test, 

I.  Is  M  =:  x^—^x^y+yZxy'^—Qy'^,  a  function  oi  s  =  2y  -\-  a  ~  x'i 

I2xy+  \2y\ 


dx 


~  =  -l,     anii     Ta^^- 


•    -didy-^^   -^.,^~.-.,    -  ^,y^- 
Henc«  M  is  a  function  of  z. 
2.  Is  M  =  ]«g(:K^)  —  2  log  y,  a  function  of  2  =  sinU  +  ^ 


rfw      2      du 


2      (fe 2      ^ /    j.?^!.      ^-      J    A.t\\ 

X      dy~        y      dx~  '\         x)  x^     dy  '\         x)  x 
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du    dz      2         (    _i_y\      ^^    ^'^ 
'   '   dx    dy      x^        \        x)      dy    dx 

Hence  w  is  a  function  of  z. 

3,  la  M  =  a^  +  y',  a  function,  of  s  =  tan  (x  +  y)"! 


2=2,,   -  =  2,,    -=.eoH«:  +  y), 

d. 

du    ds       ^        „,           ,           ^     du 

Hence  u  is  not  a  function  of  z. 

=  soc=(^  +  y). 


o/^  .fWici2(™s  of  Two  Independent   Varidhhs. 

93.  Prop.  To  extend  Maclaurin's  Theorem  to  functions  of  two 
independent  variables. 

If,  in  the  general  development  of  F{x  +  a,  y  +A),  we  make 
«  =  0,  and  y  =  0,  and  denote  the  particular  resulting  values  by  the 
use  of  the  [  ],  changing  A  and  k  into  x  and  y  respectively,  we  shall 
obtain 

«  =  ^(")  =  M+E]-f  +  [|]-f  +  [S]-0 

'^hlxdyA      I'^Ldy'A     1.2"''Ua^J  '1.2.3 

dMji  -1:3+  uajjJ  ■172+  Lsj?J  -1X3+*"^ 

Example.  Expand     u  :=  ^*siii  y. 

du  .  du  d^ii  .  (Pu 

- —  ^i^  e*5in  V.    '- —  ^  e'cos  v.    ■ —  :=  e*sin  w.    — ■ — ■  =  e'cos  v. 

dx  ■''     dy      "'-'^''S'    ^^2        tsmy,    ^_^^^_ecosy, 


-  ^*cosy, 
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•■■  ["]=»•  LsrJ=»'  [;%]='■  lJ?J=«' Li«*J='' 

-7-^  I  =  —  1,  &c.,  the  law  being  quite  apparent. 
y      y-r   yt-j_2      1.2. 3^1-3. 3       1.2.3 

94.  In  a  aimilar  manner  we  might  apply  the  general  formula 
deduced  in  the  last  proposition  to  the  expansion  of  any  function 
of  two  variables,  x  and  y,  but  among  these  functions  there  is  one 
of  peculiar  interest,  in  consequence  of  its  frequent  occurrence  in  tiie 
application  of  the  Calculus  to  Physical  Astronomy,  The  formula 
for  the  expansion  refcn'ed  to,  is  known,  as  Lagrange's  Theorem. 
It  will  be  deduced  in  the  next  proposition. 

Prop.  Having  given  u  —  Ft,  and  e  =  ?/  +  x^z,  where  F  and 
ip  denote  any  function,  and  y  is  independent  of  a,  to  expand  m  in 
terms  of  the  ascending  powers  of  the  variable  x. 

We  observe  first  that  w  is  a  function  of  x,  and  therefore  if  we 

denote,  as  usual,  by  [m],  h^  ,  \-t-^\  ^^'^■j  the  particular  values  as- 
sumed by  u  -j-,  -J—  &c.,  when  a;  =  0  wo  shall  have,  by  Maclauria'a 
Theorem, 

Now  since  e  ^  y  +  xi/s,  ■  ■  ■  ■  (1 ). 

,  ■ .  when        a;  =  0,     \s\  —  y,    and    .•.[«]=  Fy. 
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.  du      du    dz  du      du    dz 

dx       dx    dx  dy      dz    dy 

But  by  differentiating  (1)  with  respect  to  «  we  get 

dz  dp3    dz        ,  dz  pz  ,„, 

-—  =  ttiz  +  x  -=-  ■  -J-     wlience     -^  =: j —  ,  .  .  (2). 

dx  dz     dx  dx  dfz  ^  ' 

dz 
And  by  differentiating  (1)  with  respoet  to  y  we  have 

dz 
Dividing  (2)  by  (3)  and  reduelng,  we  obtain 

_    du      du    dz       du         dz  du 

'    '  dx      dz    dx~  dz  dy  ^        dy 

Ileiioo  when      x  :=  0,     and     z  =  v,     --    —  ipy  — t-^- 


du 
S 

and 

"  dydx  ~ 

d^u^ 
'  dxdy  ~ 

d, 

1  = 

</m,    du 
ds  'dx 

=  ^ 

■■(fZ 

dz               du. 

,      :.     du 

',_ 

d[(f')' 

:ll 

,    r^- 

,  4(")'-?] 

d, 

And  similarly  it  may  be  shown  that 


\j.x^\  dy'^  '      Litir'J  dj/= 
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But  to  show  that  this  law  of  formation  of  the  differential  ( 
cients  is  general,  suppose  that  it  has  been  proved  that 

p  ,    ,^^j   du      du,.j_  d"^'a      rf"~'w^i 


rfj'        %"-'(&:        dxdy"-^  dy"—' 

dz      dx         dz  dy  dy     ' 


•■  (5) 


Thus  the  form  (4),  if  true  for  aay  value  of  ra,  is  also  true  for  the 
next  higher  value.  Now  it  has  been  shown  true  for  w  ^  1  and 
»  =  2 ;  and  hence  it  is  true  when  n  =:  3,  »  =  4,  &c.,  or  it  is  uni- 
versally  true. 

Now  malting  s  :=  0  and  z  ■=  y  and  the  expression  (5)  becomes 

p„n/--[M-f^] 

Making  the  substitutions  for  [m],      -3-    '      yy  I,  &c,,  in  the  expan- 
sion {A),  we  get 


Hiis  formula  is  called  Lagrange's  Theorem. 


-*-'-li3  +  *--W- 


db,Google 


LAGBiNGE'S  THEOHEM.  125 

Ccw,  Let        ti=I'3  —  s;     then     Fy  =  v,    and     —^  =  1. 

ft  formula  for  the  expansion  of  z  when  we  have  given  z  ■=  y  -\-  <xf^s. 


95.  1.  Given  s'  —  02  +  6  =  0  to  express  s  in  terma  of  a  and  h. 


i  make 

-=         -  =  ar      and     £3  = 


Hence  by  substitution 


Introducing  these  values  into  the  formula  {M),  it  becomes 


If  6  be  very  smaE  in  comparison  with  a  this  series  will  converge 
very  rapidly. 

2.  Given  y^s+^i^^t^^^  &^c., 

to  revert  the  series,  tiat  is  to  express  2  in  terms  of  y. 
By  transposition,      z  =  y  —  (e'  +  e^  +  z^  +  &e.) 
Put  x=  -  1,     92  =  3^  T-  s3  +  g*  +  &c. 
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Then 

W  =  y'  +  ?■  +  y'  +  te 

4(w)'l    4(,v'+»"+j'+fe)"l 

iy                           dy 

(9^)3  =1  (y3  +  y3  _^  j,t  _^  &c.)^  ^  y*  +  3/  +  Sy"  +  &(;. 
(W)^  =  (s*^  +  y'  +  2/'  +  &c)*  =  y«  +  4!/9  +  &«. 


=  6.7.8?/^  +  4.7.8.  %E  +  &c. 


(^VY  ~  {'Z  +  '/  +  'J^  +  &c.)=  1^  !/!»  +  &c. 
.  ■ .  ^^i-^J'"}"  ^7.8.9, 10/  +  &c.        &c„  &0. 
.  • .  By  substitution  in  formula  {M). 

»=^y  — j[y^  +  S'^  +  y^+  y'  +  /  +  &c.] 

+  Y-2  [2-  Si/'  +  2.  5y'  +  2.  9/  +  2.  U>j^  +  &c.] 
-J— 2-3[5.%*  +  3.6.7y^  +  6.7.8yS  +  &e.J 
+  T:2^t<i-7-V  +  4.7.8.%s  +  &c.] 

~1.2.3.4.5'^^-^-^-^°^'  +  '^'^-J 

-)-  &c.  =  ;/~2/^  +  3(^  —  y'  +  J/^  —  y^  +  ice. 

3.  Given  1  —  s  4-  e'  ^  0  to  expand  C. 

Here    e  -  1  +  e'.     Put  a:  =  1,  y  ^  1,92  ^  e',  ^3  =  a", 


^n'j'-icv^ 
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d'j  J  dii 

Sne^v .  y—i  +  « («- 1)  e^s' .  ^=  =  n  (ii  +  1)  e« 


-[<„,.iai=^^ 


rfy  J 

=  Qne^y .  ij"-'  +  Gn{n  —  l)e^y. y'^'^  +  n  {)i  -  1)  (m  —  2) e=!' , y-i 
=  n  {n?  +  3fi  +  5)  c\     &c.  &c. 
Hence,  by  substitution  in  formula  {L),  ■we  have 


S»  =  1   +  ) 

"+     1.2- 

""+     ^     1.2. 

3 

^  +  te. 

4.  Given  a  = 

,S  +  e.,m!, 

to  cspand  a  and 

sin>. 

Put 

^  =  ,.„-. 

=  sin  s,  _Fz  =  sir 

.». 

■  ■■  W 

=  sin  2/,  (?)/)• 

^=sin^y,to)'r 

=  sin  "s 

f&c. 

•        dy       ~ 

2  sin  y .  cos  y.  — 

>in2y. 

i{S,m'y.. 

22»I=6.ins. 

CC,',J- 

-3  si 

nV 

= 

3,ins(l+c 

'       2  +  2 

s2}) 

=  j..n!/  +  5(5S.n3y-j.,njj 

=  jsm3y-jini!,.     to. 
Hence  by  snbstitntion  in  {M). 
.=y+.in,4+sin2;,j^+gsin3y-^m,)-^  +  &c 

Again    Fy=emy.     .-.  ^y . --r-^  =  sin  ji.  cosy  =: -sin  2y. 
at/ 
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d^  J  d'j 


dy 


4,1 

=  2  sin  4!/ —  sin  2y.     &c.  &c. 


Hence  ty  substitution  in  formula  [L]. 

+  (2  sin  Ay  -  sin  2y)  — ^  +  &c. 


^:ii;    1^  rfs^    1.3^   dx'    1.2 
A  in  terms  of «  and  its  diiferential  coefficients. 
_  du  d^  dhi 


i>i       J>iU.S       1.2.3 


+  &C. 


=A,  93=^A^Y 


1.2.3^ 


■  Ift  +  y,'  1.2+        K  1.2.3  +  ''°'; 

ow  if  ([  be  a  root  of  the  equation  m  =  0,  and  it  an  approximate 
le  of  a,  so  that,  a-i-  h.  —  a,-we  may  use  this  series  in  finding  a 

e  exact  value  otx.     Thus,  if  a:  =  ^  =  1 .  5  be  an  approximate 
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root  of  the  equation     w  =  a;*  —  2a^  +  4a  —  8  =  0, 
thea  1 .5  +  h  =  a     and 

Here  "  ^  -  ||        • "  -   A  =  .  11    and   a  =  1 .  5  +  .  11  =  1 .  61 

nearly.     And  if  we  repeat  the  operation  by  putting  a;  =  1 .  61,  a 
nearer  approximation  will  l>e  obtained. 


P  TWO  INDEPENDENT  VARlABLBa. 

96.  A  function  w  of  two  independent  variables  a;  and  y,  is  said  to 
be  a  maximum  when  its  value  exceeds  all  those  other  values 
obtained  by  replacing  x  by  s  ±  ft  and  yhy  y±k,  when  h  and  i 
may  take  any  values  between  zero  and  certain  small  but  linite 
quantities ;  and  m  is  said  to  be  a  mmimum  when  its  value  is  less 
than  all  other  values  determmed  by  the  conditions  above  described. 

97.  Prop.  Ilavmg  gnen  u  =  F{x,ff),  when  x  and  y  are  inde- 
pendent variables,  to  determine  the  values  of  x  and  y  which  shall 


Suppose  x  to  receive  an  mcrement  ±  h,  and  t/  an  increment  ±  ft, 
the  value  A  and  k  being  small  but  finite  and  entirely  independent  of 
each  other  ;  and  denote  by  %  the  value  assumed  by  w,  so  tiat 

a^  =  F{xdch,     y  ±  i). 
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Then,  by  Taylor's-  Theorem,  as  applied  to  funetions  of  two  inde- 
pendent  variables,  we  have 

■*"  dy  ■      1       "^  rfa*  '     1 . 2 


«  +  :i^-- 


■^d^trfy'.     1,     ■      1      *^rfy='    1.2     "^       ' 
Now  in  order  that  u  may  exceed  Uj  '<"'  ^^  small  values  f}f 
i  and  *■,  whether  positive  or  n^ative,  it  is  obviously  necessary 
to  have 

(^a:        1  rfy        1  lie^       1 , 3         rfady        1  1 


1.3 

in  which  series  we  must  be  at  liberty  to  make  h  and  Ic  both  positive, 
or  both  negative,  or  one  positive  and  the  other  negative :  or,  finally, 
either  may  bo  taken  equal  to  zero,  the  other  remaining  finite. 
Now  when  i  =  0  the  series  (1)  reduces  to 

d,  (±q    i-u  (=tiy    .ft.  (±t). 

i  1  +i=  1.2  +i>  1.2.3  +<•■■*''■ 
in  which  A  may  be  taken  so  small  that  the  sign  of  the  first  term 
■T-  ■  —  ■  ■,  which  contains  the  lowest  power  of  A,  shall  control  the 
sign  of  the  series.  But  this  term  obviously  changes  sign  with  k, 
since  —  does  not  contMn  h, ;  and  as  -we  are  at  liberty  to  make  h 
altemately  positive  and  negative,  it  is  impossible  that  the  aeries  (2) 
should  remain  negative  so  long  as  —  ■  -~ — -  has  any  value  other 
than  zero. 

We  have  then,  as  a  first  condition   necessary  to  render  a  a 
maximum, 

du    (±A)_ 


dx 


^'^Tiy    ^  =  0 (^). 
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Omitting  the  first  term  in  (2)  we  have 
rf^'    1.2     ■*'rfa^' 1.2.3  "•■ 


&c,  <  0  .  .  .  .  (S). 


Here  again  the  sign  of-  the  aeries  will  depend  on  that  of  the  first 
term  when  h  is  small,  and  since  that  term  does  not  change  sign 
when  we  substitute  —  A  for  +  h,  the  series  (3)  will  remain  negatiye 
for  small  values  of  k,  when 

d¥-^^r-<^'      ors,mplywhen      _  <  0. 

H^"«'  ^  <  0 {-S) 

IS  a  second  condition  necessary  for  a  maximum. 

98.  Returning  to  the  series  (1)  and  supposing  A  =  0  while  k  re- 
mains finite,  we  prove,  by  a  eourse  of  reasoning  entirely  similar, 
that  the  following  conditions  are  also  necessary,  viz, ; 

1  =  0. ...(C)     »d     ^<0....(i,). 

Now  omitting  the  terms  in  (1)  which  contain  the  first  powers  of 
fe  and  i,  and  which  it  has  been  seen  must  reduce  to  zero,  we  obtain 

«&2'     1.2  dxdi      1      ■       1  dy'^'     1.2  rfi3'  1.2,3 

dH      {±hY.{±lc)       Jht^    (±h){±k)'' 
"*"  dx^dfj '  1.2  dxdif  '  1.2 

rfy^'  1.2.; 


-  +  &c.  <  0, 


or,  by  making  t  =  '',  where  r  is  entirely  arbitrary,  since  A  and  i 
bave  no  necessary  dependence  upon  each  other. 
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in  which,  -when  h  is  small,  the  sign  of  the  series  will  depend 
on  tliat  of 

d^  '^"''d^'^'^  df' 
and  liis  must  be  negative  for  all  values  of  r,  whether  positive  or 
negative,  when  m  is  a  raaximum. 

We  must  now  search  for  the  condition  necessary  to  rendci 
d?u       „     <Pu         „d'u  ,  ,  .      , 

5y  * ^--sm;  +  'V < °  ■  •  •  ■  '">  " '  """ °^ '■ 

Put  for  brevity    -vr  "  -J.      i—r-  =  B.     and     -—r  =  C. 
■'      dx^  dydx  df- 

Then  A,  B,  and  C,  mu=t,  if  possible,  be  so  related  to  each  other 

that  A  ±  ^Br  +  CV^  shall  be  negative  for  every  real  value  of  r. 

Now  it  is  known,  from  the  theory  of  equations,  that  if  we  sclve 

the  equati(Mi  A  ±  25!-  +  Cr^  =  0  with  respect  to  r,  and  obtain  the 

z^B-frJB-'-AC         ,  ^B-JB'i-AV 

'■'^— V ""'^  '■^^ c 

and  then  substitute  in  the  polynomial  A  ±  2iJr  +  Ci-^,  for  r  values 
alternately  a  little  greater  and  somewhat  less  than  j-j  or  r^,  the  sign 
of  the  polynomial  will  undergo  a  change.  If  therefore  the  proposed 
substitution  be  possible,  the  condition  A  ±.  2Br  +  Cr^  <  0  for  all 
values  of  r  will  be  impossible. 

And  BO  long  as  the  values  of  fj  and  r^  are  real  and  unequal,  this 
substitution  can  be  made ;  but  if  those  values  of  r  prove  imaginary, 
it  will  no  longer  be  possible  to  substitute  for  r,  real  quantities  alter- 
nately greater  and  less  than  such  values,  and  therefore  the  polyno- 
mial cannot  diange  its  sign. 

Now  by  examining  the  values  of  r^  and  r^  it  will  be  seen  that  t!ie 
condition  necessary  to  render  r,  and  r^  imaginary  is  B^ -C  AC. 
Hence  we  have  a  fifth  condition  necessary  for  a  ii 
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wten  this  condition  is  satisfied,  the  conditiou  (5)  will  also  be  satis- 
fied, qinee  (5)  is  true  when  r  =  0. 

It  ought  to  be  remirked  however  thit  when  £'  ^  AC,  the  two 
roots  Ti  and  r^  become  real  and  e|ual  and  therefore  in  passing 
over  one  of  these  roots  we  t  ei,es  anlj  pa=s  over  both.  Thus  the 
siga  of  polynom  il  will  not  cln  e  =0  tliit  the  fifth  condition  would 
be  more  correctly  itated  as  follows 


^  rf_u  __  i£^Y= 


{E). 


dx^    dy  \dxdj!  > 

By  a  course  of  reasoning  entirely  similar,  we  can  prove  that  the 
five  conditions  necessary  to  render  m  a  minimum  are  the  following: 

du  n      ^'^  ft       ^^   -.     n       '^'*  ^  n       '''"       "^^  /   '^^^  \^=^  (\ 

i  can  be  neither 


.„dht         n         -L         '^^ 


nben. 


d^a 


!  other  conditions  likewise  necessary  to   render    m 
r  miiiimiim  in  such  cases,  but  they  tu-e  usually  of  s 
complicated  a  character'  as  to  be  unfit  fof  use. 


100.  1.  To   determine  the  values   of  x    and    y   which   render 

^  =  3z^-3ay  =  0, (1).       ^^3y''~3az  =  0 (2). 

From    (1),    5/^^ — ,  and  this  substituted  in  (2),  gives 

x^  --a^x  =  0;       .  ■ .  a;  =  0,      or,      x  =--a, 
tie  two  other  roots  beiiig  imaginary. 
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But  when  x  =  0,    j/  —  —  —  0, 

ind      when  x  =  a,     y  =  a. 
Now  forming  the  second  differential  coefficients,  we  get 

- —  =  fe  =  0     when  x  =z  0.        -;-—  :=  Sy  =:  0     when  y  = 
^  Qa  when  n  =  ti,  =  6c  when  y  — 

[^  when  X  ^:()  and  y  - 


'   da;^    ify^        \rf2iy/ 

—  27a*  when  a;  ^:  a  andy 


.  ■ .  The  five  conditions  necessary  for  s 
when    X  =  a    and    y  =  a,  viz. 


-7-=-  and  -r^  do  not  reduee  to  zero.     Hence  the  value  m  =^  0,  is 
ax*  ay" 

neither  a  maximnm  nor  a  minimum. 

2.  To  find  the  lengths  of  the  three  edges  of  a  rectangular  par- 
allelopipedon  which  shall  contain  a  given  volnme,  a*,  under  the 
least  surface. 

Let    X,  y,  and  s,  be  the  required  edges,     .  ■,  xyz  =  a*. .  .  .  (1). 

And    w  =  2{«y  +  3B  +  ys)=  surface  =  a  minimum. 

But  from  (1),     xz  =  —,  and  yz  =: —j 

y  St 

■•■   «-2(-;/  +  y  +  ^)....(2). 

dx         '^         x^  '         ^   '  dy  t  ^ 

.  ■ .  xhj  =  a^  —  2i/^,     .  • .   X  =  y,     and  ctflisequeatly  *^  =  a', 
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.  • .  a  =  o,    y  =  <ij    and    a  =  o. 

*^      ^*'       .  .   ^     "^      40"      ,              (ft* 
= =:  4  >  0,      —  =;  ■ —  =  4  >  0,     = 

^  '  "^  ~*  li^/  -  -^^  >  "' 
,  ■ .    u  =  2(a^  +  a^  +  a*)  —  6a^  :=  a  minimum,  and  the 
jiipedon  must  be  a  cabe. 

3i  Given  «  +  y  +  2:  =^ «,  to  find  the  values  of  x,  y,  and  z,  when 
cos  X  cos  y  cos  3  =  M  =  a  maximum. 

Regarding  li  and  y  as  independent  variables,  and  s    a  fimction 
of  X  and  y,  we  obtain  by  differentiating 

X  -\-  y  ■\-  z  =  v,  with  respect  to  x  and  y  suecesBively, 

'+§=»■  -^  '+!=« (»• 

But  since  u  =  mflxiraum, 

log  M  ^=  log  cos  X  +  Ic^  cos  y  +  log  cos  g  =:  maximum, 
Wlogu\  dz      „ 

(d]osu\  dz 

and  -  ,^      =  —  tan y  — tans  — =  0. 

\    dy    f  •"  <^y 

or,  by  replacing  —  and  -j-  by  their  values  derived  from  equa- 
tions   (1). 

—  tan  ic  +  tan  2  =  0,     —  tan  y  +  tan  s  =  0, 

■ .    tan  X  :=.  tan  z  =^  tan  y,     and     a;  =  y  =  s  =  -<. 


4.  To  find  the  greatest  rectangular  parallelopipedon  which  can  ba 
inscribed  in  a  given  ellipsoid. 

Let  a,  h,  and  c,  be  the  semi-axes  of  the  ellipsoid,  x,  y,  and  z. 
the  co-ordinates  of  one  of  the  vertices  of  the  parallelopipedon. 
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Then  2x,  fly,  and  2z,  are  the  three  edges  of  the  p 
and,  therefore,  Sa: .  2y .  2z  =  maximum,  or 

u  =  3yyz=:  maximum.  ....  (1). 

But,  since  each  vertex  is  in  the  surface  of  the  ellipsoid,  the  co 
ordinat«s  z,  y,  z,  must  satisfy  the  equation  of  the  surface. 

••■  •5+l+-?=' » 

Differentiating  (2)  with  respect  to  x  and  y  successively,  regardinj 
E  as  a  function  of  the  independent  variables  x  and  y,  we  get 


(P'    dx" 
But,  from  (1)   ■ 


ldu\  ,         ds       „        lau\  ,         rfs      „ 

or,  by  introducing  the  values  of  -j^  and  —  from  equations  (3). 

i/E  —  ary  —  —  0,      and      X3  —  ay  j^  =  0. 

.-.  aV=c=«^     and     b^s^  =  e^^^    ...^^^-^ 

Hence  from  (2),  — ^  +  — ;  +  -^  =  1      and     x  =  — =  ;    in    like 
"        "^        "  V^ 

manner  it  may  be  shown  that,  y  = ,  and  z  =  -— 

Thus  the  edges  of  the  parallel opipeJoa  must  be  proportjonjl  to 
the  ax  s  t  -wh  h  th  y  are  paialltl  In  eath  of  the  last  two 
exampl  th  lo  at  n  of  the  sectnd  difflrential  cocfRcit,nt  has 
b  n  m  ttcd  as  un  sary  it  bemg  easily  seen  that  the  proposed 
quest  adm  tted  ot  the  maximum  or  minimum  sought  and  also 
that  th      all!  s  found  w    e  the  only  suitable  values 
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101.   Hitherto  we  have   employed    the   differential   coefficients 
!/   ^ 

'  dz'' 

was  the  independent  variahle.  But  there  are  many  cases  in  whleh  it 
is  more  convenient  to  adopt  some  other  quantity  t  upon  which  both 
X  and  y,  or  x  and  m  depend  as  the  independent  variable,  and  perhaps 
to  pass  from  one  supposition  to  the  other  within  the  limits  of  the 
eame  investigation. 

It  then  becomes  necessary  to  express  —-,  -^-^,  &e.  or  - 


dy^    d^    „  du  dht 

dx'  dx''       '        dx'  dx^' 


in  terms  of  the  differential  coefficients  of  a;  and  y,  or  those  of «  and  « 
taken  with  inspect  to  the  new  variable  t. 


'  dt'  dc    ■ 

Since  y  is  a  lunction  of  x,  and  x  a  function  of  t,  we  have 
dy      dy    dx  ,,,  ,  dy       dl  ,  ,, 

i=i-^--w  -d   .-.^1=^ {A) 

dt 

Now  differentiating  {!),  and  observin"  that  -^  is  a  function  of  t 
through  s,  we  get 
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rf=y  dy  d^x  d?y  dx  6?x  dy 
^y  _di^~  lx"dfl  _~d^"d't~  ~dfi  "di 
■  d^  ~  ^5~~"~  7^  W 


The  two  formulse  {A)  and  {£)  resolve  the  problem, 

d^ii  d^v 
Cm:  In  a  similar  maimer  we  might  form  expressions  for  —r^  —^ 

apon  the  same  hypothesis,  Ijut  they  are  seldom  required. 

Cor.  If  y  he  taken  as  the  independent  variable,  then 


dy        1          1 

•    •  dx-  dx-  dz 

If 

dt        dy 

1? 

tie  the  independent  ^ 

rariaWe,  then 

dx      dx 

tPx      ^       , 

dy      dy        ,  dhf      d^y    ,         ,. 

£  =  E'  "'  li'  =  Si'  ""•  o'*™?  '^™=- 


103.  1-  Transform  the  differential  equation 

d^v  X        dv  V 

^  _ .  ^  ^      ^      -  0  so  as  to  render  a  tha 

dx'       I  ~x^  dx        I  —x^         ' 

independent  variable,  having  given  i  —  cos- '«. 


<P;f 


•a=-""' 

••»=-«•" 

d,    d> 

1    d, 

smS    dS 
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dh, 

,3v 

dx       dH 

d6        di- 

;.* 

1 

.Pj, 

dx^~ 

sin  23 

'  ■di^ 

HaQCeb^ 

sutstittition  in 

the  given  equation, 

I 

•IF-- 

-S^- 

I+; 

cosfl 

dy, 
•3f  + 

4X- 

\  +  y  = 

:0. 

This  example  iUuatrates  the  important  fact,  that  a  change  of  the 
independent  variable  will  sometimes  simplify  the  form  of  the  differ 
ential  equation. 


variable,  where  r^  ^1  x^  ■\-  y- 


dx        r       ^     d^x        <^  /  *■  \ 


dx         1 


d?y  _ 


^u   dx       (Px    du 
dr^     dr        dr^    dr 


r'     dr 


104.   Prop.  Having   given  u  =  F  {x,  y)   when  i:  =  ^  (r,  fl)   and 
y  =:/  (r,  9),  to  express  -5 
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Since  M  is  a  iunction  of  x  and  y,  each  of  which  is  a  function  of  r, 
^e  have 

du'      da   dx      dii    dy  . 

IF  ^  di"dr'^  l^"d? ^' 

And  similarly,  x  and  y  being  functions  of  i, 

du       du    dx      du  dy 

'W~dx'~      ' 


r.  +  Z 


Multiply  (1)  by  — ,  and  (2)  '^y -r  and  subtract;  then  multiply  (1) 
by  r-^  and  (2)  by  --t-  and  subtract.    We  shall  then  obtain 


du  dx 

du   dx 

duldx    dy       dy    dx\ 

dr    di 

dS    dr 

dy  \dr     dd        dr    di\ 

da    dy 

du   dy 

du(dx    dy      dy    dx\ 

dr    dd 

dd    dr 

dx   dy 

dy    dx 

dr    dS 

dr     dd 

dr 

d3 

d^dr 

dx 

dy 

dy    dx 

dr 

d6 

dr   da 

du    dx 

dy  '~ 


105.    These   formulce  leeome  much  simplified   when    we   have 
X  ^=  r  cos  6,  y  =^  r  sin  i,  the  common  formula  for  passing  from  rec- 
tangular to  polar  co-ordinates.     Por  we  then  have 
dx  ^     dy        .    ,      dx  .    „      dy 

dr  dr  dd  '     di 

dx    dy       dy 


'  dr     dS        dr    dd 


r(cos=^  +  siii^S)  =  r, 


'  dx       '"^'' "  dr         r      di  dy  dr         r     '  dt 

r,         -IT        ■  ■  '^'*  "^^ 

ax.  Having  given  x- y—  =  a,  to  transform  the  equatlo 

the  variables  r  and  6,  where  x  =  rco9d,  y  ~r  sin  6. 

du^     du^_  I.    ,^   ,   ™sfl   du\  .    J         du,      sinfl 

^rfy      ^ dx~'"^^   \        dr       ~      Sa"/     ''^'"  \*^^  dr         ~ 
,      „,   ,     ,  „.,  du       du 
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FAiLURB  OP  Taylor's  theorem. 

106.  It  has  been  shown  that  the  general  development  of  F{x  -f-  S), 
SO  long  as  the  value  of  h  remmns  unaasigned,  is  of  tht;  form 

F{x  +  h)  =Fx  +  Ah-\-  M''  +  CA»  +  &c (1), 

containing  none  but  the  positive  integral  powers  of  k. 

But  although  this  be  true  for  the  general  value  of  x,  it  is  possible 
in  some  cases,  to  assign  certain  particular  values  to  x,  which  shall 
cause  fractional  powers  of  A  to  appear  in  tho  development ;  and  to 
such  cases  Taylor's  Theorem  does  not  apply,  because  its  proof  de- 
pends upon  tha  assumption  that  the  scries  (1)  holds  true.  If,  for 
example,  we  assign  to  x  such  a  value  as  shall  cause  fractional  powers 
of  A  to  appear  in  the  undeveloped  function,  we  may  expect  to  find 
similar  powers  in  the  development,  and  we  therefore  cannot  expect 
Taylor's  Theorem  to  give  the  correct  expansion.  Now  when  the 
particular  value    x  ^  a  introduced  into  the  undeveloped  function 

the  fractional  power  A",  there  must  have  been  in  the  general  ex- 
pressiou  for  Fx  (before  a  was  substituted  for  a:)  a  term  of  the  form 

{x  —  a)"  which  becomes  {a;  —  a  4-  h)"  in  F(x  +  h),  and  reduces  to 

h*  when  a:  =  a. 

When  this  occurs  some  of  the  differential  coefficients  will  cer- 
tainly become  infinite,  if  we  make  x  =  a. 
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To  illustrate  this  foot,  take  the  example 

and  suppose  x  to  receive  the  increment  k,  conyerting  j*  into 

Now,  for  the  particular  value  «  =  a,  m,  becomes  6  +  A^  +  k\ 
But  hy  forming  the  successive  differential  coefficients  of  u  with  re- 
spect to  X,  we  get 


=  ^(=-  - 1)(^  -  2)("  -  3)  (I  -  #-',  te, 


&C., 


and  since  the  exponent  o(  tc  —  a  is  diminished  by  unity  at  each  dit- 
ferentiation,  it  must  eventually  become  negative,  rendering  the  co- 
efficient infinite  vrhen  x  =  a.  Moreover,  all  the  succeeding  differen- 
tial coefficients  will  liliewise  become  infinite. 

It  may  be  observed  also  that  if  the  lowest  (and  therefore  the  fi  ret) 
fractional  exponent  which  appears  in  the  development,  be  interme- 
diate in  value  between  the  integers  r  and  r  +  I;  then  the  first  dif- 
ferential coefficient  which  becomes  infinite  will  be  the  {r  +  l)lh. 

It  appears  then  that  this  peculiarity  wiE  arise  whenever  the  value 


ssigned  to  x  causes  a  surd  (such  as  [x  —  a)")  to  disappear  in  Fjr, 

■hile  the  corresponding  surd  [{^  —  a +/>■)']  continues  to  appear 
L  F(x  4-  h)  in  the  form  of  a  fractional  power  of  A.  This  ipappli- 
ibility  of  Taylor's  Theorem,  improperly  called  a  /aihire  of  the 
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theorem,  occurs  precisely  when  the  development  is  impossible  in  the 
general  form,  and  therefore  does  not  result  from  any  defect  in  the 
theorem,  itself. 

Again,  it  has  heen  shown  that  the  general  development  does  not 
contain  negative  powers  of  A,  because  we  would  have,  (if  there  were 
such  a  term  Ck-')  F{x  +  h)  =  Fx  =■  m  when  A  =  0,  an  obvious 
absurdity.  But  when  we  assign  to  x  sudi  a  value  a  as  shall  render 
Fx  =  (ti,  the  above  argmnent  ceases  to  be  conclusive.  In  this  case 
i^  =  CO  ,  and  the  difEerential  coefRcients  will  Idg  infinite  also.  Thus 
Taylor's  Theorem  will  be  inapplicable. 

Here  aJso  we  see  fiat  the  presence  of  a  negative  power  of  h  in 
the  development  must  result  from  a,  term  of  tho  form  — 


F>  B 

which  becomes —■       in  F{x  -\-  h)  and  reduces  to  —  =  B/-' 


when  X  =  a 

We  conclude,  therefore,  that  there  are  two  cases  in  whic 
Taylor's  Theorem  is  not  applicable,  viz. : 

1st.  When  x  r=  a  causes  a  surd  to  disappear  in  Fx,  thereby  ii 
troducing  a  fractional  power  of  h  into  F{x  -\-  h). 

2d.  When  r  =  a  renders  Fx  =  t»  . 


expand     «i  =  iP(«  +  A)  =  i  +  (:b  -L  c  4-  k}^+  {x  ~  a  +  hf. 
-_Z(^  +  c}+-(z-a)   ,        —_l.2-\--.^{x-a) 

.'.By  substitution  in  Taylor's  Theorem, 
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.,  =  6  +  (I  +  ,)=  +  (.  -  .)♦+  [2(„  +  c)  +  l{:,-  .)*]! 

-^4-|('-)-*T^-- (')■ 

Now  thi9  development  is  entirely  true  for  all  values  of  x,  except 
X  =  a,  which  renders  the  term  (1.2  +  -'-(a;— a)  r-^,  and  all 
succeeding  terms,  infinite  ;  the  true  development  in.  this  case  being 
a^  =  b+(a  +  e  +  kf  +  A*=  b  +  {a  +  c)^  +  2{a  +  c)h  +  h^  +  h\ 
which  agrees  with  the  series  (1),  only  so  far  as  to  include  the  term 

[2(,H..)+|(.-.)*]i 

•id.  Case.  Given     u  =  6  4  liin  a:  -f       -^—-^  =  Fx,  to  expand 

«■  =  ^('  + ")  = '  +  "(-  +  *'  +  F^+ip- 

„  _  cos  ^      ___,     _^  „  _.  ,,^ ^  +  _ .  _., 
(7%  1 .  2  .  3  .  4c 

.  ■ .  By  substitution  in  Taylor's  Theorem, 

This  development  is  correct  except  when  x  —  a,  the  true  devel 
opment  then  being  (Art.  48) 

K,  =  4  +  sin(a  +  h)+  —  =  i+siBa+eA-s-t-cosa.A— sina-j-^  &0, 
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Here   the  very  first   term  given  by  Taylor's  formula,  viz.; 
I'x  =  &  +  shxa  + -,     is  incorrect. 

108.  Prop.  If  the  true  development  of  F{x  A-  ^)  contain  posi- 
tive integral  powers  of  h  to  the  {%  —  l)ih  power  inclusive,  followed 
by  a  term  containing  h'  where  s  is  a  fraction  intermediate  in  value 
between  ra  —  1  and  n,  the  first  n  terms  of  the  expansion  will  be 
given  correctly  by  Taylor's  Theorem,  but  the  (n  +  1)'^  term  will 
not  be  given  correctly. 

Proof.  Let  the  true  development  of  Fix  +  S),  when  x  ■=  a,^)& 

F{x  +  h)=A-\-  Bh  +(7P-|-DA3 -\-  Nh"-^  +  Ph'  +&C., 

where  s  denotes  a  fraction  greater  than  n  —  \  and  less  than  «. 

Then,  since  the  diiFerential  coefficients  of  F(x  +  /j),  taken  first 
with  respect  to  x,  and  afterwards  with  respect  to  h,  are  ec[ual,  we 


dx  <ih 

+  («  -  \)Nh-'--'+  sPh'-^+  &c. 

■"^^;+'-)^g|±J)^l.aC+a.3i),. 

+{»-2){«-1)jW.— •+(>-l>Pi"+dio. 

^l^ti)  =  1 .  a .  3i) +  („  _  3)(„  -  2)(»  -  ijjn" 

+  (!  -  2)(J  -  l).PJ->  +  &0. 

^:::^t^' =  1 . 2 .  3 . . .  (»  -  a)(»  -  2)(»  -  l)iV 

+{.-«+2)(s-»+3) ....  (.-2)(i-l),Pi— +i+te 

!?:£|±A)  =  ,._.  +  ,K.-»  +  2*-»  +  3,..,. 

(s  -  2)(s  -  l)sPA— •+  &c. 
Now  when  A  =  0,  the  preceding  expressions  reduce  to 

J>-.=A'-?  =  li<,  5?=I.2C,   !55;=.,.2.3Z, 

dx  ax^  '     dx' 
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,        J,        ^      dFx       ^         1    <PFtc      , 
dx  1.2  dx^ 

Thus  each  of  the  terms  A,  Bh,  Ch"^,  &c.,  of  the  true  development 
will  be  given  correctly  by  Taylor's  Theorem  as  far  as  the  term 
Nh"-"^  inclusive  (that  is  to  w  terms),  but  the  (n  +  \)th  term  of  the 
true  expansion  is  Ph',  while  by  Taylor's  series  it  would  appear  to 
be  infinite. 

The  results  esta,blished  in  tL's  proposition  are  important,  because 
it  frequently  occurs  that  the  first  or  leading  terms  of  an  expansion, 
are  those  only  which  we  have  occasion  to  consider. 
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PART  II. 

APPLICATION  OF  THE  DIFFERENTIAL  CALCULUS  TO 
THE  THEORY  OF  PLANE  CURVES. 


CHAPTER   I. 

PLANE    CORVES. NORM ALS. ASYMPTOTES. 

109.  In  the  application  of  the  Diflerential  Calculus  to  tiie  investi- 
gation of  the  properties  of  plane  curves,  we  regard  the  two  variable 
co-ordinates  ic  and  y  or  fl  and  r,  which  serve  to  fix  the  position  of  a 
point  on  the  curve,  as  the  independent  variable  and  the  dependent 
function  respectively. 

"niese  two  quantities  arc  connected  by  a  general  relation  called 
the  equation  of  the  curve. 

Such  as     y=.Fx    or    r  =  ipfl,    F{x,y)-<i,    or    ip(r,  a)=0. 

When  the  foi-m  of  this  equation  is  given,  we  can  readily  deter- 
mine the  values  of  the  differential  coefficients  -r^  -rv'  ^'^■t  o'^ 
ax    03? 

— )  -rr:-,  &c.,  in  terms  of  tlie  co-ordinates,  and  these  values  will  be 
found  extremely  serviceable  in  the  discussion  of  the  properties  of 
the  curves. 

110.  The  first  application  of  the  Calculus  to  Geometry  which  it 
is  proposed  to  make,  is  the  determination  of  the  tangents  to  plane 
curves. 
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Prop.  To  find  the  general  differential  equation  of  »  liiie  wiiich  is 
tangent  to  a  plane  curve  at  a  given  point  x^  y,. 


The  equation  of  the  secant  line  JiS,  passing  through  the  points 
fi  J/,  and  x^  y^  is 


y  -y\^ 


t(- 


'.)• 


■(!)■ 


But  if  tie  secant  SShe  caused  to  revolve  about  the  point  Pj,  ap- 
proaching to  coincidence  with  the  tangent  TV,  the  point  Pj  will 
approach  P,,  and  the  differences  1/2  ~  2/1  ^i"!  ^ts  —  ^1  ^'^"-  ^^^'^  ^'' 

minish,  so  that  at  the  limit,  when  ^5  and  TV  coincide,  — '-^ 

%  —  ^t 

will  reduce  to  ~-,  and  the  equation  (1)  will  take  the  form 

.-,.  =  |(.^..,....P,, 

which  is  the  required  equation  of  the  tangent  line  at  the  point  jTj  ffj. 

IH.  To  apply  (2)  to  any  particular  curve  we  suljstitute  for 
-^  its  value  deduced  from  the  equation  of  the  curve  and  expressed 
in  terms  of  the  co-ordinates  of  the  point  of  tangency. 

Oor.  The  differential  coefficient  ~-  represents  the  trigonometrical 
tangent  of  the  angle  P-^TX  formed  by  the  tangent  line  with  the 

Cor.  To  find  the  value  (rf  the  sulitaJ^eot  D^T,  we  make  y  =  0 
in  (3).     The  corresponding  value  of  x  will  be  the  distance  OT,  and 
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riierefore  x  —  x^  will  represent  the  subtangent  DyT,  this  latt«r  li 
reckoned  j^om  D-^  the  foot  of  the  ordinate.     Thus 


suhtan  D,T  = 


.  =  -£:■••■«• 


In  the  formula  (3),  x  represents  the  independent  variable,  but  if 
we  take  y  as  tie  independent  variable,  this  formula  may  be  simpli- 
fied.    For  it  has  been  shown,  that  ~  ^  — ,—    or    ■ — ■  ^^  — ■     Hence 
ax        ax  ay       ay 

(3)  may  be  written 

siibtani),r:zz  -Wn— ii). 

112.  ProjK  To  determine  the  general  diiTerentlal  equation  of  a 
iine  which  is  normal  to  a  plane  cm  \  e  at  a  given  point  x^  y^. 

The  -equation  of  tho  normal 
P^,  which  passes  through  the 
point  x^  ^i,  will  be  of  the  form 

y~y,=  h(x~^,)...  (5), 

where  tj  denotes  the  unknown 

tangent  of  the  angle  FNX  formed  by  PJVwith  the  axis  of  x. 

But  since  the  norma]  PIf  is  perpendicular  to  the  tangent  PT",  we 
must  have,  by  the  condition  of  perpendicularity  of  lines  in  a  plane, 

1  +  ((,  :^  0     or     l,=ii  —-    where     I  = -p-  =  tw.  angle  PTD. 

Replacing  I,  by  its  value  in  (5)  there  results 

,_„=-^(.-..)  =  -|t(.-..,....(C). 

To  apply  {6)  we  substitute  for  — —  its  value    derived  from   the 
equation  of  the  given  curve. 
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Cor,  To  find  the  value  of  the  subnormal  i)iV,  we  make  y  =  0 
in  (6)  and  thus  obtain  ON  as  the  corresponding  value  of  s. 

.■.i>y=._.,=y.|l.....(7), 

when  either  the  subtangent  or  subnormal  has  been  determined,  the 
tatigent  and  normal  can  be  readily  cemstructed. 


113.  1-  Let  the  curve  be  the  common  parabola,  whose  eijuation 

y^  =  1^=^. 

.■J-l=l,     f^=^     and     p^  =  '-^. 

Hence  the  equatiwi  of  the                                               ^ 

angent  is                                                      v               ^^ 

,-,.  =  i(.-..) 

^ 

>r  yyi -yi^^M^-aO,              ^ 

^ 

fv-hence                                      r    

yyi  =p(^  -  ^i)  -!-  2i>^i  =i)(«  +  «i). 

And  that  of  the  normal  is 

Also, 
and 


y-y,  =  -^(.-.0. 

subtan  2*7  =  ~  ^  .  y,  =  -  ?^  =  -  ar., 
i-  ^  V 

siibnorm  DN"  =:  yj  —  =  ^, 
2/i 


Thus  it  appears  that  the  subtavgent  of  the  parabola  is  negative  and 
equal  to  twice  the  abscissa ;  aiid  the  subnormal  is  positive  and  coa- 
stant,  being  equal  to  the  semi-parameter. 
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CUEVES. 

1 

The  Ellipse, 

ahfi  +  IP 

2  =  a%->- 

dy 

.■.^'=- 

and    -r-  =  — 

.  The 

equation 

of  the  tang 

nt  is 

-Vi 

{z  -  ^,), 

or, 

«■»,  +  6'»» 

=  «'4> 

And  sTibuonnal    ^  y^  -r^  = : 

3.  The  logarithmic  curve,  whose 
eq^uation  is    y  =  a'. 


;loga.a^ 
.    sub  tan  = 


y-i 


log  a .  a''  log  a  ' 

modulus  of    the   system  of  logaritlims  whose 


where  m 

Also    subnorm  :^  log  a .  a''y^  =^  —  =  — • 

In  this  curve,  the  values  of  the  abscissas  are  the  logarithms  of  fJie 
values  of  the  corresponding  ordinates  in  the  system  whose  base  is  a, 

114.  Prop.  To  determine  expressions  for  tlie  tangent,  the  normal, 
and  the  perpendicular  from  the 
origin  to  the  tangent  of  a  plan 
curve. 


For  the  tangent  P  T,  we  have 
PT  =  y/PD-^  +  DT'' 
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For  the  >iorraa]  PN",  we  have 

PN^  y'PJJ''  +  PN^  ^  y,*/l  +  ^ 
For  the  perpendicular  OQ,  we  have 


OQ=OT.smOTQ^OT— 


^  V  1  +  coi 


v-m 


Ex.  The  general  equation  of  all  parabolas. 

The  general  name  of  parabola  is  applied  to  aJl  curve?  included  in 
the  equation  3/"  =  a'^^x,  in  which  m  may  represent  any  positive 
numher  either  whole  or  fractional.  When  »«  =  2,  thf  curve  be- 
comes the  common  parabola. 

dx       ■my'"- 


Ilere    v"— 


and     -y-  ^~- 


• .  suhtan 


'b-"^ry. 


115.  Prop.  To  obtain  expressions  for  the  polar  suhtangent,  sub- 
normal, tangent,  normal,  and  perpendicular  to  the  tangent  of  a 
plane  curve,  when  it  is  referred  to  polar  co-ordinates. 
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Let  AB  be  the  curve,  Q  the  pole,  P  the 
point  to  be  referred,  QX  the  fixed  axis 
from  which  the  variable  angle  PQX  is 
reckoned,  §P  the  radius  vector,  TQN  a 
line  drawn  through  the  pole  ©,  perpen- 
dicular to  the  radius  vector  P§,  and  limit- 
ed by  the  tangent  FT.  and  the  normal  PN, 
QS  a  perpendicular  on  the  tangent  from 
the  pole.  Then  QT  is  eaJIed  the  polar 
aubtacgent,  and  ^iV  the  polar  subnormal. 

Put  QP=r,     angle  ^5^=^,     angl. 


Thea 


angle  i'7'iX=i,     QD  =  x,    DP  =  y. 

QT=  QP.  tan  QPT  =rtmu  =  r.  tm{i  -  i) 

tan  !  —  tan  & 
-'■■1  +tanitaiifl 

tan*:^-/,     taiifl  =  ^,     .■.tanM  =  — ^ ^■ 

we  change  the  independent  variable  from  x    to 

,  we 

dy 

1        1     ,■         ^    dy       (H 
must  employ  the  formula  ■—  —  — , 


ir  +  tl 


dif'  ' 


■  ■  (!)• 


And  from  the  formula  for  passing  from  rectangular  to  polar  co-or- 
dinates, we  have  x  :=  r  cos  &,  y  r=  r  sin  6,  which  being  diiTerentiated 
with  respect  to  i,  observing  that  r  is  a  function  of  fl,  ive  get 
_      ^  _dr  dy  _ 


dA  ~ 


ni  +  / 
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and  these  substituted  in  (1)  give 


tan  u  =~ 


rcosq-77-cos 


')-»'(l— »') 


.  siihtangentQT^rtBHU 


Also  subnormal  QN'  = 


Tangent  PT=.^QP^+QT^  =  r^/l+r^- 


Normal  PN  =  t/QP'  +  QN^ 
Perpendicular  QS  =  ■ ■  ■  ^ 


=  V^ 


116.  1.  The  spiral 
of  Archimedes  whose 
eq^uation  is  »■  ^  a6. 


dr 


1 


dr 


.-,  subtan  §r  =  r^— = — ,      subnorm  QK  = 
tan  PT=T'J\  +^,  normPA^=y'r^+a«,  perp  §S  = 
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3.  The  logarithmic  spiral  r  =  a  , 

In  this  curve,  the  numerical  value  6  of  the  arc  which  measures 
the  variable  angle  is  the  logarithm  of  the  value  of  the  radius  vector  r, 
in  the  system  whose  base  is  a. 


■.log 


Subtan  = ■  =  mr,  where 


=  modulus.     Subnormal 


This  curve  cuts  every 
radius  vector  under  the 
sanie  angle ;  that  is,  the 
tangent  at  any  point  is 
inclined  to  the  radius  vec. 
tor  at  that  point  in  a 
constant  angle. 

i  01-      tan  «  =  ; 


dr 


1 


»-log< 


If  a  ^  etheNaperian  base,  then  loga  =;  1,  tan  li  =  1  and  u 
and  qT=  QN=T. 

3.  The  lemniscata  of  Bernouilli,  r^  =  a^cos  2^. 


ii2S' 


subnorm  =;  - 


This  curve  has  the  form  of  the  iigure 
8,  is  perpendicular  to  the  axis  AB  at 
A  and  B,  and  forms  angles  of  45°  with  ' 
AB  at  the  pole  Q.     For  when  i— 0, 


or  fl  =  tf,  r  =  «,  and  - 
or  315°,  then  r  =  0. 


=  0.     And  when  &  =  45°, 
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Ecoi/ilinea/r  Asymptotes. 

117.  A  rectilinear  asymptote  to  a  curve  is  a  line  whieh  touches 
tiie  curve  at  a  point  infinitely  distant  from  the  origin,  and  yet  passes 
■within  a  finite  distance  of  the  origin. 

118.  if  irt  the  differential  equation  of  a  tangent  line 

1/  —  y,^  =  —r^  [x  —  a^j),  we  malte  successively  .i:=0,  and  y:=0 
we  shall  obtain  for  the  distances  intercepted  on  the  axes, 

,  lb/,  ^       ,  dx, 

y   3^  y.  —  X.  —r-,     and     x   z=:  x-,  ~-  y,  -r^- 

Now  if  wben  either  x^  or  i/^  liecomes  infinite,  one  or  both  of  these 
values  should  prove  finite,  the  curve  will  have  an  asymptote  whose 
position  ■will  be  determined  by  the  values  of  a:'  and  ji'. 

Tf  a;'  ^  B,  and  ^'  =  6  ■when  a  and  6  are  both  finite,  the  asymptote 
will  cut  both  axes :  if  a/  =  n  and  ?/'  =  a> ,  the  asymptote  will  be 
parallel  to  the  axis  of  y ;  and,  finally,  if  x'  =  <x>  and  y'  =  6,  the 
asymptote  will  be  parallel  to  the  axis  of  x. 

119.  When  the  curve  is  referred  to  polar  co-ordinates,  there  will 
be  an  asymptote  whenever  the  subt^ngent  (which  is  then  equal  to 
the  perpendicular  from  the  pole  upon  the  tangent)  becomes  finite 
for  an  infinite  value  of  the  radius  vector.  Its  position  will  be  fixed 
also,  since  it  will  be  parallel  to  the  radius  vector ;  that  is,  it  will  forra 
with  the  radius  vector  an  indefinitely  small  angle.  The  existence  of 
an  asymptote  may  be  ascertained  from  the  equation  of  the  curve  by 
finding  what  value  of  S  will  render  r  infinite.  If  the  same  value  of 
6  makes  r^  —r-  either  finite  or  zero,  there  will  be  an  asymptote  parallel 
to  the  radius  vector,  and  passing  through  the  extremity  of  the  sub- 
tangent. 

120.  1.  The  hyperbola  ahf  —  6%^  _  _  oS&a. 
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'  cfo    " 


and  .'  =  ^,_j,,_|l=,,_^.^  =  ,^_,,^0. 

.  * .  The  hyperbola  has  an  asymptote  passing  through  the  origin, 
and  forming  with  the  axis  oi  x  an  angle  whose  tangent  =:  ±  — 

2.  The  logarithmic  curve  y  =  a^. 

-^  =  log  a .  a-^,  a'  =  a,  —  «,  -—1  =  jc,  — . — —  —  x.—m. 

J  —ill      ^1  rf^j  ~  "  '        ^  ■ 

Now  when  a^j  :^  +  co  ,  ji;  =  +  oo ,  .■ .  x'  =  aa  and  y'  =  cc  and 
the  corresponding  tangent  is  not  an  asymptote. 

But  when  x^=  —  a>,q/^  =  0.  .  • .  a;'  =  —  co  and  y'  —  0,  and 
therefore  the  axis  of  s  is  an  asymptote. 

3.  The  cissoid  whose  ec[uation  is  y^  =  -— —  or  2r'rf—'ifx—x^=^Q 


*, 

Vi- 

'  +  3:., 

-:,       „*'!'■ 

-2«i>/. 

2^1 

-4»- 

efai 

irji: 

L-2a^i 

yi' 

-"'     '■-..- 

+3V 

1+ 

3V 

■•'■  = 

=  3r, 

when 

I,  =  2^ 

and    yj 

=  00. 

Alto 

y 

=?!- 

-2».) 

=  _. 

*Ji 

=  «  »hen« 

',^2r. 

.  ■ .  The  cissoid  has  an  asymptote  parallel  to  y,  at  a  distance  2r 
from  the  origin. 
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4.  The  parabola  y^= Spa-, 

'^  =  —    .-.  x'  z=x,  —  «,  — :=a;,— 2a;,=:— «,=ao  -when  ib,=qo. 

Also  )/'=:y,-a;i— =j/j--y,=-yi=a)  when  yi=x or  jri=oo, 

,  ■ .  The  parabola,  has  no  asymptote, 

5.  To  find  the  equation  of  the  asymptote  to  the  curve  y^=ax^-\-3 


z  1      Whcr 


..•r 


€-r 


.  ■ .  i/  =  X  +  -a  the  equation  of  the  asymptote. 

Polar  Curves.  I.  The  hyperbolic  spiral  ri  =  a. 

di  a  ,  a 

-y  = 5-     .  • .  subtan  =r^  -~^  =  a,     for  all  values  of  r. 

dr  r^  r' 

.-.  There  is  an  asymptote  which  passes' at  a  distance  a  from  the 
origin.     Also,  since  r  =r  oo  when  3  =  0,  the  asymptote  is  parallel 
to  the  fixed  axis  from  which  6  is  reckoned. 
S.  The  spiral  of  Arcbimcdes  t  =  ai. 

—  =:  -t     subtan  =  —  =  no     when     r  =  oo . 

.  ■ .  The  curve  has  no  asymptote. 
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3,  The  logarithmic  spiral       r  =  a^. 

-r-  =  ~i     subtan  = —  mr  =  txi     when     r  =  co  , 

dr        r  r 

,',  There  is  no  asymptote. 

4.  The  Litnus  rfl'  =  a. 

—  -  ^^        ■       lit      -  ^"'''^  —  ??!  _  ft        h  _ 

Also  r  =  so    when  d  =  0.     ,  ■,  The  fixed  axis  is  an  asymptote. 

Circular  Asymptotes. 

121.  When  the  equation  of  the  curve  has  such  a  form  as  will  ren- 
der r  =  a,  finite  value  when  fl  =  co  ,  the  curve  will  make  an  infinite 
number  of  revolutions  about  the  pole  before  becoming  tangent  to  a 
circle  whose  radius  —  a.  This  circle  is  therefore  called  a  circular 
asymptote.  If  r  >  a  for  every  finite  value  of  fl,  the  curve  will  lie 
wholly  exterior  to  the  circle ;  but  if  r  <  tt  for  all  finite  values  of  6, 
the  curve  will  lie  entirely  within  the  circle. 

1.  Let  the  equation  be  (r^  —  ar)6^  =1     or     6  =  ■■ 

Then  d  =  co  when  r  =  a.  And  6  is  real  when  '■>(»,  but  imagi- 
nary when  J-  <  a. 

,  ■ .  The  circle  with  radius  =  a  is  an  asymptote,  and  lies  within 
the  spiral. 

2.  The  curve  {ar  ~r^)i^  =  l. 

A  =  — ; =  00    when    r  =  a. 

Also  i  is  real  when  »■  <  a,  and  imaginary  when  r  >  «, 

.  • .  The  circle  with  radius  =  a  is  an  asymptote  and  encloses  the 

curve  within  it. 
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f   PLANE  CTJKVBS. 


123.  As  introductory  to  the  discussion  of  the  suhject  of  the  cur- 
vature of  plane  curves,  the  following  proposition  will  be  found 
useful : 

Prop.  To  show  that  the  limit  to  the  ratio  of  the  chord  and  arc  of 
any  plane  curve,  when  that  arc  is 
diminishe-d  indefinitely,  is  unity,  and 
to  deduce  an  expression  for  the 
differential  of  the  arc  of  a  plane 
curve,  in  terms  of  the  differcntiala 
of  the  co-ordinates. 

Lot  PP-^  be  an  arc  of  a  plane 
curve  APS,  whose  equation  is  y  =^  Px. 

Put     OD-x,  J)P=y,  J)D^=h,  J)-J>^=y-^,  AP=s,  APj^=Si. 

Then  s-j  =  p{x  +  A). 

The  arc  PP^  is  intermediate  in  length  between  the  chord  PP^=:  C, 
and  the  broken  line  PTP^  =  B.     If,  therefore,  we  ain  prove  that 


theli 


)  the  r 


is  unity,  it  will  follow  that  the  limit  to  the 
ratio  of  the  chord  ami  arc  is  unity,  and  therefore  at  that  limit  the 
expression  for  the  chord  PPj  will  he  a  suitable  expression  for  the 
arc  PP.^  which  will  then  become  the  differential  of  s. 
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But     -S  _  PT+P^T  _-^/PWfEf^+P^T 


C^ 


PP, 


^PE^  +  EP-^ 


and  by  dividing  numerator  and  denominator  by  A 
/,   .it'        V  \   i'y         h       iP}  .    .    "I 

•77= —  ■■ ■  — -       =1   whpn  A=0. 

.'.at  the  limit, 

A.  /l  4.  ^ 
arc    _  ifa  _  chord  _  tan  /T  _    V     ^  rfii:^ 

chord  ~    '  dx~    dx     ~      dx      ~  h 


Also 


123.  In  the  first  of  these  expressions  x  is  the  indepeudent  variable ; 
in  the  second,  y. 

Cor.  If  we  wish  to  employ  some  other  quantity  t  upon  which 
t,  X  and  y  depend,  as  the  independent  variable,  we  must  use  the 
ftrmolffi  for  changing  the  independent  variable,  viz. ; 


ds  dt  u.y  11. 

dx  ~  dx  dx~  dx 


dy       dt 
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which,  substituted  in  the  value  o 


124,  We  proceed  now  to  consider  the  ospulation  of  plane  curves. 
Let  Y ^Fx  (1),  and  y  =  ^x  (2)  be  the  equations  of  two  plane 

curves,  the  first  of  which  is  given  in  species,  magnitude,  and  position, 
but  the  latter  in  spedes  only. 

Then  the  constants  or  parameters  which  enter  into  equation  (I)  are 
fixed  and  determinate,  but  those  which  appear  in  (2)  entirely  arbi- 
trary, and  may  therefore  be  so  assumed  as  to  fulfil  as  many  inde- 
pendent conditions  as  there  are  constants  to  be  determined. 

If,  when  the  abscissa  x  is  sup- 
posed the  same  in  both  curves,  the 
condition  ji  =  F  is  satisfied,  the 
curves  will  have  a  common  point 
P,  but  will  usually  intersect  at 
that  point. 

If  the  condition  -j-  =  -j—  be  true  also,  the  curves  will   have  a 

common  tangent  such  as  SPT;  and  the  contact  is  then  said  to  be  of 

the  first  order ;  if  the  second  differential  coefficients  be  also  equal, 

.     ^y      d^T 
VIZ., -7-5  =: -j-T,  the  contact  is  said  to  be  of  the  second  order;  if 
dx^       dx^ '  ' 

(Py      d^T 

-7--3  =  —TV.  *he  contact  is  of  the  third  order,  &c.  &c. 

dx^        dx^ 

125.  In  order  to  show  that  the  contact  will  be  more  intimate  as 
the  number  of  corresponding  equal  differential  coefficients  becomes 
greater,  let  x  take  the  arbitrary  increment  k,  converting  y  and  Y 
into  j/i  and  Y,  respectively. 

Then      Y,  ==  xA •  -  + —  +  ■ ■  — \-  &c. 

'  ^  dx     l^</j2     l.S^ifor^     1.2.3^ 
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Now  the  value  of  this- difference,  which  expresses  the  distance  by 
which  the  one  curve  departs  from  the  other,  measured  on  tlie  line 
parallel  to  y,  will  depend,  when  A  is  snia.1],  chiefly  upon  the  terms 
containing  the  lowest  powers  of  A. 

If,  then,  the  first  differential  coefficients  derived  from  the  equations 
of  three  curves  {A),  (B)  and  (  C)  be  equal,  at  a  common  point,  and 
if  the  second  differential  coefficients  derived  from  the  equations  of 
{A)  and  (5)  be  also  equal,  but  those  derived  fl-om  [A)  and  (C) 
unequal,  the  curves  {A)  and  {B)  will  separate  more  slowly  than 
(A)  and  (0),  because  the  expression  for  the  difference  of  the  ordi- 
nates  of  (^)  and  ((7)  corresponding  to  the  abscissa  «  +  A,  will  con- 
tmn  a  term  including  the  second  power  of  A,  but  the  difference  of 
the  ordinates  of  {A)  and  (5)  will  contain  no  power  of  A  lower  than 
the  third. 

126.  The  order  of  closest  possible  contact  between  one  curve 
«ntirely  given,  and  another  given  only  in  species,  will  depend  on  the 
Dumber  of  arbitrary  parameters  contained  in  the  equation  of  the 
second  curve. 

Thus  a  contact  of  the  first  order  requires  two  conditions,  viz, ; 


y  z:^  Y  and 


dy__dY^_ 


the  first  of  these  conditions  being  employed  in  giving  the  curves  a 
common  point,  and  the  second  in  giving  theit  tangents  at  that  point 
a  common  direction.  Hence  there  must  be  at  least  two  arbitrary 
parameters. 
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A  contact  of  the  second  order  requires  three  parameters  ;  one  of 
the  third  order,  four  parameters,  &0.  Hence  the  straight  line,  whoso 
tquation  y  =:  na:  +  6  has  two  parameters,  a  and  6,  can  have  contact 
of  the  first  order  only. 

The  circle  {x  —  of  +  {y  —  i)"^  =  r^  having  in  its  equation  three 
parameters,  can  have  contact  of  the  second  order. 

The  parabola  can  have  contact  of  tie  third  order;  the  ellipse  or 
hyperbola  a  contact  of  the  fourth  order,  &e. 

The  curve  of  a  given  species,  which  has  the  most  intimate  contact 
possible  with  a  given  curve  at  a  given  point,  is  called  the  osculatory 
curve  of  that  species. 

The  osculatory  circle  is  employed  to  measure  the  curvature  of 
plane  curves,  and  its  radius  is  called  the  radius  of  curvature  of  the 

127.  Frop.  To  determine  the  radius  of  curvature  of  a  given  curve 
at  a  given  point,  and  also  the  co-ordinates  of  the  centre  of  the  oscu- 
latory circle. 

Let  the  equation  of  the  given  curve  be  y^zFx  (1),  and  that  of  the 
required  circle  (a;  —  a)^+  (y  —  hf  =  r^  (3),  the  quantities  o,  6  and  r 
being  those  which  it  is  proposed  to  determine. 

There  being  three  disposable  parameters,  a,  b,  and  r,  in  equation 
(2),  we  can  impose  the  three  conditions 

'  dx       dx  dx^        dx^ 

with  which  determine  a,  b,  and  r,  and  the  contact  will  be  of  the 
second  order. 

Denote  the  first  and  second  differential  coefficients  derived  from 
the  equation  of  the  given  curve  by  p'  and  p",  that  is,  put 


Then,  since  the  corresponding  differential  coeffidents  derived  from 
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flie  equation  of  the  osculatory  circle  must  have  the  same  values,  we 
sliall  have 

■j-=^'     and     -j4  =  ?>  . 

Now  let  (2)  be  diflerentiated  twice  successively,  replacing 

^'1  J       "^V  ^_       f      „     „ 

-y-      anil      —^  hvp'  and  p". 

...  (a;-a)  +  (j,-6)y^O...(3),and  1+/=+ (j,-6)y'^0. . .  (4). 

The  eii'jations   (2),   (3),  and  (4),  will  just  suffice  to  determine 
(1,  J,  and  T. 


and  from  (3)  and  (4)  x-a.-~(ii~  h)p'  =  ^  '■^   '^f—L.  ...  (7) 


Now  combining  (2),  (5),  and  (7),  we  get 


ITie  eijuations  (6),  (8),  and  (9),  resolve  the  problem.  To  apply 
them  to  a  partjculat  case,  we  form  tbe  differential  coefficients  })'  and 
p"  from  the  equation  of  the  given  curve,  and  substitute  their  values 
in  (6),  (8),  and  (9). 

d^ 
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Bemark.  We  may  omit  the  double  sign   ±  in  (9)  and  (10)  and 

regard  the  radius  of  curvature  as  an  essentially  positive  quantity  in 

all  cases.-   This  double  sign  is  sometimes  employed  to  indicate  the 

direction  of  the  curvature,  Ijcing  positive  when  the  curve  prescntf 

its  convexity  to  the  asis  of  ir,.and  negative  in  the  contrary  case. 

Bub  it  seems  more  simple  to  consider  r  essentially  positive,  and  to 

dhj 
fix  the  direction  of  the  curvature  by  the  sign  of  -—•     It  will   now 

be  shown  that  the  sign  of  this  second  differentia!  will  always  be  de- 
termined by  the  direction  of  the  curvature. 

If  the  curve  be  eonvex 
towards  the  axis  of  x, 
in  Fig.  1,  and  if  ai 
ment  h  be  given 
abscissa  OD  7=  x, 
dinate  y  will  take 
crement 


and  the  ordinate  of  the  tangent  will  take  a 


respondin; 


--^•T\  ^"^  the  former  of  these  two  increments  will  be  tie 
dx    V 

greater  since  the  tangent  lies  between  the  curve  and  the  axis  of  x. 


■.EP.- 


_dhf      h? 


fy_       A3 
Dends,  when  h  : 


or  since  the  agn  of  tWs  series 

the  first  term,  we  must  have  — ^  >  0. 

But  when  the  curve  is  conoive  towards  tne  axis  of  a, 
dhj 


+  &c.  >  0. 
small,  on  that  of 


EP^  ~  ET<^0,     and 
e  the  arc  s  and  the 


rig.  2, 

may  always  be  supposeti 
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to  increase  together,  —  may  be  considered  as  essentially  positive, 
and  therefore  the  sign  of  r  in  (10)  would  be  controlled  by  that  of 
-j-y-  It  is  in  thia  way  that  the  sign  of  r  may  be 
eating  the  direction  of  the  curvature. 


128,  1.  To  find  the  radius  of  curvature  of  the  common  parabola 
1^  =  2yar,  at  a  given  point. 


H..            y  =  |=a 

Y 

and    p"  =  --4-  =  -  -V  ■  /  =  -  -^r 
^         dx^            y^    dx            y^ 

p"             t 

° 

(normal)* 

(semi-param  eter )  ^ 
At  the  vertex,  y  =  0,  and  . '.    r  z=^  the  semi-parameter;  and 

2.  The  ellipse  JV  +  -S^^^  -  ^^-S*. 

■  - ——        "  -    ■  ;^^-^^y  -  -A^^xp' 
^  ~       A'y     ^    -  A*y^ 

J2(^2y^  +  B^x"^)  __  _    £*■ 

A'y^  "       A^y^ 


AY 


A*£* 

At  theextreraity  of  the  transverse  axis  a;=;^  and^=0.    , '. ) 
ind     "  "  "     conjugate      "     a'^Oand  y=^B.    .■  .t 
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3 

The  logarithmic 

curve 

y  =  a'. 

p' 

=  \oga.a^  =  ^ 

P' 

\     dy 
~  m'  dx 

=i,    ,he,.™=n 

.-.   T  =  ^-^ 

+  P 

f    [.. 

When         y  =  0,  r  —  ix>;    and  when  y  = 
4.  The  cubical  parabola  y^  =  a^x. 


'■'-^ 

%y     a? 
■Zy-i- 

- 

9^s 

i 

B  ,  and  when  y 

=  ±  cc, 

r  = 

When        y  =  0,  r  ;= 

5.  The  cycloid,  or  curve  generated  by  the  motion  of  a  point  on 
the  circumference  of  a  circle,  while  the  circle  rolls  on  a  straight  line. 

Let  the  radius  of  the  generat- 
ing circle  =;  a.  Place  the  origin 
at  V,  the  vertex  of  the  cycloid. 
Put  VD  =  x,  DP  =  y,  the 
point  F  heiiig  that  which  de- 
scribes the  curve  AP  VB,  while 
the  circle   rolls  on  the  line  ACB. 

Then  PD  =  J)F.+  FP  =  DF  +  SO   since  EP  and    OF  are 
parallel.     Also,  since  each  point  of  the  semi-circumference  CFV  has 
been  in  contact  with  the  semi-base  CA  we  must  have  arc  OFV=.  CA 
and  similarly  arc  EP  ^  EA  =  arc  CF. 
. ' .  By  subtraction 
CA~EA=CFV~-CF  <ir  CE  =  FV ;  mi  .■  .PI>  =.DF+FV. 


d  by  Google 


RADIUS  OF  CURVATUBB. 


But        DF  =  ■/2<m;  —  x\      and      FT  =  a  versin-' 
Hence  the  equation  of  the  cycloid  is 


t+^]* 


xv^ax 


r  —  2  chord  PK 


=  2VM2"-"^). 


129.  P/op.  At  the  points  of  greatest  and  least  curvature  of  any 

curve,  the  osculatory  circle  has  contaet  of  the  third  order. 

The  condition  which  characterises  these  points,  is  that  the  differen- 

dr 
tial  coefficient  -;-  shall  reduce  to  zero,  since  r  is  a  minimum  wheu 


the  curvature  is  greatest,  and  a  maximum  when  it  is  least. 

But   by    the  general  formula  for   the  radius   of  curvature, 


e  have,  by  putting  -^^ 


dz 


■P-  =  T 


_  ^P'P'"' 


This  is  the  value  of  the  third  differential  ~,  at  the  points 
greatest  and  least  curvature,  of  any  curve ;  and  if  it  can  be  shown 


,  (1). 
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that  the  third  differential  coefficient  ia  the  oscillatory  circle  haa  the 
same  Talue,  it  will  follow  that  the  contact  must  be  of  the  third 

But  in  the  circle  we  have  already  found  y  —  b  =  —  — — ^— 

■  ^y  -y'  =   ^^'^"^  -p"'(^  +  p'^)^   .  •„  ^  Wv'""  ,o^ 

wiiich  being  identical  with  (1),  the  contact  must  be  of  the  third 

130.  Prop.  If  two  curves  have  contact  of  an  even  order,  they 
will  intersect  at  the  point  of  contact;  but  if  the  order  of  their  con- 
tact be  odd,  they  will  not  intersect  at  that  point. 

If  y  =  i^,  and  y  =  ipa;,  be  the  equations  of  the  two  curves,  the 
difference  of  their  ordmates  corresponding  to  the  abscissa  x  +  A, 
will  be  expressed  by 

'      ''^~\dz!       dxl\    1  j'^Xdji^       dxy   1 , 2 


\dx^        dx'^jl.'i.'i 


+  &c. 


Now  when  the  order  of  contact  is  even,  the  first  term  of  this  di£ 
fereBce  whieh  does  not  reduce  to  zero,  must  contain  an  odd  power 
of  ±  h,  and  must  therefore  change  sign  with  h,  thus  imparting  a 
change  of  sign  to  T"i  —  y,,  in  passing  through  the  point  x,y. 

Hence  the  first  curve  will  lie  alternately  above  and  below  the 
second,  intersecting  it  at  the  point  x,y. 

But  if  the  order  of  contact  be  odd,  the  first  term  in  the  difference 
will  contain  an  even  power  of  ±  h,  which  will  not  change  sign  with 
A,  and  therefore  there  will  be  no  intersection;  the  first  curve  lying 
entirely  above  or  entirely  below  the  second. 

Cor.  The  osculatory  circle  intersects  the  curve,  except  at  the 
points  of  greatest  and  least  curvature. 

For  usually,  the  circle  has  contact  of  the  second  order — but  at  the 
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poiilta  of  greatest  and  least  curvature,  the  contact  ia  of  the  third 
order. 

Gor.  At  those  points  of  y' 

a  curve  where  ^"  =  0,  a  .  ^  ^-^^''"'^ 

straight  line  may  have  con-  ^^''^ 

tact  of  the  second  order, 

and  it  will  intersect  the  curve.     If  p'"  —  0,  also  there  will   be  no 

intersection  unless  'p'"'  =  0,  also. 

131.  Prop.  To  find  a  formula  for  the  radius  of  curvature,  ■when 
any  quantity  (,  other  than  the  abscissa  x,  is  taken  as  the  independent 

To  eifect  this  object,  we  must  substitute  in  the  value  of  t,  already 
found,  the  values  of  10'=-^-,  a 
for  changing  the  independent  variable,  viz.  : 

dy  <Py    dx       d^T,   dy 

dy  _dt  ^^y  _  ^^^  '  dl^di^'di 


dx       dx'  dx'^  dx^ 

It  di? 

We  thus  obtain 

_  \    "^  dx^j    _  \df-  "*"  dt^f    _^  dfi'  dt df_'_dt_ 

*"  ~         d^y         ~       (dx'X^        ■  dx^ 


d^y    dx       d^x    dy      d'h/  dx       rf%    dy 
dW"dr~dfl"dt      dfi"dt~dfi"di 


Cor.  If  X  be  the  independent  variable,  - 


■(1) 
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dy_dy 
'  dl^  dy~ 


dP-y  dx      d^x    dy ' 
ds^    ds       ds^    ds 


dx'-      dy^ 


axa^^xay^ 
ds    ds^^  ds 

1 

■^=«.- 

.  .  .   (3). 

dy 
ds 

and 

■    ■   '              d^x    da? 
d^'d? 

dx 

^x    dy 
ds^'  ds 

■  •  •  (5). 

ds'' 

£•  ■ • ■  w- 


i'f 


And,  fitially,  by  squaring  the  equation  (3),  and  adding  to  the 
denominator  of  the  second  member,  the  square  of  (3),  which  is  equal 
to  zero,  there  results,  by  reduction, 

1  ^^       .  1 

(5h(^J         \/(§)+(Sf 

132.  Prop.  To  obtain  a  formula  for  the  radius  of  curvature  of 
»urTe3  when  referred  to  polar  co-ordinates. 
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Adopting  the  variable  angle  fl  as  the  independent  variable,  denoting 
the  radius  vector  by  r,  and  the  radius  of  curvature  by  R,  we  have, 
from  die  formulfe  for  the  transformation  of  co-ordinates, 

■    .  '^  ■    ,   .         ,  "i^ 

f^^_^«,sfl-2.infl-  +  cosd^, 

dhl  _^ 


a  +  2cosfl-— --f 


di"^ 


Put     --i7=P\  and    — —  =  ^2  and  substitute  in  the  general  value 


of  the  radius  of  curvature. 


[»-^+;>i^(9in^d  +  cos=a}]^ 


dhf    dx      d^x  dy         {f^  -\-  2j)i^  —  rp^)  (s 


where  N  ia  the  polar  normal. 


133.  1.  The  logarithmic  Spiral  r  =  a". 

iJi  =  Ioga.a'=— ,   ;f3  =  logV.o' 

.■.ii= ^ 


■'  +  2^- 


.  • .  The  radius  of  curvature  of  the  logarithmic  spiral  is  always 
equal  to  the  polar  normal. 
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2.  The  spiral  of  Archimedes  r  =  ni!. 


¥\  - 


.R: 


1 


When  T  =  ^,R  =  _^ 

3.  Tho  hj-pcrbolie  spiral  r^  =  a. 

Pi  =  -  -^  =  -  — '  ^2^ 


2« 


2,,3 


^hen  )■  z^  0,  ^  ^  0,  and  when  r  -  « ,  ^  ^  o 
4.  The  lituus  r^i)  —  o?. 


Pi^  - 


1 


-t„ 


2a2 


'  ^'==  Z 


t^  +  i^]' 


When  a  z=  0,  : 


and  ii= 

r=ay^orr*=4a^B=oo 

nnd  when  6  =  ao  r  =  0  and  S  ^  0. 

134.  A  curve  may  be  characterized  by  an  equation  expressing  a 
relation  between  the  radius  vector  r  and  the  perpendicular  p  from 
the  pole  upon  the  tangent. 

Thus  the  equation  of  the  cirtlc  referred  to  the  co-ordinates  r  and  p 
is  r  =zp,  the  pole  being  aC  the  centre.  That  of  the  logarithmic 
spiral  is  »■  =  cp,  &c. 
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135.  Prop.  To  obtain  a  formula  ibr  the  radius  of  curvature  of 
curves  referred  to  the  radius  vector  and  the  perpendicular  upon  the 
tangent. 

"From  the  general  value  of  the  perpendicular  when  the  curve  is 
referred  to  the  ordinary  polar  co-ordinates  r  and  6,  viz. :  (Art.  1 15.) 


we  obtain 


■which,  differentiated  with  respect  to  6. 


r-'  =Pi' 


^  di'  dA-'~  f-  " 

m      r- 

■  (ffl 

■"m 

Substituting  for  -—■  its  value 

,|.|.nd  divide  by 

2* 

■    ■    dip       p' 

,'    dp 
y'dr' 

-'■  = 

-Pi- 

Now  substituting  the  values 

Of-g  „d 

rfV. 

.  that  of  S, 

we  get 

„     P+ft')' 

(•• 

;-" 

)• 

.2{Sl-A-r(—--.^-r\ 


Ex.  The  involute  of  the  circle  whose  equation  referred  to^  and  r 


d  by  Google 


CHAPTER  III. 


136.  The  curve  which  is  the  locus  of  the  centres  of  all  the  oscu- 
Jatory  circles  applied  to  every  poiat  of  a  given  curve,  is  called  the 
(volute  of  that  curve,  tie  latter  being  termed  the  involute  of  the 

137.  Prop.  To  detei-mine  the  cvolute  of  a  given  curve  y=Fx. 

If  in  the  formidse  for  the  co-ordinates  of  the  centre  of  the  oscu- 
latory  circle,  viz. :    (Art.  127.) 

1+/^ 


a  =  x — y        f    ■  • 


•  (1)     and     6  =  y  -I 


■p), 


■we  substitute  the  values  of  p'  ancl  p",  derived  from  the  equation  of 
the  curve  y  ■=  Fx  (3),  we  shall  have  the  three  equations  (1),  (2), 
and  (3),  involving  the  four  variable  quantities  x,  y,  a,  and  b ;  and  by 
eliminating  x  and  y  the  result  will  be  a  general  relation  between 
a  and  6,  the  co-ordinates  of  the  required  evolute.  This  equation 
being  independent  of  x  and  y  will  apply  to  every  point  in  tha 
desired  curve. 

I'iH.  In  most  cases  the  necessary  eliminar 
tioK  is  quite  difficult;  the  following  are  com 
paralivply  simple  examples. 

1.  Tho  cvolute  of  the  common  pariibola. 
Here  we  have    y^  =  2p<e  ....  (1). 

.•.p'=^    and    p"=:~i~- 
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y     y^     1 
y°  +  p°  j,3 


JVom  (3)  and  (3)  we  get    . 
and  these  values  sulaatituted  in  (1)  give 


=  ^p- 


the  equation  of  the  semi-euhical  parabola,  whose  aids  coincides  ■with 
that  of  the  given  curve ;    the  distance  Aa  between  the  vertices 
being  =^  the  semi-parameter, 
3.  The  ellipse 


0  INVOLUTES. 

177 

P 

^  =  3a;  +  2)  .  .  . 

(2)- 

_„j, 

•  ■  ■  (3). 

a-j, 
3     ■ 

and     y 

=/»♦; 

give 

■.6^  = 

4>«- 

-?)', 

AV  -  -BW  =  ^'B' (1).             ^^— 5 

K- 

b:             s'          /        / 

v.\ 

'+''    -       A^f       ■               \^_^     \ 

rJ 

y    £.'  ■■'  '         A'm     ' 

k""^ 
/ 

or  «    •'^'(^'B--^Y)-B'.'    .y;  ,,.,,^,    ^,    ^^ 

•■•'=7-  '=7r' 

■which  values  substituted  in  (1)  give 
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=  {A-^- 


the  equation  of  the  required  evoliite. 


When 


=z  d:'^;     and  when 


=  0,  . 


ufl. 


The  curve  consists  of  four  hranchea  presenting  their  convexities 
towards  the  axis,  and  tangent  to  each  other  as  shown  in  the  diagram. 
The  equilateral  hyperbola  referred  to  its  asymptotes. 
XK  =  c' (1). 


-leuce  by  multiplication  {a  +  6}"  -  (a  -6)^  =  (4c) 
139,  I'rop.  Normals  to  the  involute  are  tangents  to  the  evolute. 


From  the  equation  of  the  osculatory  circle  (: 
we  get  by  diiferentiation 

x-a  +  p'{^-b)  =  0  .  .  .  . 
a  relation  alilte    applieahle  to  the       y 
circle  and  the  given  curve,  since 
X,  y  and  p'  are  the  same  in  both. 

Now  when  we  pass  from  a  point 
x,"!/  to  another  point  on  the  circle, 
the  quantities  x,  y  and  p'  must  be 


„)=+(y_6).= 
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considered  variable,  but  a  and  b  constant;  but  when  we  paaa  1 
point  on  the  curve,  x,  y,  p',  a,  and  6  will  all  vary,  and  in  both  c 


■p"  will  be  the 
The  first  sup 


■position  gives,  by  diiFerentiating  (1)  with  respect  to  z, 
l+p'''+p"{y-h)  =  (} (2), 


and  the  second  gives 

Whence  by  combining  (2)  and  (3) 


dx^ 


dc 


=  0. 


11  direction  with  the  t 


Now  —  represents  the  tangent  of  the  angle  formed  by  the  axis 
of  X,  with  the  tangent  to  the  evolute  AB  at  the  point  Pj,  and 

~  =  tangent  of  the  angle  formed  by  the  same  axis  with  the  normal 

PP^  to  the  involute  ZM  at  the  point  x,y,  which  normal  passes 
through  the  point  P^.  Hence  this  normal  not  only  passes  through 
the  point  o,&,  but  it  also  coincides 
the  evolute  at  that  point. 

140.  Prop.  The  difference  of  any 
two  radii  of  curvature  is  equal  to  the 
arc  of  the  evolute  intercepted  between 
those  radii. 

Resuming  the  equation 

(«-■.)>  +  (?-  if  =  r', 

Mid  differentiating  with  respect  to  a, 
as  an  independent  variable,  we  obtain 
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,.-.,(l-.)+(,-.)(l-g)=4. 

Al.»,     (.  -  .)»  +  (J  -  5)'  =  (,  -  ■.)■(!  + 1;)=  A 


(.-4^*^*- 


Dividing  (1)  by  (2),  there  results, 

V      (^7  ~  '*'  da 


(-*^ 


terminates  at  the  point  a,  b. 

ds  dr  ^      ,  , 

.',  —  ==p— ,    and    ds  =  -^dv. 

Thus  it  appears  that  the  increment  of  s  is  alwajs  numerically 
equal  to  the  increment  of  r. 

Hence  s  must  always  differ  from  »■  hy  a  constant  quantity,  or  we 
must  have  s  =  c  ^  r;  and  similarly  for  the  arc  Sj,  which  terminates 
at  the  point  (ti,Si,  Sj  =  c  ^  rj,  .  ■ .  s,  —  s  =  i"  —  rj,  which  result 
agrees  with  the  enunciation. 

141.  In  finding  the  evolutcs  of  polar  cnrres,  it  is  rasnally  most 
convenient  to  employ  the  relation  between  r  and  _p,  the  radius  vector 
and  the  perpendicular  on  the  tangMit ;  thus,  let  »■  =;  radius  vector  of 
the  given  curve,  p  =  the  perpendicular  on  the  tangent,  rj  —  radius 
vector  of  the  evolute,  ^j  =  the  perpendicular  tm  its  taagent. 
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Thea  since  the  radius  of  curvature 
FPi  =  M,  at  the  point  P,  is  tangent 
to  the  evoInt«  at  /*,,  the  perpendicu- 
ular  §2",,  is  paralld  to  tiie  ta«gent   , 
TF. 

Also  QT  is  pai-allel  to  PP^. 

.-.  FTi=  QT-p, 
attd  PT=  QTj=:pj. 

,  ■ .   r,''  =  £^  +  j-ti  -  2Ep,  .  .  .  (1).  ' 

>^^P^-+p^ (2). 

Also     £  =  r^  ■  -  .  (3)  (Art.  135).     And     r  =  Fp, {4),  the 

eqoation  of  the  giren  curve. 

By  eliminating  r,  p,  and  P,  betweeti  (1),  (2),  (3),  and  (4),  there 
will  result  a  relation  between  r^  and  p^  whidi  will  be  tJie  eq^uation 
of  the  required  evolute, 

Ex.  The  logarithmic  or  equiangular  spiral  r  =  €p (4). 

.-.    ^  =  c,     and     Ii=cr,  .  .   .  .  {3).     r^  =  p'^  +  p,\  .  .   .   .  {2). 

r,"  ^  B^  +  r^  ~  2Rp (1). 

Fiom  (1)  and  (3),  r,^  —  c'l^  +  r*  —  2<rp,  which  combined  with 
(4)  gives 

r,^  =  c'p^l  -i-<^)~  acV^  ^  c'p\t^  -])....  (5). 

From  {2}  and  <4),  eV  =  P^  +  J^i^    o=-,    P'^(<^^-'i-)  =Pi^- •  ■  {^)- 
Thon    from  (6)  and  (6),     ?',^  =  c^j);^,     or,     rjT=cp,,   the  equa- 
tiun  o£  a  similar  and  equal  spiral. 
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142.  If  different  \alues  be  successnely  assii^ed  tu  tlip  (■  nstints 
or  parameters  wbich  enter  into  the  equation  of  any  curie,  the 
several  relations  thus  produced  will  represent  as  man^  di-tinct 
curves,  differing  fronn  each  other  in  foim,  or  in  position,  or  in  both 
these  particulars,  but  all  belonging  to  the  same  class  or  family  of 
curves.  When  the  parameters  are  supposed  to  \ary  by  indefinitely 
small  increments,  the  curves  are  said  to  be  consecutive. 

Thus  let  F{x,y,a)=  0,  .  .  .  .  (1),  he  the  equation  of  a  cuFve, 
and  let  the  parameter  a  take  an  increment  A,  converting  (1),  into 
J*'(»,  y, «  +  A)  =  0,  ..,.{2),  then  if  A  be  supposed  indefinitely 
small,  the  curves  (1)  and  (2)  will  be  consecutive.  Moreover,  the 
curves  (1)  and  (2)  will  usually  intersect,  and  the  positions  of  the 
points  of  intersection  wili  vary  with  the  va3uc  of  h,  becoming  fixed 
and  determinate  when  the  curves  are  consecutive. 

143.  Prop.  To  determine  the  points  of  intersection  of  consecutive 
lines  or  curves. 

To  effect  this  object,  we  must  comlMne  the  equations 

F{x,y,a)  =  (i,....{\).     iind     F{x,y,a  +  h)  ^%  .  .  .  .  {2). 

and  then  make  k  ~  0,  in  the  ri  ^ult. 

Expanding  (2)  as  a  function  of  a  +  A  by  Taylor's  Theorem,  anc! 
observing  that  x,  and  y,  being  the  same  in  (1)  and  (2),  (since  they 
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refer  to  the  points  of  iotersection,)  are  to  be  considered  constant  in 
tUia  development,  we  obtain 

da^  1  .  2 

But  >'(ar,y,(t)  =  0, 

da  1  ^         da''  J  _  2  ^  '^°-  -  "• 

,.  .,.      ,      ,      dF(x,y,a)     d^F{x,y,a)     k 

or,  dividing  by  S,  ^         + )——-■  t-^+ Si<i.  =  a. 

da  da^  1.2 

And  when  A=0  this  reduces  to    — i^J^  =  o (3). 

The  two  conditions  (1)  and  (3),  serve  to  determine  the  co-ordi- 
nates X  and  f/,  of  the  reijiiired  points  of  intersection. 

144.  -Ek.  To  determine  the  points  of  intersection  of  consecutive 
normals  to  any  plane  curve. 

The  general  equation  of  a  normal  is 

(y-yiy  +  ^-'^i  =  o, (1). 

in  which  Kj,  y,,  and  p',  are  parameters,  all  of  which  vary  together 
Differentiating  (1)  with  respect  to  x^,  and  ohserving  that  y^  and 
p'  are  functions  of  Xj,  and  that  x  and  >/  are  to  fee  considered  con- 
stant, we  get 

{y-y,)p"-p"'-i=o,....{2). 

or,     y^,,  +  L+f:=,..(3).and.-..^.,-^/^...(4). 
p"  "-  '  p" 

The  values  (3)  and  (4)  beuig  identical  with  those  of  the  co-ordi- 
nates of  the  centre  of  the  osculatory  circle,  it  follows  that  consecu- 
tive normals  intersect  at  the  centie  of  curvature.  This  principle  is 
sometimes  employed  in  determining  the  value  of  the  radius  of 
curvature. 
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145.  Prop.  The  curve  which  is  the  locus  of  all  the  points  of  ii 
tei'section  of  a  series  of  consecutive  curves  touches  each  curve  i 
the  series. 

If  we  eliminate  the  parameter  a  between  the  two  equations 

the  resulting  ei^iiation  will  be  a  relation  between  the  general  co-ordi- 
nates X  and  y  of  the  points  of  intersection,  independent  of  the  par- 
ticular curve  whose  parameter  is  a,  or,  in  other  words,  the  equation 
of  the  locus. 

Resolving  (2)  with  respect  to  a  the  result  may  be  written 

and  this  substituted  in  (1)  gives 

F{x,y,^{x,y)-\  =  (S (3), 

which  will  be  the  equation  of  the  locus. 

Now  if  the  differential  coefficient  —-  be  the   same  whether  de- 
dx 

rived  from  (1)  or  (3),  the  two  curves  will  have  a  common  tangent 

at  tlie  point  x,y,  and  therefore  will  be  tangent  to  eaeh  other. 

Diflerentiating  with  respect  to  x,  we  obtain  from  (1) 

dF{x,y,<,)       dF{x,y,a)    dy 
dx  dy  dx 


■   (4), 


„a  f„„  (3),  ->n'.yM'.'j)\  +  ifWjM',-!)-] .  * 

^   '  dx  dy  dx 

dF[x,y,v[x,y)-]  \d^,{x,y)-\ 

But  the  first  and  second  terms  of  (4)  and  (5)  are  identical,  and  the 
third  term  of  (5)  is  equal  to  zero  by  (2). 

Hence  the  values  of  -j-  given  by  (4)  and  (5),  and  by  (1)  and  (3), 
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are  the  same,  and  consequently  the  two  curves  (1)  and  (3)  are  tan- 
gent to  each  other. 

146.  The  curve  (3)  which  touches  each  curve  of  the  series,  is 
called  the  envelope  of  the  series. 

147.  1.  To  determine  the  envelope  of  a  series  of  equal  circles 
whose  centres  lie  in  the  same  straight  line. 

Assuming  the  line  of  centres  as  the  axis  of  x,  the  eq^uatioa  of  one 
of  these  circles  will  he  of  the  form 

(^_„).  +  y2_r«^0....{l}, 

in  which  a  is  the   only 
parameter. 

Differentiating  with  respect  to 

-2x  +  2a  =  0  .  .  .  .  (2) 
Prom  (2)  a=z:x,  and  this  substituted    in  (1)  gives 
y2  „  ^z  _  0-     .  ■ .  y  =  ±  r. 
This  is  the  equation  of  two  straight  lines  parallel  to  and  equidis- 
tant from  the  axis  of  x,  a  result  easiily  foreseen, 

2,  The  envelope  of  a  series  of  equal  circles  whose  centres  lie  in 
the  circumference  of  a  given  circle. 

Let  ar.^+yi^-V-^O (1) 

be  the  equation  of  the  fixed  circle. 

{^-x,y  +  (y-y,y~r^==0....  (2) 
that  of  one  of  the  moveable  circles. 

The  variable  parameters  are  .t,  and  yj,  the  latter  being  a  function 
of  the  former. 


But  from  (1)     *i  +  yi  -^ 
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This  value  ill  (3)  gives 


DIFFERENTIAL  CALCULUS. 


x  +  ~ 


yj-'i 


'  combining  (1),  (2),  aud  (4),  so  as  to  eliminate  -x^  and  y^,  we  get 

L  _  yj^y  +  L  -  Jr,'~^\'-  ,■>  =  0, 


»>  +  y"  . 


!  +  V  =  >■ 


•«'  +  »' 

■•■V^+F-'.=  *••■       .■..=  +  y=  =  (r,±.-)'. 
j-hia   is   the   equation   of  two   concentric  circles  'wiiose   radii   are 
''i  +  )■  and  r^  —  r  respectivelj'. 

3.  The  curve  which  touches  every  chord  connecting  the  extremi 
ties  of  conjugate  diameters  of  an  ellipse. 

Let  QjPi  and  Q^Ps  be  conjugate  diameters  of  the  ellipse  ACBJ), 
iL\  and  j/j  the  co-ordinates  of 
,f  3  and   j/j  those  of  P^. 

Put    AO^a,     OCr=b, 

lanPiO^=  tana,  ~^  =  ;, 

tan  Pa  OP  ^  tan  H^^'^^t^ 
Then,  since  by  the  property  of  t!ie   ellipse,  tj 
.  ■ .  —  d^x^Xg  =  <^y{y^     and      x^  — 
Also  a^y.a  ^  js^^s  _  uB^^a  _j.  ja^^^a  _  „2 


S7i(«V  +  5''fl. 
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..^  =  1     and     .-.7/,  =  ^     and     ar^^ ^  =  - -|l. 

.  The  equation  of  the  line  PiP^  is 

^  ~  ^'  ~  j:.  —  Z  x    ~    I'  ~"  ail.  ^  " 


Differentiating  (1)  with  respect  to  il:^  we  get 

But  aVi^  +  6^^i^  =  a^6= (3),    and    .  ■ .  -^  =  -  -^ 

Hence  (2)  can  be  reduced  to 

..,.(,  +  g  +  J%.(._|)  =  «....(4). 

b(t^  (bx  -\-  fly) 

Combininff  (1)  and  (4)  we  have         a,  =  -fr-rT-^  ,    ,.,-:,r 

o  \  /  \  /  '■2  (a^y^  +  b^x') 

—  hx^{bx  —  ay)  _        nft^  {bx  —  ay) 
"■^  ■'•"■=      a(k,  +  ^i)"  ~  ~  2(«V  +  SV) 

These  values  reduce  (3)  to  the  form 

am  {{bx  +  ayf  +  {bx  ~  ay)^]  _  a^  ^'    =  I 

2  2 

the  equation  of  an  ellipse  whose  semi-axes  are  <iv/s  ^""i  ^V^^  '^"'^ 
which  is,  therefore,  similar  to  the  original  ellipse. 

4.  The  envelope  of  a  series  of  lines  drawn  from  every  point  in  a 
parabola,  and  forming  with  the  tangent  angles  equal  to  those  included 
between  the  tangent  and  the  axis. 
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Let  PD  be  one  of  the  lines. 

Put            DPT  =  PTD  =  i,AE  =  «,  EP  =  y^ 
Thea  PDE  =23,  and  the  equation  of  the  line  PD  is 
y  -y-i  =  tang2fl(^  -<c^ (1). 

;  and  since  y^^^2^«^,  - 


2p/ 

or  yy,«  -  phj  +  ^Vi  -  ^P^-Vi  =  "> (2)- 

Diftereatiating  (2)  with  respect  to  yj,  we  find 

Syy,  +  p^  —  "ipX  :r^  0,       and       y-^  rrz.  — i-, 

This  value,  substituted  in  (2),  gives 

jp r''J^-f'■—^- 2j>-^— 5^  =  0. 

or  by  reduction     (3*  —  ^)2  +  {2i')2  =  0  .  .  .  (3). 

This  can  be  satisfied  only  by  making  2»  —  j;  =;  0  and  y  =:  0, 
,  ■ ,  (3)  represcats  a  point  whose  co-ordinates  are  x  =:  -f  and  y  =r  0. 

Thus  the  lines  will  all  pass  through  the  focus  ;  as  might  have  been 
foreseen  from  the  well-known  property  of  the  parabola. 

5.  From  every  point  in  the  circumference  of  a  circle,  pairs  of 
tangents  are  drawn  to  another  circle ;  to  find  the  curve  which  touches 
every  chord  connecting  corresponding  points  of  contact. 
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Let  Pj  be  a  point  oa  the  first 
circle  PjP^  and  PiP^  a  pair  of  tan- 
gents, 7*2^3  one  of  the  chords,  0 
the  origin  at  tJie  centre  of  the  se- 
eond  circle,  x^y^  the  co-ordinates  of 
P[,  a-j^j  those  of  P^'  ^3^3  those  of 
P3.      OP3  =  r,  GPj-r^,  OC=a. 

chord  P2P3. 

Also   y,y2+aT,^,:^r= 
applied  to  the  point  Pj. 

the  point  P^. 

Tien    !,,{v,-t,)  +  'A',- 
which  reduces  (1)  to    y —  y^  = 


-  (a  —  a^j) (1)  is  the  equation  of  the 

(2)  the  equation  of  the  tangent  P^Pi 

.  (3)  the  equation  of  the  tangent  i'gPj  applied  to 

.0,    and    ...yi^l2^-\ 


)r  yi/j  +  cci^i  =  2/jy,  +  x^x^  =  r« (4), 

Now  differentiating  (4)  with  respect  to  stj,  we  get 


yxj  —xy-^  =  ay (C). 


Combining  (4)  and  (6)  wc  have 


^1  -- 


and     x,  =  - 


h  aj/-; 


These  values  substituted  in  (5)  give 
(^-fy)  {r*— 2o>-=aT+ttV)_ 

Hence  the  curve  required  is  alwajs  a  conic  section.  It  is  a  circle 
when  a  =  0,  an  ellipse  when  a  <  r„  a  parabola  when  a  =  r,  and  a 
hyperbola  when  a  >  r^. 


',y+(>-,=-«')«=+3"' 
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148.  Those  points  of  a  curve  which  enjoy  some  property  not 
commoa  to  the  other  pointe,  are. called  singular  points.  Such  are 
muUipk  points,  or  those  through  which  several  branches  of  the  curve 
pass  ;  conjugate,  or  isolated  points;  cusps,  or  points  at  which  two 
tangential  branches  terminate ;  points  of  inflexion,  &c.  These  will 
be  examined  successively. 

Multiple  Points. 

149.  These  are  of  two  kinds,  viz.:  1st.  When  two  or  more 
branches  intersect  in  passing  through  a  point,  their  several  tangents 
at  that  point  being  inclined  to  each  other ;  and  2d.  Wheii  the 
branches  are  tangent  to  each  other,  their  rectilinear  tangents  being 
coincident. 

150.  Pr<^.  To  determine  whether  a  given  curve  has  multiple 
points  of  the  first  species. 

At  such  a  point,  there  must  be  as  many  rectilinear  tangents,  and 

therefore  as  many  difierent  values  of  the  differential  coefficient  -r- 
as  theie  are  intersecting  branches. 

Let   F{x,y)  =  0  =  «, (I),  be  the  equation  of  the  given 

curve,  freed  from  radicals. 
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MULTIPLE  POINTS. 

___  _d^ 

dy 
troduees  radicals  where  they  do  not  exist  in  the  expression  differen- 
tiated, the  \^ue  of  p'  above  given  cannot  contain  radicals,  and 
therefore  cannot  be  susceptible  of  several  values,  unless  it  assumes 

the  indeterminate  form  -■ 

Henee  the  condition  p'  =z-t  will  characterize  the  points  sought. 
To  discover  whether  such  points  exist,  and  if  so,  to  find  their  posi- 
tions, we  form  the  partial  differential  coefficients  -;-  and  -r-  from 
ax  dy 

the  equation,  of  the  curve,  then  place  their  values  equal  to  zero,  and 
determine  the  corresponding  values  of  x  and  y. 

If  these  values  prove  real,  and  satisfy  (1),  they  may  belong  to  a 
multiple  point.     We  then  determine  the  value  oi  p'  by  the  method 

applicable  to  functions  which  assume  the  indeterminate  form  -r,  and 

if  there  be  several  real  and  unequal  values  of  p',  they  will  corre- 
spond to  as  many  intersecting  branches  of  the  curve,  passing  through 
the  point  examined. 

EXAMPLES. 

151.  1.  To  determine  whether  the  curve  x^  +  ^ax^'j  —  ay^  =  0, 
has  multiple  points  of  the  first  species. 

u-x*  +  2a.xhj  -  ay2  ^  0, (1). 
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Placing  (2)  aiid  (3)  ecjual  to  zero,  we  get 
x{x^  +  ay)  =  (i,....  (5). 

and,  2a«  —  Sy^  =  0 (fi). 

Combining   (5)  and  (6)  we  have   three 
pairs  of  values  for  ^  and  y,  V\z. : 

a:  =z:  0,     and     y  =  0, 
OT,x=+-^a^/^,  and  y=--^a,  or,  3^  =  --a  ^6,  and  y=--<t. 

The  first  pair  of  values  will  alone  satisfy  (1),  and  therefore  the 
origin  is  the  only  point  to  be  examined. 

Placing  a;  =  0,  and  y  =  0,  in  (4),  there  results 

,       12a:2  +  4ay  +  Aaxp'       0        ,  i  x  —  H 

V  = :r — ;       .■ — -^  =  7-      when      J 

6ayp  —  iax  0  ( y  ^  0, 

or  by  substituting  for  numerator  and  denominator  their  dilferential 

coefficients, 

,       2ix  +  San'  +  4axp"  Sap'  ,  i  x  ~  0 

p  ^  - — - — '-^ — ^ " — ^^—  ^ -= '     when    J 

Qap'^  +  Qayp"  —  4a      Gap'^  ~  ia  {y  =  0. 

■  '■    p'{Qap'''  —  4o)  =  9ap',  and  consequently 

p'  =  0,     or,  p'  —  +  -^/i,     or,  p'  —  —  -y/2. 

Ilenee  the  origin  is  a  triple  pointy  the  branches  being  inclined  to 

the  axis  in  angles  whose  tangents  are  0,  +-\/h,  and  — -y/5,  res- 

pectively. 

The  form  of  the  curve  is  shown  in  the  diagram. 
2.  The  curve  ay^  -  x^y  -  ax^  =  0  =  ti (1). 

J  ^  _  3.rV  -  Sax^  ^  0,  ....  (2) .     ^  =  Say^  -x^  =  0....  (3). 

From  (2)  and  (3),  ^  =  0,  and  y  =  0,  or,  a:  ^  a  ^,  and  y  =  -a. 
The  first  pair  of  values  satisfies  (1),  but  the  second  does  not 
Therefore  the  origin  is  the  point  to  be  examined. 


d  by  Google 


MTJLT1PI.K  POINTS.  193 

„             ,       Sz^y  +  Sax^      6xy  +  3xY  +  Qax      0     ,        [x  =  0 
Hence  »'  =  -„    ■: r-  =  — ;; -. :-^ =  K  when  J  „ 

%+ 12zy'  +  3a:y +  6a_    6a  ( ic  =  0 

~       6qp'^  +  (Jaj5>"  ~Qx       ~  6ap'^  j  y  =  0. 

,  ■.    p'^  =1  I,     and    y  =  1. 

This  being  the  only  real  value  of  p',  there  is  but  one  branch 
passing  through  the  origin,  and  therefore  the  curve  has  no  multiple 
points. 

3,  The  curve  x*  -  2at/'  —  da^y^  —  So^a^  +  a*  =  0  =  u (I). 

^  =  4(^=  -  a^x)  =30....  (2).     ~=-  G{ay^  +  a-y)  =  0.  . .  (3). 

^1010  (3)  and  (S)  we  get  six  pairs  of  values,  viz. : 

x  =  ^,  and  y  =  0,  or,  x  =.  0,  and  y=.  —a, 
or,  a;  =  a,  and  y  =  0,  or,  x -^  —  a,  and  y  =  0, 
or,        X  -rza,     and     y  =  ~  a,     or,     a;  =  —a,     and     ji  =  —  o. 

But  of  these  six  pairs  of  values,  the  2d,  3d,  and  4th,  are  the  only 
ones  which  satisfy  (1),  and  therefore  there  are  but  three  points  to 
be  examined. 


^        3wf  +  Sa^y      (6oy  +  3a^)p'        3p'  j  y  =  0 

,  ,        2  ^  cx  =  0 

and  p'  =  —~-      when      1 

Sp'  }y=-a. 

,•,  p'  =  d:  l-\     at  the  point  where  x  =  a  and  y  ~0 

p'  =  ±  (-1  "  "     X  =  —a  and  y  =  0 

p'  =  ±  fgj  "  "      a:  =  0  and  y  =  -  a. 

Hus  the  curve  has  three  double  points. 
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152.  Prop.  To  determine  whether  a  given  curve  has  multiple 
points  of  the  second  species. 

Here  the  mode  of  proceeding  is  sinailar  to  that  in  the  last  propo- 
sition, hue  the  resulting  values  of  p'  prove  equal  although  given  hy 
an  equation  of  the  second  or  higher  degree, 

Ex.  The  curve    x*  +  x^y'^  —  Qax^  +  nV  —  <>  —  ^ (1  )■ 

^" 

From  (2)  and  (3)  x  =  0  and  y  =  0,  and  this  is  the  only  pair  of 
values  which  will  satisfy  (1).  Hence  the  origin  is  the  only  point  t(. 
he  examined. 

^  '~2^^6a^+2^~'  4xy+2xY-l2ax+25y  "SaV 
when     X  =  0  and  y  =  0.     .'.p'^  —  x-j  —  0     and    p'  =  ±0. 

And  the  origin  is  a  double  point  of  the  2d  species. 

153.  We  may  prove  directly  that  at  a  douhle  point  of  the  2d 

kind,  the  condition  p'  —  jc  is  always  fulfilled. 

Thus  suppose  the  two  branches  to  have  contact  of  the  n""  order. 
Then  the  first  n  differential  coefficients  will  be  the  same  for  the  two 
branches,  but  tie  {n  +  l)th  differential  coefficient  will  be  different 
at  the  double  point. 

Let  P-^  +  Q  —  0  ....  (I)  be  the  result  obtained  by  differen- 
tiating the  given  equation  once,  m  which  P  and  Q  are  functions  of 
K  and  y,  the  original  equation  having  been  freed  from  radical* 

By  repeating  the  differentiation  n  times,  we  get 
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in  whiidj  P  is  the  same  as  in  (1),  and  Q^  is  a  Ainctioti  of  a;,y,aud 
the  differential  ooeffieients  of  the  several  ortlera  leas  than  (»  +  1). 

Now  the  (ra  +  \)Ui.  differential  ooetScient  has,  by  supposition,  two 
diflereiit  values  a.  and  b  for  the  same  values  of  P  and  Q^, 

.  ■ .  Pa  +  <2i  =  0,     and     Fb-<r  Q^-d, 
and  by  subtrjKStion  P(o  —  b)=.Q.     .-.  P  t^  0  since  a  and  6  are 
unequal. 

This  value  of  P  substituted  in  (I)  gives  ^  =  0, 

'  '  dz  P      0 

Multiple  points  of  the  2d  species  are  characterized  by  having  but 
ler  two 

d^7J 


one  value  (or  rather  two  or  more  equal  values)  for  ■—,  but  saveral 
unequal  valnes  for  -~  or  gome  higher  coefficient. 


Conjugate  or  Isola^Ud  Points. 

154.  These  are  points  whose  co-ordinates  satisfy  the 
fi  curve,  but  fi'om  which  no  braiiches  proceed.  When  p'  assumes 
the  imjiginary  form  for  real  values  of  «  and  y,  the  corresponding 
point  will  be  isolated,  as  the  curve  will  theii  have  no  direction;  and 
since  imaginary  \-alue3  occur  only  where  radicals  are  introduced,  the 

conditton  p'  =  ^  will  also  hold  true  in  such  cases. 

The  converse  proposition,  viz. :  that  at  a  conjugate  point  p'  will 
be  imaginary,  is  not  always  true;  for  if  in  the  development 

'  5:^ "  T  "^  ^ '  172  "^  ^  ■  rrsTs  "^ 

nny  one  of  the  differential  coefficients  should  prove  imaginary,  y^ 
would  be  imaginary  also. 
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To  determine  with  certainty  whether  a  point  (n,6)  is  isolated,  sub- 
Btifcute  auccesaively  a  +  h  and  a  —  A  for  a;,  and  if  botii  values  of  jfj 
prove  imaginary  {h  being  small),  the  point  will  be  imaginary; 
otherwise  it  will  not. 


155.  If  the  coefficient  p'  =  -3-  be  found  to  have  multiple  values. 


some  being  real  and  some  inaaginary,  we  may  regard  the  result  as 
indicating  the  indefinitely  near  approach  of  a  conjugate  point  to  a 
real  branch  of  the  curve. 

EXAMPLES. 

156,  1.  To  determine  whether  the  curve 

oys  _  a;3  4.  4.ax^  —  5o=a:  +  2a=  =  0  =  m  .  .  .  ,  (1) 
has  conjugate  points. 


Prom  (2)  and  (3),     x=^a  and  y  =  0,  or  a:  =  -  a  and  y  ^  0. 

Tbe  first  pair  of  values  satisfies  (1),  and  therefore  the  prant  («,0) 
must  be  examinecl. 

,  _  33;=  —  8n!K  +  5a^  _  6a:  —  8a  _  _  J^  iz  =  a 

~  'iay  ~      2ap'  p'  ( y  =  0. 

This  result  being  imaginary,  we  conclude  that  the  point  examined 
is  isolated. 

3.  The  curve  (c=!/  -  x^)^  =  {x  —  a)^  {x  —  b^,  in  which  a  >  6. 

«  =  (.V  -  T'f -{:>:- ay  {x-bY  =  Q (1), 

^^2cMcV-^^)=0 (3), 
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"He  equations  (2)  and  (3)  give 

X  =:a  and  y  —  — ,  or  x=  b  and  y  ^—^i, 

both  of  which  pairs  of  vaJues  satisf)'  (I),  and  therefore  both  requirs 
examination, 

g2  2£^  C^  ' 


Thns^'  is  real  at  both,  points.     But  if  we  substitute  6  i  A  for  a; 
n  (1),  and  solve  with  respect  to  y,  we  get 


both  of  which  values  of  y  are  ima^uary  when  h  is  taken  less  tban 

63 
a  —  b;  so  that  tie  point  where  x=h  and  y=  -:r  is  a  conjugate  point, 

although  p'  is  real, 

Tliis  result  is  confirmed  by  forming  the  sureeeding  differential 
coefficients ;  thus 

+  G{x-ay{x-h)\  =  ~,  when  x^b. 
This  is  a  real  value  also. 

But  the  next  coefficient  will  contain  the  term  G(x—ay^Q(b—ay 
which  is  imaginary,  since  a  >  i. 

The  value  x  ■=a  does  not  belong  to  a  conjugate  point  "'<  is  seen 
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by  substituting  a  ±  k  for  x  m  (1),  aiid  solving  with  respect  to  y, 
which  is  real  wkcn  h  >  0,  but  imaginary  wheu  k  <  0. 


Ousps. 

157.  A  cusp  is  that  peealiar  kind  of  double  point  of  the  second 
species  at  wlileh  two  tangential  branches  terminate  without  passing 
through  the  point. 

Cusps  sre  of  two  kinds,  viz, ; 

1st.  That  in  which  the  two 
bmnches  lie  on  different  sides 
of  the  tangent,  as  in  Fig.  1. 

Sd.  That  in  which   they  Ko    ^^ 
on  the  same  side  ef  the  tangent,  as  in  Fig.  2. 

The  test  of  a  cusp  is  that  -~  shall  have  two  real  and  equal  values 
at  some  point  {a,S),  and  that  when  we  substitute  a+k  and  a — h 
for  X,  we  shall  find,  in  one  case,  two  real  and 
unequal  values  of  y,  and  in  the  otier  two 
imaginary  values.     The  only  exception   to 
this  is  that  ofiored  by  the  case  shown  in   ' 
Fig.  3,  whore  a  cusp  of  the  first  kind  occurs 
at  a  point  P,  with  the  tangent  parallel  to  the 
axis  of  y.     It  will  then  be  More  convenient  to  form  the  value  of 


dx 

— -,  which  should  be  ±  0,  and  to  try  whether  the 
tution  of  J  -f-  A  and  6  —  A  for  y  will  render  x,  in  one  case 
double,  and  in  the  other  imagir;;ry.  The  condition  ji'  —  - 
a  guide  in  selecting  tbe  points  to  be  examined. 


substi- 
real  and 
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158.  1.  To  determine  whether  the  curve  {6y  —  cx)^  =  {x  —  a)^ 
has  a  cusp,  and  if  so,  of  which  liind. 

.  =  (S,-,i)--(^-.)'  =  0 (1), 

J=-&(iy-.^)~%-.)'  =  0 (2), 


From  (2)  and  (3)  we  obtain  x  =  a,  and  y  =  —, 
and  as  tlieae  values  satisfy  (1),  we  must  examine  the  point  la,  ■^1 
,     2c(6y-M)+5(«-a)*      0       , 

-  mp'-%bc  -26y-26c'    "^"^^     ''-"' 

.'.  iy2_  2icp'=  —  c^,     ^'^— 2— p'=  — -Tjandy^— ±0. 

,  ■ ,  There  are  two  equal  values  of  p',  and  consequently  two  tan- 
gential brandies  proceed  from  the  point,  a,-T- 

Now  put  successively  x  t=  a  -{-  h,  and  x  =;  a  —  k,  and  solve  with 
respect  to  y. 

when  x:=a+k,  y= ~^ —,  two  real  and  unequal  values, 

when  x—a—h,  y^: ~^ —  two  imaginary  values. 

Hence  there  is  a  cusp  at  the  point  a,  -7-,  and  the  tangent  at  thai 
point  is  inclined  to  the  axes  of  x  and  y. 

Again,  the  ordinate  T  of  the  tangent  corresponding  to  the  abscissa 

a  +  h,'is-r+  p'h  =  — -r —  which  is  greater  than  one  of  the  cor- 
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responding  values  of  y,  and  less  than  the  other.  Therefore  the 
branches  lie  on  dilferent  sides  of  the  tangent,  and  the  cusp  is  of  the 
first  kind. 

Remark.  The  Itind  of  cusp  can  usually  he  found  very  easily  by 
examining  the  values  of  the  second  difierential  coefficient ;  for  the 
deflection  of  the  curve  from  the  tangent  is  controlled  by  the  sign  of 


dx^ 


Hence,  when  thfc  two  values  of  this  coefficient  have  contrary 
I,  but  when  the  signs  are  alike, 


iigns,  the  cusp  will  be  of  the  first 
t  will  be  of  the  second  kind. 
3.  The  semi-cubical  parabola    cy^  == 


2       3  <^\       "^'^ 

.  ■ .  x=  0,  and  !/  =  0,  ; 
cusp  at  the  origin. 

,  _  3j^  _   fia:   _    0 
^   ~  2cy       2cp'  ~  2cp' 

.  ■ .  p'^  =  —-  :^0     and 

two  real  and  equal  values. 
Now  put   0  ±  A  for  a 
there  will  result, 
when  X  ^0  +  h,  y  =.  ±i 


(■2),    ^=2,j,=0...(3). 
satisfy  (1)  there  may  be  a 


'=  ±0, 

1  (I),  and 

—  two  real  and  unequal  values, 


"     z  ^=  0  —  h^  y  ^^  *\/ ■   ^™'^  imaginary  values. 

.  ■ .  There  is  a  cusp  at  the  origin.  Also  the  ordinate  Y  of  the 
tangent  corresponding  to  the  abscissa  0  +  A,  is  0  +  p'k  =  0,  which 
being  intermediate  in  value  between  the  two  corresponding  values 
of  y,  tbo  cusp  is  of  the  first  kind. 

159.  Sometimes  it  is  more  convenient  to  solve  the  equation  with 
respect  to  y  before  differentiating. 
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J 


Now  y  has  but  one  Talue  b  +  ca^,  or  to  speak  more  correctly,  it 
has  two  equal  values  {6  +  ca^  i  0)  when  x  =  a,  and  p'  =  2ea  ±  0 
has  then  two  equal  values  also. 
When  x=a+h.,  »/—&+c(a+/i)^—(+'^)*wo  real  and  unequal  values. 


••      x=i,-h,  s,=S+t(<i~i)"±(-4)' 
Hence  there  is  a  cusp  at  the  point 
(<.,»  +  «■). 


laginary  values. 


Al: 


a  S^ 


=  2e±0 


And  since  the  two  values  of  p"  have  the 

same  sign,  the  cusp  at  the  point  {a,  b  +  ca*)  is  of  the  second  kind. 
The  kind  of  cusp  would  also  appear  by  comparing  the  ordinate  Y  of 
the  tangent  with  the  two  values  of  y. 

Por  when  x  =  a  +  h,   Y  =b  +  caT-  -^  p'h  —  h  +  ca?  +  2cak, 
which  is  less  than  either  value  of  ij,  when  h  is  small. 


Points  of  Inflexion, 

160.  Points  of  inflexion  or  contrary  flexure  are  those  at  which 
he  curve  changes  the  direction  of  its  curvature,  being  successively 
ionvex  and  concave  towards  a  fixed  line  as  the  axis  of  x. 

It  has  already  been  remarked  that  a  curve  is  convex  towards  the 
^y    ....  ,       i'^y  . 


axis  of  ic  when 


0^ 


J  positive  and  concave  when 


dx^ 


Hence  a  point  of  inflexion  will  be  characterized  by  having  the  second 
diflerential  coefficieEt  aficctcd  with  contrary  signs,  at  points  situated 
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near  to,  but  on  different  sides  of  the  point  in  question.     But  since  & 
variable  quantity  changes  its  sign  only  when  its  value  passes  through 

zero  or  infinity,  the  condition  -j^  :=  0  or  -y—  ;^  a>  will  belong  to 

a  point  of  inflexion.     But  the  converse  is  not  necessarily  true,  for 

the  sign  of—     does  not  always  change  after  its  value  has  reached 

We  must  therefore  see  whether  a  change  in  the  sign  of 

r  will  not  occur. 


0  or  a 


We  may  also  recognize  a  point  of  inflexion  by  the  consideration 
that  at  such  a  point  the  tangent  intersects  the  curve,  and  therefore 
the  ordinate  of  the  tangent  will,  on  one  side  of  the  point  be  greater, 
and  on  the  other  less  than  the  corresponding  ordinate  of  the  curve. 


161.  1.  The  cubical  parabola  a?i/  =  x 


y  =  0    when    x  =  0. 


'.  The  origin  is  a  point  to  be  e 
Put     X  =  0  -\-  h,  and  y  =  yj, 
X  =  0~  h,  and  ^j=  y^. 


dx-i  " 


r>0, 


r<0. 


Hence  the  origin  is  a  point  of  inflexion.     The  condition  p"  =  to 
gives  a;  =  CO  ,  and  therefore  is  not  applicable. 

162.  Sometimes  it  happens  that  two  of  the  peculiarities  which 
characterize  singular  points  occur  at  the  same  point  of  a  curve. 
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Ex. 


POINTS  OF  INFLEXION. 
-  Sofii^y  —  ««  =  0  =  «  .  .  .  .  (1), 


j-=  -4atej'-5a:*=0 (2), 

^  =  'ia^y  —  2ahz^  =  0...  .(3). 

The  equations  (1),  (2),  and  (3), 
are  all  satisfied  by  the  values 
ar  =  0,  y  =  0. 

,      iabxy  +  ^x* 
■    ■  P   ~  'Za^y  —  'Zabx^  ~ 

,       4a6y  +  ^Ixp'  +  30a^  _ 


^^ 


and  there  is  either  a  cusp  or  a  double  point  at  the  origin,  the  a: 
of  X  being  tangent  to  the  curve. 


/62 


,  two  real  values, 


greater  and  the  other  less  than  the  ordinate  (0)  of  the  tangent. 

,  two  real  values  when 


If  a:  ^  0  - 


-sF^ 


h  is  small,  hut  both  greater  than  0. 

Hence  there  is  a  double  point  of  the  second  species  at  the  origin, 
and  one  branch  of  the  curve  has  an  inflexion  at  that  point. 

163.  la  addition  to  the  singular  points  already  described,  two 
othur  classes  may  be  noticed,  viz. :  Slop  Points,  or  those  at  which  a 
single  branch  terminates  abruptly ;  and  Shooting  Points,  at  which 
two  or  more  branches  terminate  without  being  tangent  to  each 
other.  Both  are  of  rare  occurrence,  but  the  following  are  examples 
ftf  curves  belonging  to  these  classes. 

1.  y  —  x.\o^x.  This  curve  has  a  stop  point  at  the  origin. 
For,  y  has  hut  one  value,  and  that  is  real  when  a  >  0 ;  but  the 
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value  of  y  is  impossible  when  a  <  0,  since  negative  quantitie; 
not  properly  be  regarded  as  having  any  logarithms. 
2.     y  —  X  tan-'  -,     or,     y  =  x  cot-'a;. 


This. 


1  Eliootir.g  point  at  the 


=  taii-i(+  OD  ) 


f  =  1.5708     when 


=  +  0 


=  tan-i{-<»)  ^ -g<= -1.5708     when    x  =  -% 
and  whether  x  be  positive  or  neg'ative,  y  will  have  but  one  value, 

164.  "When  a  curve  has  the  spiral  forra,  and  is  therefore  more  c,,^ 
veniently  referred  to  polar  co-ordinates,  wo  may  distinguish  l!  e 
of  a  point  of  contrary  flexure  by  the  condition  tlrflt 
0  at  that  point,  and  that  it  shall  have  contrary  signs  on  differ- 
ent sides  of  that  point.     This  we  proceed  to  show. 


In  the  first  case  r  and  p  increase  together,  and  therefore  - 
tive.     In  the  second  case,  p  diminishes  as  r  increases,  and  therefore 


dr 


sgatjve.      Hence,  in  passing  through  a  point  of  contrary 


flexure,  -j-  wili  change  its  sign,  becoming  equal  ti 
for   -J-  plainly  could  not  become  infinite,  since  ^ 


t  that  point. 


cannot  exceed  r. 
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CURVILIKBAE    ASTMPIOIES. 


165.  When  two  curves  continually  approach  each  other,  and  meet 
t/fily  at  an  infinite  distance,  each  is  said  to  be  an  asymptote  to  the 

166.  Pro-p.  To  determine  the  conditions  necessary  to  render  two 
i,urve3  asymptotes  to  each  other. 

Let  the  curves  be  referred  to  rec- 
tangular axes,  and  let  the  ordinates 
EP  and  EP',  corresponding  to  the 
same  abscissa  OE  =  i,  be  express- 
ed by  means  of  the  equations  of 
thb   curves  in   terms  of   «.     The 

difference  PP'  =  yj  —  y  can  then  be  expressed  in  terms  of  x,  and 
if  thif"  difference  be  reduced  to  zero  by  making  a;  :^  co ,  (being 
finite  for  all  other  values  of  a,)  the  curves  will  be  asymptotes  to 
each  other. 

This  condition  is  fulfilled  only  when  the  difference  (expanded  into 
a  series,  contains  none  but  negative  powers  of  a:,  without  an  abso- 
lute term,  for  in  such  cases  only  will  the  difference  Vi  —  y  become 

Hence  we  must  be  able  to  express  y^  —  y  in  the  form 
y.^  —  y  =  Ax-'  +  Bx-^  -f  Car'  +  &c., 
or  the  difference  cK,  —  x  of  the  two  abscissre,  correspondin 
same  ordinate,  must  admit  of  being  expressed  in  the  form 
i^,-x  =  Aar;  +  B^h  +  CiT""'  +  &c. 


'  to  the 
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167.  Cor.  If  there  be  three  curves,  (^),  {B),  and  {C),  and  if 
the  difference  of  the  corresponding  ordinates  of  {A)  and  (B),  and 
that  of  the  ordinates  of  (-4)  and  ((7),  be  thus  expressed. 

y^  —  y,  =  Ax-"  4-  -Bar-i''+')  +  Cjr<''^'> (1). 

5-3  -  2/1  =  £iar<*^-'>  +  CiJ-'^+'i  +  &e, (2). 

the  three  curves  will  be  asymptotes  to  each  other,  and,  moreover, 
the  curve  (C)  will  U©  nearer   to  {A)  than  (B)  does.     For,  by 

making  x  sufficiently  large,  the  term  Asr',  or  —  may  be  rendered 

gi-eater  than  the  sum  of  the  succeeding  terms  of  (1),  or  greater  than 
the  sum  of  those  terms  increased  by  the  series  (2). 

168.  Cor,  The  curve  whose  equation  can  be  written  in  the  form 
y  =  D^Ax'  +  Bx<'-^  Cx'  +  A^x-',  +  B^z-K  4-  C^x-'i  +  &c., 

can  have  an  infinite  number' of  curvilinear  asymptotes. 
For  by  taking  any  curve  whose  equation  is  of  the  form 
y^  =  D  +  Ax'-  +  Bxi>  +  Cx'  +  J^ar".  +  B.^irr'',  +  &:c. 
in  which  the  absolute  term  Z*,  and  the  terms  involving  the  positive 
powers  of  x,  are  the  same  as  in  the  given  equation,  the  difference 
y,  —  y  will  reduce  to  zero  when  x  r^  rri . 

169.  Prop.  To  find  the  general  form  of  t!ic  expanded  value  of 
the  ordinate  in  such  curves  as  admit  of  a  rectilinear  asymptote. 

Since  the  equation  of  the  rectilinear   asymptote  has  the  form 
y  =  AiX  +  Bj,  the  equation  of  the  desired  curve  must  take  the  form 
y  :^A^x  +  Bi  +  Air'  +  Br'>  +  Cx"  +  &c. 
no.  1-  The  common  hyperbola  ah/'^  —  IH'^  =  —  a^b\ 

,=  ±j(.=  -.>)*=±5(;t-l<.=:r'-l«<r-"-te) 

But  y  =  ±  -  3:    is  the   equation  of  two   straight  lines  passing 
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through  the  origin  and  equally  inclined  to  the  axis  of  x.     Hence 
these  lines  are  asymptotes  to  the  hyperbola. 

2.  To  determine  whether  the  curve  y  —  hi^^  — a?)  has  either 
rectilinear  or  ctirvilinear  asymptotes. 

By  expansion 

y  =  b{x-^  +  -  a^ar^  +  &c.)  =  bx-'>-  +  -  ha^ir^  +  &e. 

But  y  :=  0  is  the  equation  of  the  axis  of  x.     Hence  that  axis  is  a 
rectilinear  asymptote  to  the  curve. 

To  discover  whether  there  is  an  asymptote  parallel  to  the  axis 
of  y,  let  the  equation  he  solved  with  respect  to  x ;  thus 

.  =  ±  (.^  +  JV')*  =  ±  («  +  i  »"«-';r»  -  ic.) 

Here  it  is  evident  that  two  lines  parallel  to  the  axis  of  y,  and  at 
distances  therefrom  equal  to   +  a  and   —  a  respectively,  will  be 
asymptotes  to  the  curve,  their  equations  being 
a;  =  4-  a     and     x=  —a. 

The  hyperbola  whose  equation  (referred  to  its  asymptotes)  ia 
xy  =  h  will  be  a  curvilinear  asymptote,  and  there  may  be  found  any 
mimber  of  other  curvilinear  asymptotes. 
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TEACING   OF  CDRVEB. 

171.  In  this  chapter  it  is  proposed  to  give  such  general  directions 
as  are  necessary  in  tracing  a  curve  from  its  given  eq^uation,  and  in 
discovering  the  chief  peculiarities  wliich  characterize  it. 

The  following  steps  will  be  found  useful : 

1st.  Having  resolved  the  equation,  if  possible  with  respect  to  y, 
let  different  positive  values  be  assigned  to  x  from  a:  =  0  to  a;  =  o=, 
and  let  those  points  be  noticed  particularly  where  y  =  0,  y  =  sc,  or 
y  —  an  imaginary  value.  The  first  indicates  an  intersection  with 
the  axis  of  x,  the  second  shows  the  existecce  of  an  infinite  branch, 
and  the  third  gives  the  limits  of  the  curve  in  the  direction  of  x 
positive. 

2d,  Assign  to  a  all  negative  values  from  x  =  Q  to  a;—  — as, 
and  observe  the  same  peculiarities  with  respect  to  y  as  when  x  was 
positive.  In  both  cases  the  negative  as  well  as  tie  positive  values 
of  y  must  be  e.\amined  so  as  to  include  the  branches  below  as  well 
as  those  above  the  axis  of  x. 

3d.  Determine  whether  the  curve  has  asymptotes,  and  determine 
their  position. 

4th.  Find  the  value  of  the  differential  coefficient  —  and  deter- 
dx 

mine  from  thence  the  angles  at  which  the  curve  cuts  the  axes,  aa 

well  as  the  points  at  which  the  tangent  is  parallel  to  either  axis. 

5th.  From  the  value  of  -^  ascertain  the  direction  of  the  cur- 
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vature  and  the  positions  of  the  points  of  contrary  flexure  when 
they  exist 

6tli.  Determine  the  positions  and  character  of  the  other  singular 
points,  if  there  be  such, 

EXAMPLES. 

172.  1.  Let  the  equation  of  the  proposed  curve  be 
Resolving  with  respeot  to  y  we  have 

and  since  each  value  of  x  gives  two  values  of  y  numerically  equal 
but  having  contrary  signs,  the  curve  must.be  divided  symmetrically 
by  the  axis  of  x. 

if  X  be  positive  and  numerically  less  than  a,  y  will  be  imaginary, 
and  there  will  be  no  point  of  the  curve  between  the  axis  of  y  and 
a  parallel  thereto  at  a  distance  equal  to  a  on  the  right  of  the 

When  cK  =r  a,  j>  =  0,  when  a;  >  o,  ly  is  real,  and  continues  so  for 
all  greater  values  of  x,  becoming  infinite  when  af  7=  oa  . 

U  x  be  negative  and  numerically  less  than  6,  y  is  imaginary,  and 
there  is  no  point  between  the  axis  of  y  and  a  parallel  thereto  at  the 
distance  —  b,  on  the  left  of  the  origin. 

When  X  =z  —  b,  y  becomes  infinite  ;  and  when  a;  < —  b,  that  is, 
negative  and  numerically  greater  than  6,  y  becomes  real  and  con- 
tinues to  increase  without  limit  as  the  numerical  value  of  a:  increases, 
being  infinite  when  a;  =  —  co  . 

Thus  it  appears  that  the  curve  has  six  infinite  branches. 

Again,  since  a;  ^  —  b  makes  y  infinite,  there  is  an  asymptote 
parallel  to  the  axis  of  y,  and  at  a  distance  therefrom  equal  to  —  B. 
14 
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Also  by  resolving  the  given  equation  with  respect  to  y,  aad 
expanding,  we  get 

=  ±a:(l~--4-7;— si  ^'^ \  —  ±:  Ix  —  -h  +   terms   invoI(^ 
ing  powers  of  x]. 

Hence  y  ^.±.{x  —  —6)  is  the  equation,  of  two  straight  lines,  which 
are  asymptotes  to  the  curve,  and  are  inclined  to  the  axis  of  x  at 
angles  of  45°  and  135°  respectively. 

If  we  combine  this  equation  of  these  asymptotes  with  that  of  the 
curve,  we  shall  find  that  each  of  the  asymptotes  intersects  that 
branch  of  the  curve  which  lies  oh  the  right  of  the  axis  of  y. 

Forming  the  value  of  -—  from  the  equation  of  the  curve,  we  have 
dy  3.i!3  +  Zbx^  +  a? 


2(^'  -  a^f  {x  +  Vf 
which,  placed  equal  to  zero,  gives  the  cubic  equation 

in  which  there  must  be  one  real  and  negative  root,  since  the  absolute 
term  is  positive.  The  other  two  roots  are  imaginary,  as  is  easily 
seen  from  the  form  of  the  equation.  Thus  there  are  two  points 
corresponding  to  the  same  negative  abscissa,  one  above  and  the 
other  equally  below  the  axis  of  x,  at  which  the  tangent  is  parallel  to 
the  axis  of  x. 

By  making  ~  =  50  ,  we  get  a;  ^  a  or  a:  =  —  6.     The  first  corres- 
ponds to  a  point  at  which  the  curve  intersects  the  axis  of  x  perpen- 
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dicularly.     The  second  belongs  to  the  point  of  contact  of  one  of  the 
asymptotes  as  before  seen. 

By  forming  the  value  of  -3-|,  we  should  find  that  the  curve  is  con- 
cave to  the  a^is  of  x  when  x  is  positive,  and  convex  when  x  is 
negative. 

The  curve  has  neither  multiple  points,  cusps,  conjugate  points,  Dor 
inflexions. 


2.  The  curve  whose  equation  is  j/^^r;  - 


When  X  =(i,y  =  0,  and  therefore  the  curve  passes  through  the 
origin. 

When  i^  —  gi  y  =  ±  00 ,  when  a;  =  +so,  3/  =  +ob,  and  when 


s  four  infinite  brandies. 

x  —  —a,  y  =  0  corresponding  to  two  interseo 


Thus  the  cui 
When  X  =  I 
tions  with  the  asis  of  x. 

Since  a  =  5  renders  y  =  ±  cd  ,  there  is  one  asymptote 

equation  is  "^  =  y 
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Also,  by  resolving  with  respect  to  y,  and  espanding,  1 


_-       (■^  _(,      _[.  tejins  involving  negative  powers  of  ^) 

, ",  y  =^  — r(*  +  el  i^  t^s  equation  of  a  secoitd  asymptote. 

Fonninff  the  value  of  the  differential  coefficient  ~,  we  have 
ax 

%  _  6s*  —  2a=s=  —  4aa'  +  ^a^x 

This  expression  becomes  infinite  when  *  =  5^  when  «  =  i:  3,  and 
when  a:  :^  0. 

Hence  the  curve  cats  the  axis  of  x  perpendicularly  at  the  origin, 
and  at  distances  therefrom  ^-\-  a  and  —  a  respectively.     The  value 

ef  T  becomes   zero  when  6«*  —  iax^  —  HaH^  +  Sa^a:  z=  0,  which 

corresponds  to  a  value  of  x  between  0  and  —  a.     The  corresponding 
■value  of  y  is  a  maximum. 

There  are  inflexions  at  the  points  where  a:  =  a  and  a;  =— a,  as  will 
readily  appear  by  substituting  for  x  values  alternately  a  little  greater 
and  somewhat  less  than  a,  and  similarly  for  values  greater  and  less 
than  —  a.     For   if  x   be  ratier  greater   than  a  hi   the   equation 
y3  _-  ......    . — ^  y  -will  be  positive ;  but  if  x  be  somewhat  less  than 

a,  y  will  become  negative.     Thus  tbe  curve  will  crose  the  tangent  at 
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tte  point  where  it  meets  the  axis,  Ihe  same  will  lie  true  when.z=— o. 
ITiere  will  be  a  third  inflexion  between  a;  =  0  and  a;  =:  -  o,  for  the 
curve  touches  the  axis  <if  y  at  the  origin,  and  a  parallel  asymptote  at 
the  distance  -  o  from  that  axis,  and,  therefore,  must  dianqe  the 
direction  of  its  curvature  between  those  two  parallels. 

"'  rf3  ^  0  " 

is  a  cusp  of  the  firat  kii-^  at  the  origin.     The  form  of  the  curve  is 
r-epresented  in  tii3  dw^wwj. 
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THEORY  OF  CURVED  SURFACES. 


CHAPTER    I. 


173.  The  consideration  of  surtaccs  affords  an  application  of  tlie 
theory  of  functions  of  two  independent  variables.  Thua  if  tc,  y, 
and  2,  be  the  co-ordinates  of  any  point  in  the  surface,  and  s  :=  vi^j'j) 
tiie  equation  of  the  sur&«e,  the  values  of  x  and  y  may  be  assumed 
arbitrarily,  and  that  of  2  will  become  determinate. 

174,  Prop.  To  determine  the  general  differential  equaticm  of  a 
plane  drawn  tangent  to  any  curved  sur&ce  at  a  given  point  («i,  y-^,  Ej) 
situated  in  the  surface. 

Let  the  surface  and  plane  be  interseeted  by  planes  respectively 
parallel  to  xz  and  yz,  and  passing  through  the  point  (^j,  i/j,  z^. 

The  equations  of  the  line  cut  from  the  tangent  plane  by  the  plane 
pai-allel  to  xz  will  be  of  tKe  forms 

x-x,  =  t{.-z,)....  (1),     and     J.  -  j-j  .  .  . .  (2), 
and  tliose  of  the  intersection  parallel  to  yz  will  be  of  the  forms 

j-y,  =  .(s-z,)....(3)     and    ,  =  i, . .  .  .  (4). 
Also  the  equation  of  the  tangent  plane,  which  contains  these  lines, 
will  have  the  form 

^(.-.,)+j;(y -!,,)+  e(j-.,)=0....  (5). 
The  equation  cf  its  trace  on  xz  is  A  {x—Xj)  —  —  C{z—s^)+B'j^ . .  {6>, 
"  "  "         "      ys  ■'i)(y-ya=-C(.-7,)+J.,..(7). 
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But  the  trace  (6)  is  parallel  to  the  intersection  (1)  (2),  and  the  trace 
(7)  is  parallel  to  the  intersection  (3)  (4). 

...,=  __     and      s=-^. 

which  values  reduce  (5)  to  the  form 

5-j,  =  i(a,-i,)+i(,-j,,)....(8). 

Now  since  the  intersections  (1)  (2)  and  (3)  (4)  are  respectively 
tangent  to  the  corresponding  curves  cut  from  the  surface,  we  must 


Hence  (8)  reduces  to 


.  (9),  the  desired  equation. 


The  expressions  -^  and  -~  are  the  partial  differential  coeffi- 
cients derived  from  the  equation  of  the  surface,  and  they  will  have 
the  same  values  at  the  point  (a'j.j'i.Ei),  as  the  similar  coefficients  de- 
rived froni  the  equation  of  the  plane,  tangent  at  that  point. 

175.    Oor,  !f  the  equation  of  the  surface  he  given  under  the  form 
«  =  ^{x,  y,  2,)  =  0, 
the  equation  of  the  tangent  plane  will  take  a  more  symmetrical 
form.     Tor  we  then  have     (Art.  57) 

dy       dz     dy 


[du~\      du      da  dz       „  ,      VduX       dn.  .  «»    uii 


_T  dz,  dx.      dz,  dv, 

Hence  ^  =  -i         '  =  -  -fi, 

ax^  du       dy^  du 

and  hy  substitution  in  (9)  and  redaction,  we  obtain  the  more  sym 
m.etrical  form 


("-^.)  *:  +  (»-!'.)  AT +  ('-'.) 


dz. 
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176.  Prop.  To  determine  tho  equations  of  a  line  normal  to  a 
curved  surface  at  a  given  point  {xi,y\,z^. 

The  equations  of  a  line  passing  through  the  point  {xi,y.^,z^,  have 
the  forms 

and  sinee  tho  normal  line  Js  perpendicular  to  the  tangent  pkoe,  we 
have  \>y  the  conditions  of  perpendicularity  of  a  line  and  plane 
(J  =  Vt  and  B  =  Cs),  the  following  relations: 


dz. 


dx. 


B 


dz. 


These  conditions  give  for  the  equations  of  the  normal  line 


^,)  = 


177.  Cor.  If  flj,  ij,  flj,  be  the  angles  formed  by  the  normal  with 
the  axes  of  x,  y,  and  e,  respectively,  or  those  formed  by  the  tangent 
plane  with  the  planes  of  j/e,  ars,  and  xtj,  we  shall  have 

A  (faj  dt. 


Ja^+B^+V  Idz^      dz,^       .        /du^      du^      du^ 


jdz^       dz-^  /da'        du^       du^ 
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178.  Prop.  To  determine  the  equations  of  a  line  drawn  tangent 
to  3t  curve  of  double  curvature,  at  a  given  point  (^iiS'ii^i),  on  the 
curve. 

The  curve  will  be  given  by  the  equations  of  its  projeeti<ins  on  two 
of  the  co-ordinate  pltmes,  as  az,  and  yg ;  thus 

Fi^,  2)  =  0, .  .  .  .  (1).         and         <p(y,  2)  =  0 (2). 

The  equations  of  the  required  tangent  will  have  the  forms 
.-,,=  ((.-,0,.,..(3).     .nd    y-j,,  =  ,(»-»,),-..-{4); 
and  since  the  projections  of  the  tangent  are  tangent  to  the  projections 
of  the  curve,  (3)  and  (4)  will  take  the  forms 

« -'.  =  !-;(«-«.),■ -(5).    "d    .-..  =  |;(y-y,),  •■(«). 

r  p  mi  p 

(&,  ay 

from  (1)  and  (2),  the  equations  of  the  given  curve. 

179.  Prop.  To  determine  tte  equation  of  a  plaue  drawn  through 
a  given  point  of  a  curve  of  double  curvature,  and  normal  to  the 
curve  at  that  point. 

The  equation  of  a  plane  passing  through  the  point  (^n^iiSj),  is  of 
the  form 

J(i  -  I,)  +  Bt,,  -  y,)  +  (7(=  -  J,)  =  0. . . .  (1). 

But,  since  the  plane  is  to  be  perpendicular  to  the  tangent  line,  we 
must  have  the  conditions 

A  =  Ct  =  C^,     and     £  =  Cs  =^  c'^, 
d^i  tig, 

which  values  reduce  (1)  to  the  form 
the  required  equation. 
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EXAMPLES  OF  TANGENT  PLANES  TO  SUB 

180.  1.  The   tangent   plane  to   the    sphere  w 
M  =  a:^  -j-  t/2  -j-  2^  —  r^  =  0. 


Therefore  by  substitution  in  the  general  differential  equation  of  a 
tangent  plane  to  a  curved  surface,  we  get 

■  ■ .   a!atj  -{-  !/yj  -{-  zs■^  =  x^  +  y^  +  z^  ■=.  z^,  the  required  equation, 

2«      du       2y     du       23 
o^'     dy       Ifi '      ds        c^ 


^  +  ^H — ^  —  ^'  ''^^  required   equation  of  the   tangent 


3.  The  hvperboloid  of  one  sheet  u  :=~^  +  '-r: r— 1  =^0. 

• '  <i^       b^      c^ 

du      2x     du      2y      <iw  Ss 

dx       a^'     dy       b'^'     de  c^ 


2^1/  V    .   2a,,  ,       2z.-  ,       „ 

■■•  ^'(« -^.)  +  -|-'(y-s.)- -jrV -%)  =  »■ 
^  +  ^  —  ^  —  1  =  0,  the  equation  of  the  tangent  plane. 
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4.  The  conoid     n  =  c^x^  +  y^s^  ~  r^^  =  0. 

du       ^  ,        du       ,  .         du       „  .         _  . 
dx  dy  dz 

or,     c%a:j  +  ZiVyi  +  (j'l^  ~  r^)3?i  :=  yi^^i'',    the   equation   of  the 
tangent  plane. 


CHAPTER    ir. 

CYLISDRICAI,  SURFACES,  CONICAL  SURFACES.  ASD  SURFACES  C 


181.  Prop,  To  determine  the  general  differential  equation  of  all 
cylindrical  surfttces. 

These  surfaces  are  generated  by  the  motion  of  a  straight  line, 
which  touches  a  fixed  curve,  and  remains  paraUel  to  a  fixed  line 
in  every  position. 

Let  the  equations  of  the  fixed  curve  or  directrix  be 

_f(^,.)  =  0,....(l).         _f.(;/,.)=0,....(3), 
those  of  the  generatrix,  in  one  of  its  positions,  being 

x.=  tz  +  a,....  (3).         2,  =  S3 +  6,  ....(4). 

Since  the  generatrix  continues  parallel  to  a  fixed  line,  the  values 
of  t  and  s  iviU  continue  constant  for  all  positions  of  the  generatrix, 
but  a  and  6  will  vary  with  its  position. 

Eliminating  x  between  (1)  and  (3),  and  tj  between  (2)  and  (4), 
wc  get  one  relation  between  s  and  a,  and  a  second  between  z  and  i. 
Then  combining  these  equations  to  eliminate  e,  we  obtain  a  relation 
between  o  and  b,  wliich  may  be  written 

fi  =:  (po,  .  .  .  .  (5). 
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But  from  (3)  and  (4),     <i  =  a;  —  te,     and     b  =  y  —  sz. 
(5)  I  Ptrmn    3~,^  =  ,^,~  t.)  .  (0). 

Ihja  !■.  a,  guneral  equation  ot  all  cjlindr  cal  surfaces,  but  it  con- 
tams  the  unknown  function  9  To  eLiminate  this  function,  differen- 
tiate (r)  T\ith  respect  to  x  and  y  successiveh ,  and  divide  the  firs' 
result  bj  the  second ,  thus 


dz 

d,{x 

-") 

x^ 

dx 

fc) 

^  dx  ~ 

■    i(x- 

-f) 

dz 

d,(x 
Hz- 
di 

-'A 
-fc) 

dz 

-d, 

Jf). 

~ 

dz  ' 

1  — 

'SF 

dz' 

I  - 

'd, 

~ 

% 

I 

P). 

the 

requ 

ired 

equation. 

dz 

whence       t  -r- 

dx 

182-  Oor,  If  we  denote  the  primitive  or  integrated  equation  of  a 

cylindrical  surface  "by  f{x,y,i)  =  m  =  0  the  diffei^ntial  equation  (7) 

may  be  reduced  to  a  more  symmetrical  form.     Por  since 

dii  du 

dz  dr.         ,      dz  dy 

-—--—    and     -'=  --f- 
dz  du  dij  du 

we  obtain  by  substitution  in  (7)  and  reduction 

du  du       da        ^ 

t  —  +  s^  +  ~^0 (8, 

dz:         dy       d^  ^  ' 

A  form  often  m.ore  convenient  than  (7), 

183,  Frop.  To  determine  the  equation  of  the  cylindrical  surface 
which  envelops  a  given  surface,  and  whose  axis  is  parallel  to  a 
given  line. 

The  enveloping  and  enveloped  surfaces  being  tangent  to  each 


db,Google 


CYLINDKICAL   SURFACES. 


Other,  will  have  a  common  tangent  plane  at  eyery  point  in  th 
of  contact,  and  the  equation  of  one  of  these  planes  will  be 


«--.  =  (-— .)5f+(»- 

'■>*t 

"         <-'.)|^+<'-'.)£+(^ 

-'.)5:=». 

in  which  ^i^iei  refer  to  a  point  of  contact. 

Moreover  the  differen- 

.  ,         „  .          de,   ds,          du     du     du 

ire  the  same  whether  de- 

rived  from  the  equation  of  the  cylinder  or  from  that  of  the  envelopecl 
surface.  Henc«,  if  we  form  the  differential  coetEcients  from  the 
equation  of  the  given  surface,  and  substitute  their  values  in  the  dif- 
ferential equation  of  the  cylinder,  the  result  will  characterize  the 
points  of  contact,  being  the  equation  of  a  surface  containing  tliose 
points.  This  equation,  when  combined  with  that  of  the  enveloped 
surface,  will  give  the  equations  of  the  curve  of  contact,  and  thence 
the  cylinder  can  be  determined. 

184.  Ex.  A  sphere  u  =  x^  +  y'^  +  z^  —  r'^  =0  is  enveloped  by 
a  cylinder  whose  axis  is  parallel  to  the  axis  of  z ;  to  find  the  curve 
of  contact. 

Here  we  have  x  ^=.a  the  equation  of  the  projection  of  the  generatrix 

on  xz,  and ;/  =  6  the  equation  of  the  projection  of  the  generatrix  on  yz. 

.-.  (^0,     j=  0. 

,,  du       ^       dti  du       ^ 

Also  —  =  2r,     -T-  =  2y,     -7-  =  2?. 

ax  dij  dz 

Hence  by  substitution  in  (S), 

0 .  2a:  +  0 .  2y  +  2s  ^  0     or    3  =  0, 
and  the  points  of  contact  all  lie  in  the  plane  of  xy. 

Combining  the  equations  x'  +  y'^  -]-  z^  —  t^  =  Q  and  s  =:  Q, 
there  results 
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.  ■ ,  The  curve  of  contact  is  a  great  eirde  of  the  spiiere,  as  might 
have  been  foreseen. 

185.  Prop.  If  any  surface  of  the  second  order  be  enveloped  by  a 
cylinder,  the  curve  of  contact  will  be  an  ellipse,  hyperbola  or  para- 
bola, or  a  variety  of  one  of  those  curves. 

The  general  equation  of  surfaces  of  the  second  order  is 
As'-\-Bzy+Cy'+Dzx+Ex-^-\-Fx^f+Gz-{-l{y+Ix->rK=^0=u..{\). 
.  ■ .  ^  =  i>s  +  2.SIC  +  i^y  +  /,      ^  =  Bz  +  2Cy  +  Fx  +  H, 

^  =  By  +  2Az  +  Dx+  G. 
dz 

^dii  ^    du  _  du 

+  {By  +  ^Az+Bx  +  ff)  =  0, 

which  is  the  equation,  of  a  plane. 

Hence  the  points  of  contact  are  confined  to  one  plane  But  auj 
section,  by  a  plane,  of  tJie  surface  represented  bj  the  equatinn  (1), 
will  necessarily  be  a  line  of  the  second  order,  and  therefore  the 
truth  of  the  proposition  is  apparent. 

Conical  Surfaces. 

186.  Prop.  To  determine  the  general  differential  equation  of  all 
conical  surfaces. 

These  surfaces  are  generated  by  the  motJon  of  a  straight  line 
which  touches  constantly  a  fised  curve  End  passes  through  a 
fixed  point. 

Let  the  equations  of  the  directrix  be 

F{.,„)  =  0  .  . . .  (1),    F^yf)  =  0  ....  (2) ; 
those  of  the  generatrix  in  one  of  its  positions  being 

«-«  =  ((»-,)... .(8),    uid    ,-S  =  »(«-.)....(4), 
where  n,  6,  and  c,  denute  tke  co-ordinatea  of  the  fixed  point  or  vertex. 


db,Google 


CONICAL  SUEFACES.  223 

The  quantities  (  and  s  vary  -with  the  position  of  the  gcneratrk, 
Dut  a,  b,  and  c,  are  constants 

Eliminating  a-  between  (1)  and  (3),  and  y  between  (2)  and  (4),  wo 
get  one  relation  between  s  and  I,  and  a  second  between  e  and  s. 
Then  combining  these  equations  to  eliminate  s,  we  obtain  a  relation 
between  (  and  s,  which  may  be  written 

s^?; (5). 

But  from  (3)  and  (4),  t  =  2-^,     and     s  =  ^!-^- 

.-.  (5)  becomes         ^~    ^^  9 h^ -"IT  ". (e). 

This  is  an  equation  of  conical  surfaces,  but  it  contains  the  unknown 
function  ip.  To  eliminate  this  function,  differentiate  (6)  with  respect 
to  X  and  y  successively,  and  divide  the  first  result  by  the  second  ; 
thus 

y-6   tf3_  .t|.[]     ,?[]_d9[]    r  1       a: -.a    dn 


■--c      (z-cf    dy       dlY'    dy  d[]^L     (.-cf'rfyj' 

n  which  expressions  the  [  ]  is  used  to  signify ■ 

Now  by  division 

I         ,<.  dz  .  dz 

-(,-6)  ,_,_(^^,, 


187.  Cor.  If  wo  denote  the  primitive  or  integrated  equation  of  a 
conical  surface  by  /  (k,  y,z)  =u  =  0,  the  differential  equation  (7) 
may  be  reduced  to  a  more  symmetrical  form. 
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»a  |-=-|, 


we  obtain  by  substitution  in  (7)  and  reduction 

('-'■'S+(»-»)S+<'-">S  =  » w,»f'.™o«." 

more  convenient  than  (7). 

188.  -Prop.  To  deteroiine  the  equation  of  tho  conical  surface  which 
envelopes  a  given  surface,  and  whose  vertex  is  situated  at  a  given 
point. 

,        „  ,        „.  ds        ,  dz       du  dti      ^  du 

If  we  form  the  differential  coefficients  ~r-,  and  -^  or  -pi  -?-  and  -7- 

dz  dy      d£  dy         dz 

from  the  equation  of  the  given  surface,  and  substitute  their  values  in 
(7)  or  (8),  the  differential  equation  of  the  conical  surface,  the  resulting 
relation  will  characterize  the  points  of  contact,  being  tho  equation  of 
a  surface  which  contains  those  points.  This  equation,  combined  with 
that  of  the  enveloped  surface,  will  give  the  equations  of  the  curve 
of  contact,  and  thence  the  cone  can  be  determined. 

Ex.  A  sphere  j:=  +  y^  +  z^  —  r=  =  0  =  w  is  enveloped  by  a  cone 
whose  vertex  is  situated  on  the  axis  of  «/,  at  a  distance  h  from  the 
origin;  to  find  the  curve  of  contact. 

Here  we  have  the  co-ordinates  of  the  vertex  a  =  0,  6  =  6,  c  =  0. 

du      „      du      ^     du       ^ 
Also,  -z-  =  Sar,  -r  =  2y,  -r  =  2z. 

dx  ay  az 

.  ■.  By  substitution  in  the  equation  of  conical  surfaces 

{i-0)2i+(,-6)2y+(. -0)2»  =  0i 

or,  i«  +  y'  +  «•  -  Sy  =  0. 

This  being  the  equation  of  a  sphere  having  a  radius  =  -6,  and  its 
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centre  on  the  axis  of  y  at  a  distance  ~b  from  the  origin,  the  points  of 

contact  must  ]ie  in  the  surface  of  such  a  sphere. 

By  comhining  the  equations  of  the  two  spheres,  we  get 

by^r^  or  y  =  ~  and  ^a  +  ^^  ^  Z^  (ja  _  r=). 

Hence  the  curve  of  contact  is  a  circle  perpendicular  to  the  axis  of 
y,  and  at  a  distance  —r-  from  the  origin. 

189.  Prop,  If  any  surface  of  the  second  order  he  enveloped  hy  a 
cone,  the  curve  of  contact  will  be  an  ellipse,  hyperhola,  or  parabola, 
or  a  yaiiety  of  one  of  these  curves. 

The  general  equation  of  surfaces  of  the  second  order  is 


'  dx' 


=  [Bz  +-f J/  +  2Ex-i-I]  [x~a)  +  [£z  +  Fx  +  2C^  +  H]  {y-b) 

or,  2\Ae^  +  Cy''  +  Fx'^]  +  2lBsy  +  D^x  +  Fxy] 

+  IG-  Da~m-2Ac]s  +  [H-Fa-£i:-2CbJy 
+  [I-  Fb-Dc-  2Ea]  ar  -  [ffc  +  i?S  +  /a]  =  0 . . .  (2). 
By  combining  (1)  and  (2),  we  get 

IG  +  J}a  +  Bh  +  2Ac\  z  +  {H+Fa  +  Be  +  2(7i]  y 
■+[I+Fb-\-Dc  +  2Fa]  x  +  2K+ Gc  +  Hb  +  Ia^O. 
This  is  the  equation  of  a  plane,  and  therefore  the  curve  of  contact 
is  the  intersection  of  the  given  surface  by  a  plane,  and  consequently 
an  ellif«e,  hyperbola,  or  parabola. 
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190.  Prop.  To  determine  the  general  differential  equation  of  all 
surlaces  of  revolution. 

Let  a:  =  te  +  a  .  .  .  .  (1)  1  ,      .  ,.  „   . 

^  '  J.  be  tlie  equations  of  the  axis, 
y  =  s^  +  J  .  .  .  .  (2)  ) 

_f(*,j)^0 (3),     and     ^,(y,s)=0 (4), 

those  of  the  generatrix. 

The  characteristic  property  of  this  surface  is,  that  every  plana 
section  perpendicular  to  the  axis  is  a  circle.  Now  the  equation  of  a 
plane  perpendicular  to  the  line  (I)  (2)  is 

s  +  /a;  +  sy  =  c, 
and  the  circle  cut  from  the  surface  by  this  plane  may  fae  supposed 
situated  on  the  surface  of  a  sphere  whose  centre  may  he  assumed  at 
any  point  on  the  axis,  and  ■whose  radius  will  be  determined  by  the 
value  of  c,  when  the  centre  has  been  chosen. 

Take  the  centre  of  the  sphere  at  the  point  (a,  h,  0),  where  the  axis 
pierces  the  plane  of  ^y,  and  the  equation  of  the  sphere  will  he 

(t  -  »)>  +  (y  -  S)-  +  2-  =  ,\ 
But  r  and  c  are  mutually  dependent  upon  each  other,  which  fact 
may  be  indicated  by  the  equation  c  =  ip(!'-).    Iler.ce 

^  +  i«  +  sy  =  <P  [(^  -  «)'  -i-  (?-*)=  +  ^']  ■■■  ■  {5). 
To  eliminate  the  unknown  function  p,  differentiate  (5)  with  respect 
to  y  and  x  successively,  and  divide  the  first  result  by  the  second. 

...^  +  ,  =  iWJx!U  a«a    *  +  ,  =  *UxH 

'   '  d'j  rf[  ]  d'j  dx  d\^'\        dx 


^ 

+  s 

y-i 

'^'■ 

'iy 

& 

"ST 

dj; 

+  ( 

x-a 

■+■■ 

'E 

I-' 

h-sz 

)|+(-" 

')— 

(y 

which  is  the  required  equation  of  surfaces  of  revolntion. 
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Cor.  When  the  axis  of  revolution  a 
1  =  0     and     s  —  0,     a 


■ .  (6)  reduces  to 


dy 


"i-"- 


.(')■ 


191.  Prop.  A  given  curved  surface  revolves  about  a  fixed  axis  ; 
lo  determine  the  surface  which  touches  and  envelopes  the  moveable 
surface  in  every  position. 

The  required  surface  will  obviously  be  a  surface  of  revolution, 
whose  generatrix  will  be  the  curve  of  contact  of  that  supiace  with 
one  of  the  moveable  surfaces. 

Hence  if  we  determine  the  values  of  the  differential  coefficients 

■ —  and  —  from  the  given  surface,  and  substitute  them  in  the  eene- 
fLe  dr/  ^  ^  * 

ral  differential  equation  of  all  suriaces  of  revolution,  the  result  will 
characterize  the  points  of  contact,  being  the  equation  of  a  surface 
containing  those  points.  This  eqitation,  combined  with  that  of  the 
given  surface,  will  give  the  equations  of  the  curve  of  contact  or  the 
required  generatrix. 

192.  1.  A  right  cone  with  a  circu- 
lar base,  whose  vertex  is  at  the  origin, 
and  whose  axis  coincides  originally 
with  the  axis  of  x,  is  caused  to  re- 
volve about  the  axis  of  e :  to  deter- 
mine the  form  of  the  enveloping  sur- 

Put  the  semi-angle  AOC  of  the 
U>ne  ^  f ,  and  tan  v  ^^  t. 

Then  the  equation  of  the  cone,  in 
the  position  AOB  will  be 

£=  -i-  y2  =  (=3^2,     or     2=  =^  fix'' —  Jj''  .  .  .  .  (1) 


ds       fix 
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■which  values  substituted  in  the  differential  cijuation  of  surfaces  of 
revolution,  viz. 

d>j      -^  dx         '     ^  z^    z 

.  ■ .  ar  =  0     or     ;/  =  0. 
Combining  the  first  of  these  results,  jr  =  0,  with  the  equation  of  the 
cone,  we  get 

s2  +  y=  =  0.     .-.3  =  0     and    y  =  0, 

which  conditions  apply  to  the  twigin  exclusively ;  bat  the  secoiidi 
result  y  =  0,  gives  by  combination  with  (1) 

g«  ^  tH^    or     a  =  ±  to     and     y  =  % 

■R'hich  are  the  equations  of  the  lines  OA  and  OB. 

Hence  the  required  envelope  is  a  double  c<me  generated  by  the 
revolution  of  the  lines  OA  and  OB  about  OZ. 

S.  A  sphere  {x  —  of  +  (»/  —  6)^  +  2^  t=  r^,  revolves  about  the 
axis  of  2  J  to  find  the  enveloping  surface.     Here  we  have 

d2  a  —  a  j*^^  y  —  * 

dz    ■       dz  xy  —  Jjx       xy  —  ay 

■'■'di-'T,  =  — r-+-^-=''- 

.  • .  hx  —  ay  =  0,  the  equation  of  a  plane  passing  through  the 
asis  of  2,  and  the  centre  (a,6)  of  the  sphere. 

This  plane  intejfseets  the  sphere  in  a  grest  circle,  whose  equation, 
in  its  own  plane,  is 

in  which  r^^  =  x^  +  y^,     and     a^^  —  a^  +  h^. 

.-.   [(,=  +!,>)*- (»'  +  i'ff+ '■  =  '"■ 
OP,         1=  +  yi!  +  s>  _  2(.'  +  5»)*(«'  +  ,4=  ''-"'-  *'• 
the  equation  of  the  required  surface. 
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When  a^  +  i''  —  r^,  this  reduces  to 

a^  +  y^  +  s^  -  2r(^  +  y^y=0; 
and  when  a  —  0,  6  =  0,  ^^  ^  yS  ^  32  __  ^3, 
the  equation  of  the  sphere. 

3.  A«  ellipsoid  ^-|-7t+^=^'  revolves  at>out  the  asis  of  2^ ; 


to  determine  the  envelopli 

ig  surface. 

The  differential  equatic 

nof  th 

u  surface  is,  in 

tiiis 

"' 

--           1= 

•••-^5-: 

S---' 

„  = 

=  «, 

and  coii36t|ueBtiy         «  = 

:0, 

w,         z  =  0. 

But  when  x  —  i),  ~  + 

■-i   = 

1,  an  ellipse  in 

lie 

pi. 

And  when  a  =  0,  4  + 

y2 

1,  a  ellip«i  in 

the 

pi. 

Hence  the  requked  envelope  consists  of  two  ellipsoids  of  ri 
Itttiou,  whose  equations  are 
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CONSECUTIVE 

193.  Ill  the  last  chapter  we  have  presented  some  csaraplcs  of 
surfaces  enveloping  a  series  of  other  surfaces,  but  in  the  only  case 
considered,  the  enveloped  surfoee  was  supposed  to  be  of  invariable 
form,  and  its  change  of  position  was  effected  only  by  a  revolution 
1  c  nd  a  h^ed  ai  s  In  that  cisp  the  enveloping  surface  was  neces- 
s^i  Ij  a  surfi«e  of  revolut  on 

It  s  n    V  proposed  to  consider  the  envelopes  to  any  aeries  of  con- 

194  If  diflerent  ilues  be  ucccssivoly  assigned  to  the  eonstants 
or  jara  n  t  rs  wh  h  e  ter  the  eq^nation  of  any  surface,  the  several 
lelato  s  thus  prod  ed  -v,  11  represent  as  many  distinct  surfaces, 
d  Act  g  f  on  eacb  other  n  t  r  ,  or  in  position,  or  in  both  these 
1  ■\H  ulart.,  but  all  bel  ngu  g  to  the  same  class  or  iamily  of  surfaces. 
\\  hen  the  pi  imeters  are  s  pposed  to  vary  by  infinitely  small  in- 
crements, the  sm-faces  ate  said  to  be  consecutive. 

Thus  let  I'(x,  t/,z,a)  =0, .  ..  .  {\),  be  the  equation  of  a  sur&ce, 
and  let  the  parameter  a,  take  an  inarement  h,  converting  (1),  into 

F{a:,y,e,a  +  h)  =  0, (2);  then  if  A  be  supposed  indefmitely 

small,  the  surfaces  (1)  and  (2)  will  be  consecutive.  Moreover,  the 
surfaces  (1)  and  (2)  will  usually  intersect,  and  their  intersection  will 
vary  with  the  value  .of  h,  beco:jing  fixed  and  determinate  wlien  the 
surfaces  are  consecutive. 
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195.  Prvp.  To  determine  the  equations  of  the  intersection  of  con- 
aecutive  surfaces. 

To  etfect  this  object,  we  must  comljine  the  equations 
F(s,y,2,.)=0,  ....(1),      and     i'Cj!,  y,  z, .  + i)  =  «,....  (2), 
and  then  make  A  r^  0, 

B/  reasoning  precise!)'  as  in  the  case  of  consecutive  curves, 
(Art.  I43j   we  prove  tliat  the  two  conditions 

n'.y.',')^'' (1),     •»«     ^'^tfiM  =  (,,....  (3), 

must  be  satisfied  at  the  same  time. 

By  combining  these  equations,  so  as  to  eliminate  first  y,  atid  then 
X,  we  sliall  have  the  equations  of  the  projections  of  tlie  required  in- 
tersection on  %z,  and  yz. 

196.  -Prop.  The  surface  which  is  the  locus  of  all  the  intersections 
of  a  series  of  consecutive  surfaces,  touches  each   surface  in   the 

If  we  eliminate  the  parameter  a  between  the  two  equations 

the  resulting  equation  wiil  be  a  relation  between  the  general  co-ordi- 
nates X,  y,  2,  of  the  points  of  the  various  intersections,  independent 
of  the  particular  curve  whose  parameter  is  a,  or  in  other  words,  the 
equation  of  the  locus. 

Eesolving  (2)  with  respect  to  a,  the  result  may  he  written 

and  this  substituted  in  (1)  gives 

F\,,y,!,,(x,y,ii\^0, (3), 

which  will  he  the  equation  of  the  locus. 

Now  differentiating  both  (1)  and  (3)  first  with  respect  to  x,  and 
then  with  respect  to  y,  we  readily  prove,  precisely  as  in  the  ease  of 
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ves,  that  the  values  of  -j-  and   -^   are  the  same 

whether  derived  from  (1)  or  (S).  Hence  the  two  surfaces  (1)  and 
(3)  will  have  a  common  tangent  plane,  and  will  therefore  be  mutu- 
ally tangent  to  each  other  at  all  points  common  to  those  surfaces, 

197-  The  surface  (3),  which  touches  each  sur&ce  of  the  series,  is 
called  the  envelope  of  the  series. 

198,  Ex.  To  determine  the  envelope  of  a  series  of  equal  spheres 
whose  centres  lie  in  the  same  straight  line. 

Assuming  the  line  of  centres  as  the  axis  of  x,  the  equation  of  one 
of  these  spheres  will  be  of  the  form 

(i-a)'  +  y=  +  0=-r'  =  O....(I), 
in  which  a  is  the  only  variable  parameter. 
Differentiating  with  respect  to  a  we  get 

-  2j  +  2a  =  0 (2). 

From  (3)  a  —  x,  and  this  substituted  in  (1)  gives 

t-^z^-r'^  0. 
This  is  the  equation  of  a  right  cylinder  with  a  circular  base,  the  axis 
of  which  coincides  with  that  of  x. 

199.  When  the  equation  of  the  proposed  surface  coatains  two 
parameters  a,  h,  independent  of  each  other,  we  must  have  the  three 
conditions 

n.,i/,.,.,s)  =  o...(i),    -'^('■^^'■°.»)^o....(a). 

dFix,  V.  2,  a,  6") 

And  by  eliminating  a  and  h  between  (1),  (2),  and  (3),  the  eciiiation 
of  the  required  envelope  will  be  obtained.  Also,  if  the  proposed 
equation  should  contain  three  or  more  parameters  a,  h,  c,  &c.,  two  of 
which,  «  and  b,  are  arbitrary,  and  the  others  connected  with  them 
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by  given  relations,  such  relations  will  enable  us  to  eliminate  tbe  aij- 
ditional  parameters  and  to  obtain  a  final  equation  between  x,  y,  and  z. 

200.  I.  A  plane  whose  equation  ia  -  +  -  +  -  =  1, 13  touched  ia 

every  position  by  a  surface,  the  variable  parameters  a,  6,  and  cbeing 
connected  by  the  relation  abc  =  m^:  to  determine  the  equation,  ot 
the  surface  or  ei 


From  -  +  r  H 1  =  0  ....  (1)  we  obtain  by  differentiation. 

regarding  a  and  6  as  independent,  and  c  dependent  upon  them, 

a^       c'    da  ^  '  6=      c''    dh  ^  ' 

But  the  condition  aSc  =.in?  .  .  .  .  (4)  gives  by  diflerentiation 
5c  +  aS^=0,     and     ac  +  <ii^  =  0. 

'    '  da  fi,  db  b 

which  values  substituted  in  (2)  and  (3)  reduce  them  to  the  forms 

whence                           -  ^;  -     and      ^  ~  -■ 
These  values  in  (1)  give      — | [-  -  =  1, 

And  similarly  6  =  3y,     a  —  3k. 

Finally  by  replacing  a,  b,  and  c,  in  (4),  by  their  values  just  found,  we 
obtain  xyz  —  —  as  the  equation  of  the  enveloping  surface. 
2.  To  find  the  envelope  of  all  the  spheres  whose  centres  lie  in  the 
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"^aine  plane,  and  whose  radii  are  proportional  to  the  distances  of 
their  centres  from  a  fixed  point  in  that  plane. 

Assuming  the  plane  of  the  centres  as  that  of  xy,  and  the  origin  at 
the  fixed  point,  the  equation  of  one  of  the  spheres  will  talte  the  form 

(i-<.)=+(y~S)>  +  ^'-r=  =  0....(l), 
iu  which  a,  6,  and  t,  arc  variable  parameters,  a  and  6  being  inde^ 
pendent,  and  r  connected  with  them  by  the  relation 

r^  =  f^{a?  +  i^j (2j    where  ( is  a  consUnt. 

Eliminating  r  between  (1)  and  (2)  we  have 

(r  -  ay  +  (y  -  ly  +  ^^  ~  i=(a»+  i=)  =  0  .  .  .  .  (3). 
Differentiating  with  respect  to  a  and  h  successively, 
—  {x-a)  —  fa  =  Q...  (4),    and     -  {>j —  b)  —  fb  =  0  .  .  .  (5). 


•  ■ "  - 1  _  (2' 

and     h  = 

^  I 

~^;    »l.ich 

values 

,  in  (3) 

gl,e 

^r^ 

jh('- 

~T 

^.)'— 

"(? 

+  !/' 

^0 

.■.{x"-  +  y%i^ 

~e)  =  z^ 

HI 

-,>).     or    . 

•  +  r 

.       1  - 

'/"■ 

This  is  the  equation  of  a  right  cone  with  a  circular  base,  its  axis 
being  coincident  with  that  of  ?,  and  its  vertex  at  the  origin. 
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801.  T\vo  surfaces  are  said  to  be  tangent  to  each  other  when  they 
have  a  common  point,  {x,  y,  z,)  and  a  common  tangent  plane  at  that 
point. 

Let  the  equations  of  the  two  surfaces  be 
F{X,r,Z,)=0 (1),     and     <p(x,y,z)^0 (3). 

The  analjtical  conditions  necessary  for  a  simple  contact,  or  contact 
of  t\te_first  order,  are 

X-x    Y-v    Z-.   ^-A    ^-±. 
.-•-?.      -^'  ^x~  dx'    dY~   dy 

If  the  second  differential  coefficients,  derived  from  the  equations  of 
tlie  two  surfaces  be  also  equal,  viz, : 

d^Z     _  dH      <^_dH_  d-^Z      _    d^z 

UC^"!^'     d¥^~~d^  dXdY^'d^' 

the  contact  is  said  to  be  of  the  second  order.     If  the  third  diiferential 
coefficients  bo  also  equal,  the  contact  is  of  the  third  order,  &c. 

202.  In  order  to  show  that  the  contact  will  bo  more  intimate  as 
the  number  of  equal  differential  coefficients  becomes  greater,  let  the 
arbitrary  increments  A  and  it-  be  given  to  the  independent  variables, 
X  =  x  and  T  =  y,  converting  Z  and  s  into  Z^  and  3j,  we  shall  then 
have    (Art.  82) 

dZ    k     dZ    k     d^Z     }fi  d^Z      hk      d^Z    i^ 

^'-^'^ dX'V  dY  I'^dXi'T:^'^  'dMY'i:^  dr^' l.t'^^'^ 


d  by  Google 


DIFFEEENTIAI.  CALCULUS. 
dz  h       ds  k       dH    h?         d^z    hh 


Vdz   dz'\h    rdz   dz~\!c   Vd:^z   d:^z\  a« 
^'-''=ldX-Tx\i-^Vw-d^h-^\.lx-d^AT^'^  ^'' 

Now  the  value  of  this  difference  will  depend  (when  k  and  k  are 
very  small),  chiefly  on.  the  terms  containing  the  lowest  powers  of 
A  and  it.  If,  therefore,  the  first  differential  coeffieienta,  derived  from 
the  eq^uations  (j4),  (.B),  and  {C),  uf  three  surfaces,  at  a  common 
point,  be  equal,  and  if  the  second  differential  coeflicients,  derived  from 
(yl)  and  (Jj),  be  also  equal,  but  those  of  {A)  and  (C)  unequal,  the 
surfaces  (j4)  and  (S)  will  separate  more  slowly,  in  departing  from 
the  common  point  than  will  the  surfaces  {A)  and  (C). 

203.  The  order  of  closest  possible  contact  between  one  surface 
entirely  given,  and  another  giveli  only  in  species,  will  depend  on  the 
number  of  arbitrary  parameters  contained  in  the  equation  of  the 
second  surface. 

Thus  a  contact  of  the  first  order  requires  three  conditions,  and 
therefore  there  must  be  three  arbitrary  parameters.  A  contact  of 
the  second  order  requires  six  parametera;  one  of  the  third  order, 
ten  parameters,  &c.  Hence  the  plane,  whose  equation  has  three 
parameters,  may  have  contact  of  the  first  order.  The  sphere  cJ.nnot, 
except  at  particular  points,  have  contact  of  the  second  order,  since 
its  equation  has  but  four  parameters ;  but  of  two  tangent  spheres, 
one  may  have  closer  contact  than  the  other. 

The  ellipsoid,  hyperboloid,  and  paraboloid,  can  each  have  contact 
of  the  second  order. 

204.  Prop.  To  determine  the  radius  of  curvature  of  a  normal 
section  of  a  given  surface  at  a  given  point. 

Assume  the  tangent  plane  at  the  given  point  as  that  of  xy ;  the 
normal  coinciding  with  tlie  axis  of  z. 
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Let  OX-^  be  the  trace  of  the  se- 
cant plane  on  that  of  xy,  forming 
■with    OX  an   angle  fl.     AOB  the 
normal  section,  and  P  a  point  in 
that  section.     Put 
OE=x,  MD=y,  DP=z,  OD=x^ 
The   co-ordinates   of  the 
AOB,  estimated  in  its  own  plane, 
are  x^  and  z ;  and  the  general  value 
of  the  radius  of  curvature  of  a  plane  curve  where  ar,  and  z  are  the  co- 
ordinates, and  any  quantity  ( the  independent  variable,  is  (Art.  131.) 


R  =  - 


Vdt\ 


dx. 


dz 


dC     dt        df    dt 
which,  applied  to  tho  present  case,  making  (  — 

ds      dx,  dz        „       , 

iit  O  -J-  ^  —■  and  -f-  =  0,  reduces  to 


^  ■ 


■  0)- 


e  points 


dx^ 

In  this  expression,  the  cocfRcient  -j 

of  the  surface  which  lie  in  the  curve  AOB,  and  therefore  it  differs 

li-om  the  partial  differential  coefficient  —  derived  from  the  ccjuation 

of  the  surface,  which  latter  refers  to  the  change  in  z  produced  by  a 
change  in  x  only,  while  y  is  constant. 

Let  z  =  9  (j'tl/)  he  the  equation  of  the  surface ;  then     {Art.  65) 


Cdzl  ^dz      dz    dy      dz       ds 
dxA~  dx      dy    dx~  dx      dy    '      ' 
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dxdy  dy^ 

Hence  Ly  substitution  in  (1)  and  reduction, 

~^i57-^ IT. m 


205,  Prop,  TJie  sum  of  the  curvatures  of  any  two  normal  sec- 
tions of  a  curved  surface,  drawn  through  the  same  point  of  the 
surface,  and  perpendicular  to  each  other,  is  constant,  those  curva- 
tures being  measured  iDy  the  redprocals  of  the  radii  of  curvature. 

Let  fl  and  6^  be  the  inclinations  of  the  secant  planes  to  the  plane 
of  S2  ;  R  and  R-^  the  radii  of  curvature  of  the  two  sections  at  theii 
common  point.     Then,  since  the  sections  are  perpendicular  to  eat;h 

d^^-if  +  d,     and     ,'.   cosfl=sinflj,     sinfl  =  — cosfl,, 
and  by  formula  [P] 

J  ^  y-  ■  cos^d  +  2  -r-r  ■  cos  d  si|i  9  +  --^  .  sin^J. 


2^. 


M      dx^  dxdy  dy- 

n  S  cos  i  +  -r~„  ■  cos=^. 
dy"' 

Hence  by  addition  and  reduction 

\        \        d?s      dH  „      , 

-jv  +  -7--  :3r  — —  +  ——=13,  constant  for  the  same  point, 
R      R^      dx^       dy^  ^ 

Cor.  The  normal  sections  of  greatest  and  least  curvature  at  ai 
point  of  a  curved  surface,  are  perpendicular  to  each  other. 

For  since  -jr  +  -h"  i^  constant,  -=r  will  be  greatest  when  -j-- 
ii      K^  R  Ri 

least,  and  it  will  be  least  when  -. 
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206.  The   sections  of  greatest  and   least  curvature   are  called 
principal  sections,  and  the  corresponding  radii  are  called  principal 

207.  I'rop.  To  determine  the  principal  radii  of  curvature  at  a 
givea  point  of  a  curved  surface. 

By  difiereutiating  -^  with  respect  to  S,  as  an  independent  variable, 

and  placing  the  differential  coefficient  equal  to  zero,  we  get 


dxdy  uiy^      tte^J      dxdy 

From  which  we  ohtain  two  values  of  cot  5,  viz. 


dij^       V  Lrfy^      dx^A  \dxdy) 


Suhstituting  this  value  in  the  formula  (/*),  which  may  be  written 
tbws 

1  +  cof^J 

~  d^z      ..,   ,   .,  ^'■^ 
dx^  dxdy 

and  denoting  by  R-^  and  R^  the  least  and  greatest  radii  of  curvature^ 
there  results 

R^=  ; ^ t:z-^ iR). 

d^      d^  UH      dny-      .{A-'z^ 

dx^  ■'■  ,/yS  ■■■  V  Ldy^       dxU  "^     \dxdyl 


d^z  ,   dH 


/rrf^__rf%1=      /  d^z  V 
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208.  Prop.  To  express  the  radius  of  curvature  of  any  normal 
section  in  terms  of  the  principal  radii  E^  and  E^,  and  the  angle  ip 
formed  by  that  section  with  the  principal  section  of  greatest  curva- 

If  we  malvc  successively  ^  =  0,  and  d  =  -*  in  [/"]  wo  obtain 


dx^  dy'^ 

and  these  will  be  the  values  of  E^  and  S^i  'f  ^^^  planes  of  xz 
yz  be  supposed  to  coincide  with  those  of  gre;itest  and  least  c 
ture.     Thus  we  shall  have,  upon  this  supposition, 


dz'~  M^' 

df 

~  e; 

The  same  supposition  render 

dH 
dxdy  " 

z  0,  as  appea 

rs   when  we 

pntd  =  0  in(g). 

These  conditions  reduce  (P),  ' 

ffhen  6  is 

replaced  by  if 

),  to  the  form 

^=...J^h 

•  ■  •  [n 

the  desired  formula. 

209.  Prop.  If  the  two  principal  sections  of  a  curved  surface,  at 
any  point,  have  their  concavities  turned  in  the  same  direction,  then 
every  normal  section  through  that  poiat  will  be  concave  in  the  same 
direction. 

In  the  formula  (ir),the  signs  of  iSjand  iJ^  ^^P^^^  upon  those  of 

-r-7  wid  -J-: ;  and  the  signs  of  these  coefficients  indicate  the  direc- 
dx^  dy^  ° 

tions  of  the  curvature  of  the  principal  sections. 

In  the  case  under  consideration,  the  signs  of  R^  and  R^  must  be 
alike,  and  therefore  if  both  be  +,  the  sign  of  R  will  be  +  also ; 
but  if  both  be  — ,  then  the  sign  of  R  will  liltewise  be  negative. 

Prom  which  the  truth  of  the  proposition  is  apparent. 
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Jl'd.  Cor.  If  Si  and  iSj  be  also  equal,  then  S  =  Iij  =  H^  for 
viery  vnlae  of  ip,  and  every  normal  section,  throiigli  the  same  point, 
will  htye  tbe  same  curvature.  This  occurs  at  the  vertices  of  sur- 
faces of  revolution. 

211.  Prop.  If  one  principal  section  of  a  surface  be  concave,  and 
the  other  convex,  it  will  be  possible  to  select  a  value  ipj  for  ip,  which 
shall  render  B  infinite,  or  the  section  a  straight  line;  also,  between 
the  values  9  ^^  —  ipj  and  cp  :=  +  (p^,  the  signs  of  li  and  H^  will  be 
alike;  but  from  (f=  tp^  to  9  =  n  —  ipi,  the  signs  of  B  and  Ji^  will 
be  alike. 

In  the  formula  [T],  suppose  S^  negative,  and  it  will  become 
--H1-B2 


It  = 


iJjCos^p  —  if  I  sin^ip 
in  which  transformed  expression,  the  quanlities  Sj  and  i?j  are  to  be 
considered  essentially  positive. 

Noyf  suppose  ip  so  taken  that  -Sj  cos^ip  —  ii,  aia^  =  0,  a  condition 
that  will  be  fulfilled  when 

14 


-[|]* 


Then 


or,      fi  =  tan-i  - 


Thus  there  are  two  sections  corresponding  to  the  acgles  ipj  and 
—  (jjj  which  give  straight  lines.  Also,  if  9  >  —  <Pi  and  f  <C  ^iJ 
then  _Bj  cos=  ip  —B^  sm^ip  >  0,  and  .  • .  .S  <  0. 

But  if  ip  >  fpi  and  9  <  f  —  ipi,  tben  B^  cos^p  —  .Si  sin^p  <  0, 
and  iJ  >  0. 

Hence  the  surface  may  be  divided  into  four  parts  by  two  planes, 
and  if  the  first  of  these  parts  bo  supposed  concave  the  second  will 
be  convex,  the  third  concave  and  tho  fourth  convex. 

212.  Prop.  To  determine  whether  the  principal  radii  at  any  point 
have  tie  same  or  contrary  signs,  the  co-ordiaate  planes  not  being 
coincident  with  the  principal  sections. 
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The  genera]  values  of  .B,  and  B^  may  be  reduced  to  the  form» 


p"  +  q"  -V{p"  +  q"V-4:(p"(i"  -  *"^) 

la  which         p    =  ■—-,     q    z^  -—,     and     s"  =  3-^) 
(m;^  rfy^  dxdy 

and  these  values  will  have  the  same  sign  when  p"q"  —  a'"'  >  0,  and 
contrary  signs  when  p"q"  —  s"^  <  0. 

213.  Prop.  At  every  point  of  a  curved  surface,  a  paraboloid 
(either  elliptical  or  hyperbolic)  can  be  applied,  with  its  vertex  at 
that  point,  which  shall  have  contact  of  the  second  order  with  the 
^ven  surface. 

Assume  the  point  of  contact  as  the  origin,  the  normal  being  taken 
as  the  axis  of  2,  and  the  planes  of  xz  and  yz  coincident  with  the 
principal  sections  of  the  surface. 

Take  the  normal  as  the  axis  of  the  paraboloid,  its  vertex  being  at 
the  point  of  contact,  and  turn  the  paraboloid  about  its  axis  until  ila 
principal  sections  coincide  with  xz  and  j/s.  The  equation  of  the 
paraboloid  when  in  this  position  will  be  Ax^  ±  By'^  =  Cz, 

which  may  be  written       z  =  ;--jj  ±  ^^i 

where    'HP  —  ~  and  SP,  =  -^,  which  represent   the  parameters 
of  the  principal  sections,  are  entirely  arbitrary. 
Take       P^.Sj,    and    P-i  =  R^-     Then 


•Pz         \  ^      d^z  1 


Hence  -Jl  —  —     and      -— ,.  — , 

and  therefore  R-^  and  R^  are  the  principal  radii  of  curvature  of  the 
paraboloid  also.     Then,  for  any  other  normal  section  of  the  parabo- 
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loid,  'we  shall  have  M  ^ 


^is 


b-BjAa 


the  SI 


le  value  as  that 


of  the  radius  of  curvature  of  the  corresponding  normal  section  of  the 
surfece.     (Art.  208), 

Oor.  It  appears  that  when  the  principal  Bections  of  two  tangent 
surfaces  have  contact  of  the  second  order,  every  other  normal  sec- 
tion made  by  the  same  plane  drawn  through  the  same  point  will 
likewise  have  contact  of  the  second  order. 

214.  Prop.  To  determine  the  radius  of  curvature  of  an  oblique 
section  of  a  curved  surface. 

Take  the  point  of  contact  as  the  origin,  and  the  tangent  plane  as 
that  of  xy. 


Let  OXj  be  the  trace  of  the  secant  plane  on  «y,  aOb  the  section 
of  the  surface  by  that  plane,  A  OB  the  normal  section  by  the  plane 
ZOX,  M  the  radius  of  curvature  of  AOB  at  0,  r  the  radius  of 
curvature  of  o  06  at  0.  Draw  OZ^  perpendicular  to  OXj,  in  the 
plane  a  Ob,  and  refer  that  section  to  the  rectangular  axes  OX^  and  OZ^. 

Put  Odz=x^,  dp  =  s^,  X  =  angle  between  aOb  and  AOB, 
pj>  =  s,J>E=:  y,   OE  =  X. 
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Then  at  the  point  0  we  shall  have 


But    s  =  s,  COS  X,     .  ■ .  —-  =z  — -'  ■  cos  >..      Also     ^  =  -5-  =  3— 
'  d<c^      dx^  dx       dx       ax 

.  ■ .  r  =  iJ .  cos  X, 

and  consequently  radius  of  the  oblique  section  =  projectioa  of  thn 

radius  of  the  normal  section,  on  the  plane  of  the  oblique  section. 

This  result  is  known  as  Meusnier's  Theorem, 

Cot.  If  a  sphere  be  described  whose  radiua  shall  be  identical  with 

that  of  the  normal  section,  and  if  through  tho  tangent  to  that  seetioa 

any  plane  be  drawn  intersecting  the  sphere  and  the  given  surface, 

then  will  the  small  circle  cut  from  the  sphere  be  osculatory  to  the 

curve  cut  from  the  surface. 

Lines  of  Cw  i  xtutc 

215.  If  through  the  consecutive  points  tf  any  curve  traced  upon 
a  given  surface  normilt.  to  that  surface  be  driwn  such  couseci  t  ve 
normals  will  lot  usually  he  in  the  sime  jlane  and  thoitlorewJl 
not  intersett,  but  when  the  eonsecuti\e  normals  do  mtcraeet  the 
corresponding  curves  (which  enjoj  peculnr  properties)  sro  called 
lines  of  curvature. 

216.  Prop.  To  determine  tie  lines  of  curvature  passing  through 
any  point  on  a  curved  surface. 

Let  the  equations  of  the  normals  passing  through  any  point 
(*i.  Vv  Zi).  te 

x~x,-\-i{z~^^)=(i=P . .  .{\)  and  y-y,-\-s{z-z^)=Q=q...{2), 
aod  suppose  the  independent  variables  x  and  y  to  receive  the  incre- 
ments k  and  k. 
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Then  the  equationa  of  the  normal  in  the  new  position  vfill  be 


'"  +  &c.  =  0 (4). 


dx^    1       tfy,    1 

If  these  two  normals  intersect,  the  equations  (1),  (2),  (3),  and  (4), 
will  apply  to  the  point  of  intersection ;  and  if  the  co-ordinatea 
jr,  y,  and  z  of  that  point  be  eliminated  between  the  four  equations, 
tbe  result  will  be  a  relation  between  the  increments  h  and  k  and  con- 
stants, it  being  observed  that  t  =  -r^  and  s  ^  -r-^,  are  constant  for 
"  ite,  rfyj 

the  same  point,  and  the  same  is  true  of  -r— ,  -3—,  &e. 

This  relation  between  A  and  k  implies  a  necessary  relation  between 
the  new  values  of  x  and  y,  in  order  that  an  intersection  of  the  nor- 
mals may  be  possible ;   and  when    the  normals   are  consecutive, 

of  which  is  equal  to  zero)  in  (3)  and  (4),  then  dividing  by  h,  and 
finally  malting  A  —  0,  those  equations  become 

or,  by  foi-ming  the  values  of  the  partial  differential  coefficients, 
dP    dP  dQ       .dq 


i^'Sj^'i?'"''^'''"""'''"'''^'' 

-l+(. 

<f*,     &.>                   fc,     J,,     &,    i,  rfj,, 
^'dx^^     rf^,2^^        ''d^^dyt  dx^     dxj    dy,    dx{~  ' 

dx^dy^ 

and  by 

eliminating  «  —  a„  pnttinj^ 
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we  Obtain 

+  ^b"(i+?'')-s"(i+p'^)]-s"(i+^'=)+p'?y'-o. ..{[/). 

This  is  a  quadratic  equation,  giving  two  values  of—,  the  tangent 

of  the  angle  between  the  axis  of  x  and  the  projection  of  the  tangent 
to  the  line  of  curvature  passing  through  (ii^/jEj),  upon  the  plane 
of  xy.  Hence  there  will  be  two  lines  of  curvature  pasang  through 
each  point  of  the  surface  ;  aivi  if  jj',  g',  &e.,  be  replaced  in  (U)  by 
their  general  values  derived  from  tho  equation  of  the  surface,  the 
result  will  be  the  differential  equation  of  tbe  projection  of  every 
pair  of  lines  of  curvature  upon  the  plane  of  xt/. 

217.  J^rop.  The  lines  of  curvature  at  any  point  of  a  curved  sur- 
face intersect  each  other  at  right  angles,  and  they  are  respectively 
tangent  to  the  sections  of  greatest  and  least  curvature. 

If  we  suppose  the  plane  of  a^y,  (which  in  the  last  proposition  was 
assumed  arbitrarily)  to  coincide  with  tho  tangent  plane  at  the  point 
under  consideration,  we  shall  have 

,      <^h       r.  ,       ,        tfei        „ 

p  =  1-^=  0,     and     g'  —  -~  =  0. 

Hence  the  equation  (fr)  may  be  reduced  to  the  form 


.  dx,^  3"      '  dx. 


Hence  if  flj  and  B^  denote  two  angles  determined  by  the  condition 
that  tanSj  and  tan  6^  shall  be  the  roots  of  this  equation,  we  shall 
have,  by  the  theory  of  equations, 

tan  ^i  tan  ^2  ^  —  1,     or     1  +  tanfl[taiiflj  —  0, 
■which  is  the  condition  of  perpendicularity  of  two  lines  in  the  plane 
of  xy  forming  angles  b^  and  flj  with  the  axis  of  x.     Thus  the  tan- 
gents to  the  two  lilies  of  curvature  intersect  at  right  angles. 
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218.  Agmn,  if  we  divide  equation  (  V)  by  -~  =  tan^fl  and  replace 

;  by  cotfl,  the  result  will  lieeome  identical  in  form  with  equation 

(g),  which  serves  to  determine  tho  two  angles  formed  by  the  prin- 
cipal sections  with  the  plane  of  ita,  and  hence  the  directions  of  the 
lines  of  curvature  are  tangent  to  the  curves  of  principal  section, 

219.  Prop.  The  consecutive  normals  to  a  surface  drawn  through 
points  in  tlie  lines  of  curvature,  intersect  at  the  same  points  as  the 
consecutive  normals  to  the  principal  sections  to  which  the  lines  of 
curvature  are  tangent. 

Eegarding  the  tangent  plane  at  the  given  point  of  the  surfece  as 
still  coincident  with  that  of  xy,  we  shall  have 

«!  =:  0,   -T-^  =  0  and  -~-  =  0  and  the  equation  (7),  gives 

1  tand 


-~+  T     '--tanfl  -;— T-  +  ^-tana 

Now  if  the  plane  of  xz  he  supposed  coincident  with  a  principal 
section,  these  expressions  will  be  still  farther  simplified,  since  ■  ' 
will  then  be  =  0 ;  thus, 

1  1 

"=£^     ""    '^^" 
dz-^  dy^ 

But  these  expressions  are  precisely  the  same  as  those  previously 
found  for  the  radii  of  curvature  of  the  principal  sections,  and  hence 
the  centres  of  curvature  of  the  principal  sections  must  coincide  with 
the  points  of  intersection  of  consecutive  normals  to  the  surface 
through  points  in  the  lines  of  curvature. 
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CHAPTER   I. 

riRST   PRINCIPLES, 

1.  The  object  of  the  Integral  Calculus  is  to  determine  the  function 
from  whieti  any  proposed  differential  has  been  obtained.  The  pro- 
cess by  which  this  is  effected  is  called  integration,  and  is  indicated 
by  the  sign  /,  the  result  being  called  the  integral  of  the  proposed 
differential. 

2.  Whenever  the  given  differential  can  be  reduced  to  a  known 
form,  we  may  return  to  the  function  by  simply  reversing  the  rules 
for  differentiation. 

3.  Since     d{a .  Fx)  =  a  .  d{Fx)  =aF-^x.dx,  we  infer  that 

faF^x  .dx  =  a  fF^x .  dx, 
that  is,  we  may  remove  any  constant  factor  from  under  the  sign  of 
integration,  placing  it  as  a  factor  exterior  to  that  sign. 

4.  Again  JF^x  .dx=  f~FjX  .dx  =  -  fa.  l'\x .  dx. 

Therefore  we  may  introduce  a  constant  factor  under  the  integral 
sign,  provided  we  write  its  reciprocal,  as  a  factor,  exterior  to  that 
sign. 

6.  To  differentiate  the  algebraic  sum  of  several  functions,  we  dif- 
ferentiate each  function  separately,  and  take  the  algebraic  sum  of  the 
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several  differentials.     Hence,  in  order  to  integrate  the  algebraic  si 
of  several  differentials,  we  have  only  to  integrate  the  several  ter 


Thus     /{adx  +  hdi/  —  cde  +  edv)  ^  fodx  -j-fbdi/  — fcdz  +fedv 

^ax  +  by-cz+ev. 
6.  Again,  since  differentiation  causes  all  constants  connected  with 
the  variables  by  the  signs  +  and  —  to  disappear,  it  follows,  that  in 
effecting  an  integration,  we  should  always  add  a  constant,  in  order 
to  provide  for  that  which  may  have  disappeared  by  differentiation : 
thus  we  write 

/«Ji  =  a.  +  ., 

in  which  the  value  of  c  will  be  arbitrary,  unless  fixed  by  otter  con- 


se,  for  example,  that  the  genera!  value  of  the  integral  is  X, 
so  that 

X^ax  +  c; 

and  that  for  a  particular  value  x^  of  x,  the  integral  assumes  a  known 
value  Xj:  then 

Xi  =  osi  +  c,  and  .  ■ .  c  =  X^  —ax^. 
And  this  value  substituted  in  tlie  general  integral,  gives 
X^a{x-:^,)  +  X,. 


I  of  tJie  Form  (Fs)''dFx. 
7.  Prop.  To  integrate  tlie  form  {FxydFx. 
Here  we  have  /{FxydFx  =  ^-^  f{n  +  l){Fx)"dFx 


The  same  process  can  obviously  be  applied,  whenever  the  quan- 
tity exterior  to  the  parenthesis,  can   be  rendered   the  e.\aet  dif- 
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fereutial  of  that  within,  by  the  introdaction  or  suppression  of  a 
constant. 

Hence  we  have  the  following  rule  for  the  integration  of  this  form, 

Divide  the  given  expression  by  the  differential  of  the  quantity  within 
the  (  ),  then  increase  the  exponent  of  the  {)  by  unity,  and  finally, 
divide  by  the  exponent  thus  increased. 


8.  1.  To  integrate  ax^dx. 

Jax^dx  =:  afx^dx  :=  -f4x^die=.-—-  +  c. 

2.  To  integrate  i/b^  +  x*.3cx^dx. 

f(b^  +  ^*)K  ^cx^th  =  J  ■  1/  ^(S"  +  «'}*■  ^^^'^  =  |{*'  +  ^)^  +  ^■ 

3.  To  integrate  t/y  —  (2a  +  ^bx^dx. 
This  may  be  integrated  in  two  ways;  thus 

y  =  /(2a  +  ZbxYdx  =/(8a3  +  36a=4a;  +  54o6%^  +  %'ihH^)dx 
=  f^a^dx  +  fZWbxdx  +  fbiabH-^dz  +  flTPx^dx 

=  8a%  +  ISa^Ss^  +  ISab^x^  +  ^b3x*  +  c (1). 


y^f{^-i-3bxydx^^fi{2<i+Zbxy.3bdx  =  ~{2a+3bxy+ei 


The  formulfe  (1)  and  (2)  are  identical.     For  if  y^  denote  the 
particular  value  of  y  when  ^  =  0,  we  shall  have  from  (1)     yj  =  c ; 
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4.  To  integrate    dy  = 


9.  In  each  of  the  preceding  examples  the  proposed  diiTerential  has 
Deen  brought  to  the  reijuired  form,  viz. :  that  ia  which  the  part  ex- 
terior to  the  (  )  is  the  exact  differential  of  that  within,  by  intro- 
duoiug  a  constant  factor.  To  ascertain  when  this  ia  possible,  take 
the  last  example,  and  denote  by  A  the  required  unknown  factor :  then 

y  ^  ~f(ibx^  —  2cx^y{l2Abx  -  9Acx^)dx, 
and  if  tiiis  be  of  the  required  form,  wo  must  have 

rf(4fe^  -  2«:3)  -  {12Aba:  -  9Aex'^)dx 
or  863;  —  Gcx^  =  12Abx  —  QAcx\ 

and  since  this  condition  must  be  satisfied  without  reference  to  tJie 
value  of  X,  we  must  have,  by  the  principle  of  indeterminate  coefR. 
cients,  the  two  separate  conditions 

86  =  12^6 (1)     and     -  6c  =  -  9 Jc (2). 

The  values  of  ^  derived  from  (1)  and  (2)  being  identical,  the  pro- 
posed reduction  is  possible. 

The  next  example  will  illustrate  the  contrary  case. 


If  possible,  let  A  be  the  required  factor.     Then 

3/^-/(46^.1!  +  ZaxY  {ib'^-A  +  ^<>,Ax)dx, 
and  .  ■.  rf(46%  +  ^ax^)  =  (26M  +  &aAx)dx, 

or  46^  +&ax  =  26M  +  ^aAx, 
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which  gives  the  two  separate  conditions 

46=  =  2iM (1)         and         6a  =  6aA (2), 

rrom(l)      A  =  ^,  =  2,     and  from  (2)     ^=~  =  - 
26^  ^  '  8(1      4 

These  values  of  A  being  different,  the  desired  reduction 

2.  To  integrate  dy  =  ^T' 

«  =  %/ar^dx  —  —  ^f~23r-*dx  =  _  ^!^  +  c  = ^- 

*      7-'  2K  3t    ^  21*3 

S.  dy  =  — — -" ■• 


(2fa 


=  irfCHar^  +  if*  !r-'.itdi  =  j  (aj^i  +  1)  *+ 1 


=i[^^r^ 


y  =  Z  fxHx'  +  ax  +  o-)ii  =  3  /(»•  +  ai'  +  «'»')*» 
=  '(?+?  +  ?)  +  '■ 
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Logarithmie  Forms. 


10.  Prop.  To  integrate  the  forms  and  — ^ — '— 

Since  d{a,  log  x)  — ■     . '  ■  / =  a  log  a:  +  c. 

,,       -         ^,     ,      T.^       <i-dFx  ra.dFx 


II.  1.  To  integrate  dy  -  j— — 


In  this  example  the  constant  introduced  by  the  integration  is  put 
into  the  form  of  a  logarithm  (which  is  always  admissible)  for  the 
purpose  of  simplifying  the  form  to  which  the  integral  is  finally 
reduced, 
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Ixdx 


8a -3^3 


3.  To  integrate  dy  = 


^-J~  S^^Ts^s"  ~~qJ  8a-a«s  " 
=  log ,;  -  log  {8a  -  9x^)^  =  log  ■ 


4.  io  integrate         ay  —  — i -— ^ ■ 

b   HSU*  —  lOSa^a^  +  bix^a*  -  12xa^  +  a«)dx 

y=-J ^. —^ 

=  ^^g  «■  - 108.=.  +  54.-  log .  +  i??!  _  i^]  +  a. 

Circular  Forms. 

dx 
12.  Prop.  To  integrate  the  form    dy  ^  ±  — 

Taking  the  upper  sign,  we  have 


-/^ 


dx  \        a  1 


Let  the  quantity  under  the  sigii  of  integration  be  compared  with 
the  well  known  form  rf(sin-'z)  =  —  ■  ■,  and   it  will  be  found 


identical  therewith,  provided  we  make  -x  =  z. 


s/> 


db,Google 


TRASSCENDBNTAL  FONCTIONS.  255 

Similarly,  since   /*  ■  =;  cos-%  +  c, 

/—  dx  1  ,  6j;   , 

■■       —  =  -7  -  C08-1  —  +  C. 
y^  _  62^3         6  «   ^ 

13.  Prop.  To  integrate  the  form  dy  =  ±    ^  ^- 

Talcing  tlie  upper  sign,  we  iiave 

_    P    +dx      _   I      a'  _  J^  t  __a 

^  ~  J  a^  +  ¥x'~   \.,^~ah   \,,^ 

Comparing  tlie  expression  under  the  sign  of  integration  witli  the 
well  known  form  rf(tan— '2)  =  ,   they  become    identical    by 

malting   —  =  s. 


/rr? ='""'"+'■  ■■•  I  ^6v ='""■■- 


And  similarly,  since    /  ~— — ^  :^  cot~' 

14.  Prop.  To  integrate  the  form  dy  ■=  ±  - 
Taking  the  upper  sign,  we  have 


'-I7. 


+  dx  ' 
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Comparing  the  expression  under  the  sign  of  integration  with  the 
known  form  c?(se<r"^z)  =;  — ,  they  become  identical  by  making 


"■^f—f—  = 


And  similarly,  since  ,  /  -      ■_1^=  —  ooseir's  +  c, 
J  s  y  2^  —  1 

/—  dx  1  ,^x  . 

15.  Prop.  To  integrate  the  form  dy  =:  ± 
Taking  the  upper  sign,  we  have 
2S  , 


Vo^a;  -  fi^a:' 


Comparing  the  expression  under  the  sign  of  integration  with  the 

known  form  (i(versin-'s)  =  ,  they  become  identical  by 

y3z  — s^ 


vA(fHW 
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And  similarly,  since    /*— ■-        —  =  oovefain-^. 


:/ffi%-6S^3 


16.  1.  To  integrate  dy 


2.  To  integrati 


^       1  +a:'i 


nA 


,-* 


,J 


xA 


a. 


17.  Since  each  of  the  ti-igoiiometrical  functions  can  be 
in  terms  of  any  other,  all  the  circular  forma  must  apply,  whenever 
one  is  applicable.     To  illustrate  thia,  take  the  example 

dy  =  '-       :..    .  : 
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_iiv|A^_i|2^-"  '^ 


=;sill->,/S?+t. 


Again, 


Again,  j/  = 


^^Ax^~{4xJ 


=  —  5  COS-'  y^  +  Ci. 
=  —  ^  coversiu-'  {4a:')  +  Cg. 


.i-».. 


'  /i,^. 
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18.    Prop.   To   integrate    the    forms    sia  icdx,  eQsxdx,  sec^iKifo, 
isec^icdx,  eeoxtanxdx,  and  cosecxtxitxdx. 


Since  d(cos 


■sinxdx,  .■.Jai-axdx=  —/—sin x dx^  — cosk+c. 
=     cos  xdx, .  ■ .  /cos  xdx  =  sin  ic  +  c. 
^:     eec^xdx,  .  ■ ,  fsec^xdx  =  tan  x  +  c. 
^  — cosee^atic,  .  • .  fooscc^xdx  =  —  cot  x  +  c. 
—     sec  a;  tan  xdx,  .  ■ ,  /see  a;  tan  arfx  =  sec  a  +  c. 
:)^= — cos^cxcatxdx, .  ■.fcosecxcoi,xdx=;  — coseca;+c- 


SXAMFLEe. 

19,  I.  To  integrate  ^5'  =  2 cos 3a.  (fr. 

jj=/2cos3x.dx  =  |/cos 3a; .  d(Sx)  =  | sin Sa;  +  c. 

2.  d'j  =  5  sec^  (:e=) .  x^dx. 

y=/5,e^^i^).x^dx^^f,^,\xrAx^d^^lfB^c^{x^)d{x^) 

=  ^tm{x^)  +  e. 
S.  dy  ■=Q  sec  4* ,  tiin  4» .  dx 

y  =  - /scc43;.tan4x,i^(4i)  —  -sec 4a;  +  e. 

4.  rfy  =  2  sin  {a  +  3a;)(fo:, 

J/  =  I/sin  (a  +  Si.)  3rf^  ^  ^/sin  (a  +  3a.) .  d{a  +  3a.) 
=  - 1  cos  («  +  3a;)  +  c. 

5.  rfy  :=~cosec*(-v^^.  a;    cfo. 
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6.  dif  =  2  coseo  {nx) .  cot  (na;) .  dx. 

y  =  ?/cosecMcotH).rfM  =  -^cosec(«:.)  +  c 

Meponential  JForma. 
SO.  Prop.  To  integrate  the  form  dy  =  a'd«. 
Since       da'  =  log  a .  a'dx,  .  ■ .  fa'dx  = Aog  a .  a'dx 

EXAMFLEB. 

2J.  1-  To  integrate  dy  —  Se'dx,  where  e  is  the  Naperian  base. 

»=V'-*=i|;  + '  =  =-  +  "• 

2.  dtf  =  ba^dx, 

3.  dy  ^  me"''!?*". 

The   cases   which    have   now   beou  considered    include  all    the 
elemeutapy  forma. 
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22.  Having  disposed  of  the  simple  and  elementary  forms,  ot 
such  as  admit  of  being  brought  to  such  by  some  very  obvious 
process,  we  shall  proceed  to  the  consideration  of  more  complicated 
expressions,  endeavoring  in  each  case  to  lesolve  them  by  a  sys- 
tematic process  into  one  or  more  of  the  elementary  forms. 

23.  The  first  form,  in  point  of  simplicity,  which  we  shall  have 
occasion  to  consider,  is  that  of  a  rational  algebraic  fraction,  and  in 
such  expressions  we  may  always  regard  the  highest  exponent  of  the 
variable  in  the  numerator  as  less  than  the  corresponding  exponent  in 
the  denominator,  since  the  fraction,  when  not  given  originally  in  that 
form,  may  be  reduced  by  actual  division,  to'  a  series  of  monomial 
terms  and  a  fraction  of  the  desired  form, 

24.  /"rqp.  To  integrate  the  form 

baf-i  +  ez'-^ +lx  +  Jc 


dix*  +  6,*"-'  +  c-jX"-'  .  .  .  .  +  l^x  +  kj 


1st  Case.  When  the  denominator  of  the  proposed  fraction  can  be 
csolved  into  real  and  unequal  factors  of  the  first  degree. 
To  illustrate  this  case,  take  the  example 
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constants  whose  values  are  to  be  determined  hy  tlie  condition  that 
this  assumed  equality  shall  he  verified. 

Eedudag  the  terms  of  the  second  member  to  a  common  deiiomi 
Eator,  we  have 

ax  +  c  _  A{x  +  b)  Bx      _  Ax-\-Ab-\-  Bx 

x^  -^  bx~    x^  +  bx        x^  -\-  bx~         x^  +  bx 
Henoe  ax  +  c  —  Ax  +  Ab  +  Bx; 

and  since  this  condition  is  to  be  fulfilled  without  leferenee  to  the 
value  of  X,  the  principle  of  indeterminate  coefficients  will  furnish 
the  separate  equations 

c  =  Ab,     and     a^A  +  B. 
Thua  we  shall  have  two  equations  with  which  to  determine  the  values 
of  the  two  constants  A  and  B,     Resolving  them,  we  find 

A=,t     and     5  =  a-^  =  «-^  =  ^^-=^. 
6  b  b 

Hence  by  substitution 


J  x^+bx  J    at  •!  X  ^b  bJ    x  h    J-. 

=  ^  loga;  +  ^-^log  (ar  +  6)  +  C. 
As  a  second  illustration  take  the  following  example 


sf  +  h. 

=!^  +  bx 

=  4  +  : 

B 

+  i' 

A 

i'  +  i) 

^  x^  +  hx 

Ax 

■  +  Ab  +  Bx 
i'  +  6. 

.-.  a  ^  Ax  +  Ab  +  Bx,  and  consequently  by  the  principle  of  inde- 
terminate coefficients 
a  =  Ah     and    (i  =  A-{-B,     whence     -4  =^  and  £  =— ^~  — r 
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And  by  substitution 

/adx       P     adx       _  a  Pd^  _  a  f    dx 
T^'^J  b{x  +  b)~bJ    X       6./a!  +  6- 

=  ^log*  — |log(ii;+  6)  +logc 
^  log  (.if)  -  log  \_{x  +  Vf\  +  log  c 


Here  the  factors  of  the  denominator  are  »,  2  +  a:,  and  3  —  x,  and 
we  therefore  assume 

2  +  3ar  —  4a^  _  ^  B  C    _ 

4x  —  x^       ~"^'^2-J-:k''"2-3; 

AA-Jh?  +  2Bx  -  Bx'  +  2Cx  +  Cx^ 


4x~~x^ 
.■ .  2  +  8x  —  4x^  =  iA  -  Ax''  +  ^Bx  -  Bx' +  2Cz  +  Cx\ 
and  by  comparing  the  coefficients  of  the  like  powers  of  ar,  we  have 

2  =  4J,    3  =  2J5  +  2(7,     -4=-^~5+G 
These  conditions  give 

■A.=%    B-\-C^%    and     B—0=^~A  =  '^~ 
...^  =  1,     B  =  %     C=-.. 

^      ^J    X       2J  %  +  x     J  2— K 

26.  A  similar  decomposition  into  partial  fractions,  each  integrable 
by  the  logarithmic  foi-m,  will  be  possible  whenever  the  denominator 
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can  be  resolved  into  simple  and  unequal  factors.  For  if  the  num- 
ber of  such  factors  be  «,  each  constant  numerator,  as  A,  B,  C,  &e,, 
will  be  multiplied  (in  the  reduction  to  a  common  denom  at  )  bj 
all  the  denominators  except  its  own  ;  and  since  ea  h  d  on  h  tor 
contains  only  the  first  power  of  the  variable  x,  it  follows  tha  the  e 
will  appear  in  the  numerator  of  the  sum  of  the  red  ed  f  a  t  ons 
every  power  of  x  to  the  (ra  —  V^th  power  inclusive,  nd  al  o  an  ab 
solute  term.  Hence  the  number  of  equations  formed  by  placii^ 
the  absolute  terms,  and  the  coefficients  of  the  lilte  powers  of  x  equal 
to  each  other,  will  bo  n,  and  therefore  just  sufficient  to  determine 
the  n  constants  A,  B,  C,  &c. 

26.  When  the  factors  of  the  denominator  are  not  immediately 
apparent,  we  may  place  the  denominator  equal  to  zero,  determine 
the  roots  le-jfXi,  &c.,  of  the  equation  so  formed,  if  practicable,  and 
employ  the  factors  x  —  x^,  x  —  X2,  &c. 

2x'  —  4a;  —  10 
Put  2a;»  —  4«  —  10  =  0     or     a;^  —2x~5  =0. 

Then  a  =  1  ±;  y^  and  the  factors  of  the  denominator  are 
X  -  1  +-</6         and         x  —  I  -^/K 

- 1  /•  (■t  +  'rx)dx  ^  1  r (4  +  ■rx)dx 

■'■^-aJ  ^^^2x-5      2/(^_i+  y^(^  -  1  -  v^) 
Adx  ,   1    r       Bdx 


—  ^    f         ^^^  4--  f 


-1+V^     ^-^  x-l~^ 
.■.i  +  lx^  Ja  —  A~Ay^+Bx  —  B  +  By^, 
whence    4  =  —  ^  -  At/G  —  £  +  B-^/&    and    7  =  A  +  B 
from  which  we  deduce 

3^6  2^ 
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•'■^-  4^  y^_i+^+  ,4.,^— y.-i-v5 

=  V^_lilog(._l+y6)-H^^.og(.-l-V^)+. 
4y/6  4^6 

27.  2rf  <7(ise.  When  the  denominator  of  the  proposed  fraction 
contains  equal  factors  of  the  first  degree. 

To  illustrate,  take  the  example    dy  =  — - —  dx. 

[X  +  A) 

If  we  attempt,  as  in  the  first  ease,  to  resolve  this  into  three  frac- 
tions having  denominators  of  the  first  degree,  hy  assuming 

a  +  bx  +  cx'^  A  B       ,       C 


•whence 


{x  +  hy  x  +  h'   x  +  k   '  x  +  h 

will  result 

a  -\-  bx  +  cx^  7=  {A  +  B  ^  C){x  -{-  hf, 
•.a={A-\-B-\-C)h\  6^(^  +  .5+C)2A,  and  c={^+.S+C), 


Thus  the  assumed  condition  would  establish  a  necessary  relation 
between  the  constants  o,  6,  c,  and  A,  where  none  such  should  exist, 
those  constants  being  entirely  arbitrary. 

It  is  easily  seen  that  such  a  result  might  have  been  anticipated : 
C  A-^  B-\ 


x-\-h  X  +  h 


■)  the  proposed  ex- 


pression ■ — - —     ■      "  ■■■  can  only  be  reduced  to  this  form  when  the 
{x  +  h) 

numerator  is  divisible  by  (x  +  /t)\     Hence  the  decomposition  of 

the  proposed  expression  into  three  fractions  of  this  form  is  not  «su 

ally  possible,  and  when  possible  it  is  not  necessary  because  the  form 

of  the  fraction  can  be  modified  by  reducing  it  to  simpler  terms. 
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But  if  we  put  3!+h=s,  we  shall  have  dx=dz,  and  by  substitution 
(a  +  jj.  +  ex-^)dx  _  [a  +  h{z  —  A)  +  c{z^  -  feA  +  &^)]tfe 


Va-bh  +  ch^  ,   5-2cA   ,  c'\ , 

=  L .^ +  ^r-  +  ^J<'- 


Hence  the  proposecl  fraction  catt  be  resolved  into  three  fraetioiis 
having  the  forms 

A  B  C 

ia,  +  hf     {x  +  hf'     ^'^    ar  +  A' 

and  siaee  the  same  reasoning  ■would  apply  if  the  number  of  equal 

factors  wer»  greater,  we  may  in  general  assume 

aJrhx  +  C!ifl....  +  w"-i  A  ,  B i" 


{x  +  hy  -{x  +  hY^{x  +  k)'^ 

the  number  of  such  fractions  being  n. 


EX  AM  PIES. 


2  -  ScK            A         ,       B 
Assume  ^ -^  ^^-, ^  H 

2  -3a:  _       A  £{x  —  a)  __  A  +  Bx  -  £a 

.■.2-~3x~A  +  Bx—Ba,  whence  2  =  A  —  Ba,  mi  ~5  =  B. 
.-.  B  =:  —  3     and     A  ='i  -\-  Ba  =  2  —  3a,     and  consec[uentIy 

y=(2  -3»)/^^  -  3/j^  =  (2_3.)jlj  -3  log  (:,—)+.. 

When  the  denominator  contains  both  ec[ual  and  unequal  factors 
of  the  first  degree,  the  two  methods  must  be  combined. 
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JtATU 

Since       x^  - 

-  6*2  +  9*  =  ar 

(»>_6a,  +  9)  =  i(.-3)>    ».  assume 

0         A{x-if+B„+C4is-^) 

.-.x^- 

4:c  +  3  =  ^(iss  ~^Gx  +  Q)  +  Bx+  C{x^  -  Sj'), 

whence     3  = 

;  9^,     -  4  = 

-6^+i-3e,    .nd    \=A  +  0. 

....=1, 

C  =  %     and     B  =  0. 

■■■>  =  \f 

i      2  /■   i 
»  "'■3^;.-; 

3=|log>!+|log(«-S)+(7 

1, 

-3  log 

.  +  ilog(-- 

-3)'  +  llog.=llog[«(,_3)>l 

3.  rfy 

Assume 


1  A 


.■.l  =  ^(^+3)=+£(*-2)(«+3)^+C(a^-2}^+i)(:.-2)H^+3), 
or  1  =  A{:^  +  6«  +  9)  +  ^(a:*  +  4^«  -^x-  18) 

4-  C(:i:«  -  4a:  +  4)  +  I){x^  -x'  ~Bx  +  12). 
.■.0  =  5  +  i>,   0  =  J  +  4-S+(7-Z',    (i  =  QASB~4:C~^D, 
and  1  ^9^-185  +  4(7+  122). 

These  equations  giye,  by  elimination, 

'    '  ^~25-/(s-2)2       125-/ a:-a      25-/ (a'+3)2'''ia5''  x+3 
=  -25(i^)  -  lls^"^^"  - ')  ~  2^^+3)+ Ti5^*^S(-+3)+«. 
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29.  Case  ^d.  When  the  simple  faetora  of  the  denominator  are 
imaginary. 

These  factors,  which  correspond  to  the  imaginary  roots  of  an 
equation,  enter  in  pairs,  and  are  of  the  forms 

aiza  +  b  -v/^,    and     x±a  —  h  ■</—  1. 

and  their  product  gives  the  real  quadratic  feetor 

s«  ±  2aa;  +  oi!  +  6^  =  (a;  ±  a)«  +  6= 

Hence,  if  there  be  but  one  pair  of  simple  imaginary  factors,  or  a 

single  quaj^ratic  factor,  in  the  denominator,  the  corresponding  partial 

fraction  will  be  of  the  form -^,   ,     -,  in  which  the  numerator 

[x  ±  ay  +  b->' 

must  consist  of  two  terms,  one  containing  the  first  power  of  x,  and 
the  other  an  absolute  term,  because  the  denominator  now  contains 
the  second  power  of  x;  and,  therefore,  if  we  introduced  a  constant 
only  into  the  numerator,  we  should  not  provide  for  having  the 
exponent  of  the  highest  power  of  j-,  in  the  numerator,  only  one  less 
than  the  corresponding  power  in  the  denominator. 

But  when  there  are  several  equal  quadratic  fectors,  the  denomi- 
nator being  of  the  form 

the  partial  fractions  will  be  of  the  forms 

Ax  +  B Cx  +  D  Ex  +  F 

[(^±«)^  +  6^]»  +  [(^±«)^  +  6=J~-i -^  {x±af  +  >;^ 

the  number  of  such  fractions  being  n. 

That  such  a  decomposition  is  possible  in  all  cases,  will  appear 
more  clearly  by  the  following  illustration.  Let  the  proposed  frac- 
tion be 

cd^  -f-  ex*  +  fx'  +  gx"^  +  ^  +  J 

Put  a±a  =  y,         and        y'  +  b^  =  z^. 
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lliea  the  fractiou  caa  be  reduced  successively  to  the  following 
forms 

cy>  +  ty  +/y  +  yy  +  ^ij/  +  i, 
_    (cy  +  e,)(z^  -  b^y  +  {f,y  +  g,)(g^  -  b'^)  +  h,y  +  H 

(-  S^  6^  +f,)x  ^  2b^c  (g,±  a)  +/,(g,  ±  g)       -^^r  +  <fa  =i=  ") 
which  J8  of  the  form 


[(a;  ±  «)^  +  b^Y  ^  [(^  ±  a)^  +  b^f  ^  {x±  af  +  b^ 
And  a  simiiar  decomposition  would  evidently  be  possible,  if  there 
were  n  equal  quadratic  factors  in  the  denominator. 

30.  It   appears  therefore,  that  when  the  denominator  contains 
simple  imaginary  factors,  the  general  form  presented  for  in 
will  be 

dy  =  Yi :—  ■■      'v-,  where  n  may  be  any  mtegei 

Put  xd:a=^s,     then 

lAz  ^  Ja  +  B)ds 

"  =  '    (.-  +  >.).    ■ 

__    /•    Azda  p  {S  IF  Ai')(fs A^ 
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by  making  B^:Aa=Aj.     Thus  the  proposed  integral  is  found  to 

depend  on  the  more  simple  form,    /  t-^7~t^tz 

It  will  now  be  shown  tliat  this  ktter  can  bo  caused  to  depend  on 

the  form    /  j-^ _^,  in  which  the  exponent  of  the  parenthesis  is 

diminished  by  unity.    Thus  we  have 


iE^l;  +  7 


r    '^^    -  V t l/'_^!^ (1). 


which  value,  substituted  in  (I),  reduces  it  to  the  form 
f ^ J_  /■        dz 1  f         (b 


^%b-^{n-l){z^  +  b-^Y-^ 

=  2b%n  ~  l){z^  +  b^y-^  "■■  2^~r)J  J^TW^'-' 

/d" 
f-a   ,    fa-wzi    <^^"   ^s  rendered   dependent  upon 


JW+¥) 


&c.,  so  that  eventually,  the  original  integral  ' 


,    I-  b-^y 

depend  on  tie  form  /-^^  =  - tan-i |. 

31.  We  infer,  therefore,  that  the  integration  of  a  rational  fraction 
can  be  effected  whenever  its  denominator  can  be  resolved  into  simple 
or  quadratic  factors,  and  that  the  integral  will  be  expressed  in  the 
form  of  logarithms,  powers,  or  circular  arcs. 
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82.1.  dy=-^--^ 

Since    {x^~-\)  =  {x^  + x  +  1)  {x  —  1),  and  ar^  +  a;  +  1 

1  A^  J-  ]i  n 


we  assume 


-1 


-I' 


.• .  \  =  AiP-  •\-  Bx  -  Ax  ~  B  ■\-  Cx'  Jf  Cx  -^  C. 
whence    (i  =  A-\-  G,  (i  -  B  -V  G  -  A  xaA  \  =  G  -  B. 
.'.  A='~\,  B=~%     and     C  =  i- 


\-\'->V 


and  if  we  put  »;  +  —  ^e,  ora;^  +  ^  +  -7  = 
there  will  result 


'  =  57^-^5  I  f^|F3  =  i'»s(^-')-J 


1     ys 


.  («  +  hx'Y 
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.-.  1=^11^,  0=2Aab+B+Da,  0=Ab^+Db,  O^C+^a,  0=£5, 
.-.  A=-\,  £=-—,  C  =  Q,  D=-~\,  E=(i. 
ence,  y  _  ^^J  _  —  — y  ^—— -^-^_  ^y  __- 


bx^f 


d^^ 


Put  «*  +  «'  —  2  =  0,  and  resolve  with  respect  to  i^. 

•.  (^  +  «:'-2)  =  (i> +  2) (»!_!)  =  (>,.+ 8)  (i+l)(a;-l), 
ind  we  may  assume, 

7  +  z — T  +  -:rT-«-    -t^^" 


x*  +  x^  +  2' 

z^=A{z^-x^+2x-2)+£{x^+x''+2x+1l)+C{^-x)+D{j^~l). 
.•.0  =  A  +  £+C,l  =  ~A  +  B  +  I>,0  =  iiA  +  2B-C', 
0=  '~2A  +  2B~D. 

.-.^  =  -1,  J!  =  l,    0=0,  i)  =  | 

.  '/•■&     .'/■'fe     i^'/'fe 

"*^  6./ ^  + 1^  6./ a;~l  ^3^  3!2  +  2 

=  -  log  (.  +  1)*+  log  (.  -  1)*+  i^  t.n-ii  + 1. 
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4.  dy  =  -■■  ■  -■■     Since 

\-x^={l-^)  (1+^=)=(1-;.)  O.+x+x')  {\^-x)  {\~x+x%  put 

1  A 


1— a«' 


.l-A{l-t  +  X-'-  x'+  i>-  i«)+^(l+«  +  «»+  ii»+ 1*  +  a?) 

+^(1  +  «  -  !■  ~  !•). 
.1=^  +  B  +  -D  +  ^,    0=— ^  +  £+C-i>  +  ^+ii; 
0  =  j1  +  S— 0+^,    li  =  ~A  +  B  +  J>~F, 
<>  =  A-l-£+0-J>-S~jr,    t>=~A+-B-C-S. 


1 


('  =  i    i>  = 


~         R'    ■^  —  5* 


_1  I'  (£g  1    r  dx        1    /•  (a  +  2)da  ^    1    /-(a  — 2)tfe 


g(l+a;)-^log(l-a)  + 


1    /-(aa+ljrfj;      1 


2^  1 


3.& 


12/  l-a:+a:3  "^12/  /  _iy  ,  3 


2^ 


jl0g(l-»fl>) 


=>^S)*+'»^(SS)*+^K- 


,22:+! 


-^v 
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33.  The  differential  form  next  to  be  considered  is  that  which  19 
still  algebraic,  but  which  involves  irrational  or  surd  quantities.  As 
the  general  mode  of  treating  such  expressions  is  the  same  in  prin- 
ciple, whether  presented  in  the  entire  or  fractional  form,  ttey  will 
be  considered  in  the  latter,  which  is  of  very  frequent  occurrence, 
and  which  presents  some  difficulties  peculiar  to  itself, 

34.  When  an  irrational  fraction,  which  does  not  belong  to  one  of 
the  known  elementary  forms,  is  presented  for  integration,  we  en- 
deavor to  rationalize  it,  Uiat  is,  to  transform  it  into  a  rational  form 
by  suitable  substitutions.  The  following  are  the  principal  cases 
in  which  this  is  possible. 

35.  Case  1st.  When  the  fraction  contains  none  but  monomial  terms. 
As  an  example  to  illustrate  this  ci 


Put  X  =  z"'""  or  a  =  z',  wlwre  I  is  any  common  multiple  of 
the  denominators  n,  m,  e,  and  e. 

Then    a^  =  s"!"",    or    a;"  =2"     where  -i  is  an  integer  since 
/  is  a  multiple  of  n. 

Similarly     as*"  =  i^i"",     x°  =  s=i»™<,     and    af  =  n'l''^. 
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Also  dx  =  nmee .  X"^'-^dz. 

Hence  dy  =  — c  mne  _i_  a  ^  bbk  C"''"^*  ■  '^™"  ' 

which  is  a  fraction  entirely  rational. 

2^~  3a: 
Ex.  To  integrate         dy  =  ^—^ — — r-  de. 

Assume  x  =  z^^:  then  a:    =  s^,  k    =2^,  x    = 
and  rfie  =  ISs" .  dz. 


=  (242«  ~  722'  +  2162«  -  6482S)rfs 

+  ISOSfs'  -  325  +  9z^  -  27j;  +81  -  -^\  cfe. 
.•.  y  -  12/(2se  _  63'  +  183«  ~  Mz^)dz 

+  1908y^s*  -  3j3  +  9^3  -  373  +  81  -  -^)  f^ 

+  1908  [l«'-?,'+3»>-^!'+8l8-2431og(2+8)]+t 

+1908[^a^-5^*+ac*-^:.*+Sl^"^-2431og(/V3)]+^. 

36.  2(i  Case.  When  the  surds  which  enter  the  given  expressioa 
contain  no  quantity  within  the  (  )  hut  one  of  the  form  (a+fta). 
As  an  example,  take 
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Put  a  +  bx  =1  z"""^  where  the  exponent  of  a  is  a  multiple  of  all 


Then  (a  +  hx)"  =  2"'"%  (a  +  bxf  =  z"i-%  {a  +  bx)'  -. 

and  dx  =  — j-  ■  z""'-^dz, 

and  by  substitution 


■which  form  is  entirely  rational. 

37.  1.  To  integrate      dy  = -. 

.      (1+4^/ 

Assume  1  +  4:r  =  s^.     Then 

™'-   ''  (1+4,)*  ^l+i,)*■i 


or*    y 


iy  = 


Put  I  +  ^  ^  z^.    Thea  a:  =  s'  —  1,  t/a:  =  feiz,  and  ^1  +  a 
,  2E(fe  2j/j  (fe  <fe 

■  ■  ■  *  =  (?=.1>  =  F3i  =  r:ri  -  ,-+T 

.-.    J=log(2-l)-log(0+l)+., 

,  2-1  ,      ,  -v/r+~c-i  , 
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38.   Caie  3d.  When  the  proposed  fraction  contains  no  surd  except 
one  of  the  form 

i/a  +  bx±:  cH^  —  c  yj^  -\-  —  x±.x\ 

When  the  last  term  is  positive,  assume 
1/-^  +  — a;  +  a;=  =  e  +  a;;     then   ~  + —3J  + 35^  =  82  +  243; + a*. 


The  values  of  x,  i/a  +  bx  +  c^a:^,  and  dx,  being  all  expressed  ra- 
tionally in  terms  of  x,  the  proposed  differential  when  transformed 
will  also  be  rational. 

Again,  if  the  term  involving  a^  in  the  surd  be  negative,  denote 
by  *i  and  x^  tlie  roots  of  the  eq^uation 

K*  —  "2 2  =  "  i     "^^^   ^ 3 i  ~  \x  —  Xi)[x  —  ^a), 

and  therefore      —  +  —  —  a^  =:  [x^—  x){x  —  a;,). 


Now  assume    -/i^- x){x  -  x^)  =  {x  -  x,)  .z. 


:;  (a:  —  *i)s^j     whence 


iiid    yS+to-A>  =  o(a-:t,): 


l+2> 


Hence  the  several  expressions  which  enter  into  the  proposed  dif- 
ferential will  bo  rational,  and  therefore  that  differential  will  become 
entirely  rational. 
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yi  +  »  +  s*  ^.s  +  x;  then  1  +  a;  -f  a 


3-v/l  +  I  +  .■  ~  (2i  +  I) 


=  log  p /r+T+T»  +  (2i  +  1)]  -  log  3  +  » 


=  log  p  v/1  +  I  +  »■  +  2i  +  1]  +  «, 

.7^ 


^1  +  S  -  *2 

Put  1  +  «  —  3:^  =  0,  and  find  the  roots  x,  and  ^j,  tlius 
1    ,    1 


i_i 

•2-2^-"=('-2-2^'''    "'^" 


V«  V  .-^  v« 


1    1 
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dy  = 


40.  The  other  irrational  forms  which  admit  of  being  ratio 
ire  chiefly  those  belonging  to  the  binomial  class,  which  it  is  proposed 
;o  consider  caiefiilly  in  the  nest  chapter. 
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BIKOUIAL  DIFriJ(EHTIAI.S. 


41.  Frop.  To  determiDetheconditionsunderwhich  the  general  form 

dy  =  a:"  (a +  &!!")'■  (£r,  can  be  rendered  rational. 
If  iveput  a^B""",  there  will  results"  =  £"i",  x'^  =  s"!'^    and 

so  that  the  form  will  be  equally  general  if  written  thus 

d'j  =  a^{a  +  bx'^ydx (1), 

in  which  p  is  the  only  fractional  exponent. 


Assume       a  +  bx"  :=  z ;  then 


■-m 


a""*"'  =  I — ^ — I      and     x'"dx  =  - — ^r  (a  ~  a)  "       .de, 
and  by  substitution  in  (1), 

Hence,  if  — — —  be  a  positive  or  negative  integer,  or  zero,  the 

quantity  (z— o)  "        can  be  developed  in  the  form  of  a  series  of  mo- 
miala  (with  a  limited  numbep  of  terms),  a  rational  fraction,  ot 
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unity,  and  thus  the  value  of  dy  can  be  rendered  entirely  rational. 
For,  although  _p  is  a  fractional  exponent,  the  expression  can  be  so 
transformed  as  to  remove  the  fraction,  by  the  method  explained  in 
the  first  case  of  irrational  fractions. 

Again,  smce  x'"(a  +  Jz'')r=  a:™+''P{(wr-»  +  J)p,  if  we  put 
ax-'  +  b  =  z,  there  will  result, 

.  • .  a^-hTi^E  = {z-h)  ds. 

Pi-Hip+I 

.  ■ .  dy  =  —  ~ (s  —  b)     "     ''    .zP.  dz. 


or  negative  mteger  or  zero. 

We  conclude,  therefore,  that  there  are  two  cases  in  which  it  will 
be  possible  to  rationalize  the  general  binomial  differential,  viz. : 

1st.  When  the  exponent  m  of  a;  exterior  to  the  parenthesis, 
increased  by  unity,  is  exactly  divisible  by  the  exponent  n  of  ib 
within  the  (  ) ;  or 

2d.  When  the  fraction  thus  formed,  increased  by  the  exponent  p 
of  the  ()  is  an  integer  or  zero. 

42.  These  two  relations  are  called  the  conditions  of  intcgraUUly  of 
binomial  differentials. 

43.  1.  To  integrate     dy  =  x^{a  +  xYdx. 

Here  to  =  5,  ft  =  2,  .  ■ .  ■ =  3,  an  integer, 

and  the  expression  can  be  rendered  rational. 


x>dx=^(z-afdz,  and  dy=^{z-ay .  z^dz=^{e^-2az^+a''2^)de 
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2.  ds  = -—  =  <r->(l  +  .')" 'ii. 

Here  to  =  -3.    n  =  2,    aud     i>  =  -|- 

m  +  1  1       ,     ,. 

.   .    =  —  ^,  a  fraction  ; 

«<  +  1   .  ..  IS 


-  2,  a  negative  integer. 


and  the  expression  can  therefore  be  rendered  rational  by  the  second 
transformation. 


g  +  i  , jHi  +  a 
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CHAPTEE   VI. 


FORMULA   OF  BBDtrClIOH. 


44.  Whea  a.  binomiftl  differential  satisfies  either  of  the  conditions 
of  integrability,  it  is  possible  to  transform  it  into  a  rational  expres- 
sion ;  but,  instead  of  applying  this  process  of  rationalization  directly, 
it  is  often  more  convenient  to  employ  certain  formul<s  of  reduction, 
which  render  the  proposed  integral  dependent  upon  others  of  simpler 
form,  or  such  as  have  been  previously  integrated. 

45.  Such  formulfe  are  deduced  by  employing  another  known  as 
the  formula  for  integration  by  parts. 

Thus,  since  d{uv)  =  udv  +  vdu,  wb  have 

f-udv  =  Mil  —  /vdu (1). 

By  this  formula,  ftidv,  is  made  to  depend  upon  /vdu,  which 
latter  integral  may  be  more  simple. 

46.  Prop.  To  obtain  a  formula  for  diminishing  the  exponent  ut 
of  I,  exterior  to  the  {  )j  in  the  general  binomial  form 

y  =/a:"(a  +  hz'^dx. 
Put  {a  +  b3f)Px-^'dx  =  di),     and     ^'"-"+1  =  «. 

Then  v  =  ^-,7-    ,  '-^,     and     du  =  (m  -  n  +  l)x'^dx. 
nb(p  +1) 

But    y  =  /^'^""'■^(o  +  bx''yxfl~'^ds  ^=  fudv  r=  wu  —  fvdu. 
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The  formula  (2),  effects  the  object  of  diminishing  fie  exponent  m 
of  a,  but  it  increases  by  unity  the  exponent  p  of  the  (  ),  aad  as  tiis 
would  often  be  an  inconvenience,  we  must  endeavor  to  modify  (3), 

Now  fx-^-'{a  +  hx^)n-^dx  =  fiX^{a  +  bx'')P(a  +  hx')dx 

-  a  /yf^{a  +  bx')Pdx+b  fseHa  +  bx«ydx. 

-.m-n+lfa  a.  JwiWl 


Transposing  the  last  term  to  the  first  member  and  reducing,  we 
have 

Hence     y  =  /3:™(a  +  bxr^ydx 
_  iE«-"+i(g  +  ia")pf'  —  (m  —  m  +  l)a  J3f^{a  +  63:'')Prf3: 
-  ^  -    6("? +  '»+!)  "  ^    '■ 

47.  By  this  formula,  the  proposed  integral  is  made  to  depend 
upon  another  of  a  similar  form,  but  having  the  exponent  m  —  m  of 
X,  exterior  to  the  (  ),  less  than  the  original  exponent  m,  by  ra,  the 
exponent  of  x  witJiin  the  (  ). 

48,  Prop.  To  obtain  a  formula  for  diminishing  the  exponent  p 
of  the  (  ),  in  the  general  integral 

y  =  fx"{a  +  bx")Pdx. 
Since     /x-'ia  +  bx^ydx  =  /x^{a  +  5:ir")P-i(a  +  bx'')dc 

=  a/iE"(a  +  6is'')P-Wj;  +  bfX^-*-«{a  +  bx'')P-^dx; 
and  since  by  applying  formula  (A)  to  the  last  integral,  replacing 
m  by  (m+m),  and  p  by  {p  —  1),  we  get 

^  S(!iJ>+J«+l) 
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=  /af  (a  +  bx^ydx 


iip  +  m+l 


np  +  m+1-' 
_  a?«+\a  +  bx^y  +  piia  f3!"{a  +  bx'')P-^dx 
~  np  +  m  +  l 

49.  By  tlie  use  of  this  formula,  the  proposed  integral  fe  made  to 
depend  upon  a  similar  integral,  but  having  the  exponent  of  the  (  ) 
diminished  by  unity. 

60.  When  the  exponents  m  and  p  are  negative,  and  mmiericaHy 
large,  it  is  generally  convenient  to  increase  them,  so  as  to  bring 
their  values  nearer  to  zero,  and  hence  we  require  two  additional 
formula,  one  for  increasing  the  exponent  of  the  variable  exterior  to 
the  (  ),  and  the  other,  for  increasing  the  exponent  of  the  (  ). 

61.  Frop.  To  obtain  a  formula  for  increasing  the  exponent  —  m, 
of  the  parenthesis  in  the  general  integral 

y  =  /3r-"(a  +  bx'ydx. 
From  formula  (^),  we  obtain,  by  transposition  and  reduction, 

i^'~b{np+m+l)j   

«(«.-«  +  !) 
Now  making  m  —  w  =  —  m^,  or  w  =  w  —  Wj,  there  results 

_  jr^i+'(a  +  ia")?^'  -  b{np  +  n-m^  +  \) /.r-".+''(a  +  bx''ydx 
or  by  omitting  the  subscript  accents  and  reducing, 

=  i^ks-^T) <''>• 

52.  By  the  use  of  this  formula  the  exponent  ~  m  of  x  exterior 
to  the  ()  is  increased  by  n  the  exponent  of  x  within  the  ( ). 
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53.  Prop.  To  obtain  a  formula  for  increasing  the  exponent  ~p 
of  the  (  )  in  the  general  integral 

y  —  fs^{a  +  hx<')~tdx. 
From  formula  {E)  we  obtain,  by  transposition  and  reduction, 

/^(a+fa.);-*  =  '^■(»+fa')'-(''y+'»+i)/'''(-+'")'''' 

Now  making  p  —  1  =  — ^  or  p  =  \  —  p^,  there  results 

/a"(a  +  bX')-f^dx 
j^«fi(a  -I-  ta'-)-pi+i  ^{np^^n  —  m  —  \)fjr{a  +  to'j-f+'rfg 

or  by  omitting  accents  and  reducing 

y  =  fx!'{a  +  bx')-Pdx 

__a^+Ha+ig-)-f+'+(w?)-n-M— l)/a-"(a+6a^'^)-J^^-l^fc 
~  na(p  —  1) 

54.  By  the  use  of  this  formula,  the  exponent  —  ^  of  the  (  )  is 
increased  'by  unity. 

Applications  of  Formidw  (A),  (B),  (C),  avd  (D), 

55.  I.  To  integrate  dy  =  ~ where  m  is  an  odd  integer. 

-v/1  —  fl^ 

Put  w,  successively  equal  to  1,  3,  5,  7,  &c.,  and  apply  (A).     Thus 
C-  =  —  -y/X  —  x^  -\-  C-i  by  the  rule  for  powers. 

which  OT  =  3,  »  =  2,  and  ji  =  —  — 
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-       ...-  ~  —     x*i/\ — a;'  +  -  /    , by  formula    1^1),    in 

which  «j  =  5,  «  =  2,  and  j>  =  —  -■ 

/■  ^''^^  ^  ^   /? T  1   ^  /"  ^^"^  J  1. 

/  ■■      ^-  =  —  s  a^ V 1  —  ^  +  s  /  —  ■   -  ■ ;  and  generally 

Hence  by  substitution, 

^yfZ:^  \3  1.3/* 

^  «V*  /!_,,   16    .,   1.4.6  ,,   I.2.4.6\    /- „ 

and  generally 

P  }^dx  ri       ,     l.(m-l)       ,     \.{m-5)(m-\) 

J^/i^^         Lm  {m-2).m  (m-4)(m-2)m 

^1.3.5.7.... (™-2)(m)        Jvl-'^  +'■-■ 
=,  where  m  is  an  even  mt«ger. 
Put  JK  =  0,  2,  4,  6,  &c.,  and  apply  {A)  thus 

/■^=^  :=  sin-^3T  +  Cf,  by  one  of  the  circular  forms. 
/l  —  x^ 

which  m  =  2,  n  =  2,  and  p=  —-• 
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^dx  1     _  f- ,   3  r   ^'^<i^ 


/    ..  -     -  =  —  7  x\/\  —x^+--f  ■- ■    by   formula    iA),    in 

•J-v/l  —  a;^  ■*    ^  4  J^i  _  a:^      ■'  *■   ■" 

which  m  =  4,  m  =  2,  and  p  =  —  — 

/■   ^^'^  ^    fi  /^ ir.   5   /*   ^"^^  3  .1 

I  -pz=^  =  —  ^*V^  ~*  ■>■  ^  /  -  ■      ■    ;    and  generally 

/2"'i^a  .  1    ^  ,    /r— — ?  ,  "m—l  p X^^dx 

Hence  by  substitution, 

and  generally 

1.3.5.7...(^-3)(,.-l)>    ,.--^, 
^2.4.6.8...(i»-2)m  /^ 

,   1.3.5.7...(--3)(».-l) _.  _.     ,  „ 


'   2.4.6.8.  ..(m-2).; 


Make  m  —  +%  p  =  —  ^,  and  ii  =  1,  and  apply  (C) ;  then 

J  x'^/l+i'        l-(2-l)  1.(2-1) 
.y/l  +a  _  1   r      Ac 
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Now  put  1  +a:  =  E%  then  x=:si^—l,  dx  =  ^dz  and  -y/l  +  x=z. 

/^    —  f  ^'^''  —  f  ^^  —  f..'^"     r  ^^ 


r+^   1 ,_  t/t+v  - 1 


+  Ci. 


4,  dy  =  ^"  '^  ^^^   dx  =  ^'{a  +  bxfdx. 

Put    m  =  —  1,    n  =  1,    and    p  =  y,    and  apply  (£) ;  then 


-1-1 


1 


Now  put     m  =  —  1,     M  =  1,     and    p  =  -x,     and  apply  {B)  to 
the  last  integral ;  thus 


r^Ku 


fx-^a  +  i^yd^ 

Now  put     a  +  bx  =  e^;     then      « 
i/a  +  4*  =  s. 


r\^        «>* 


z  —  -/a  3  +  i/a 


and  by  suhstitutioc, 


a  +  bx+^ 
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a  +  bx  +  ^ 


«(1  +  Ste)* 


1,    i>  =  gi     and  apply  (-0),  then 
i      1-1-5+1 


ample. 


"yT+2a: 


+  log-'^ 
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LOOARlTHWrC  J 

56.  We  shall  now  proceed  to  the  integration  of  those  forms 
which  involve  transcendental  functions,  beginning  with  the  case  of 
logarithmic  functions. 

57,  Of  the  logarithmic  forms,  only  a  very  limited  iiumlier  can  be 
integrated,  except  by  methods  of  approximation.  The  principal 
integrablo  forms  will  be  esamined. 

68,  Prop.  To  integrate  the  form  dy  =  X.  log"ic .  dx,  in  which  JP 
is  a  given  algebraic  function  of  x. 

Put  Xdx  =^  dv,  and  log's;  =  u,  and  apply  the  formnla  for  inte- 
gration by  parts.     Thus 

v  =  fXdx,s.ni  du  =  n  Aog*-^x . — ,  and  since  f  udv  =  uv  —  fvdu, 

.-.fX.  Xog'^x .  dx  =  log"ar .  fX'lx  -  /Fw  .  log-'-'a: .  f{Xdx) .  -^1 

nr,  by  making  fXdx  =  X, 

y  =  X-,  lo^'x  —  nj  —  ■  log'-'^  .  dx. 

If,  therefore,  it  be  possible  to  integrate  the  algebraic  form  Xdx, 
the  proposed  integral  will  depend  upon  another  of  the  same  general 
form,  but  having  the  exponent  of  the  logarithm  less  by  unity. 

Now  put  /  —^dx~  Xj,  and  by  a  similar  process,  there  will 
result 

y^^'Iog— ije.tfe  =  XJog"-ia;  -  (n  -  Ij/^^log— =:c.c£t:. 
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If  n  be  a  positive  integer,  the  repeated  applkalion  of  this  formula 
will  cause  the  proposed  integral  to  depend  ultimateJy  upon  the  alge- 
braic form  /  --dx,  provided  we  can  integrate  Xdx,  —  dx,  -^dx, 
&c,,  obtaining  in  each  an  integral  in  the  algebraic  form. 


"  (1  +  4" 

,  fXdx  =  /(I  +  «)~W»  =  -  j-J—  =  X^. 


S  =  ('+-)-• 


l  +  « 
Also,     «=1,     and     .-.    ,=  -^^^  +  f^^. 

«"'  f^.=f--f~=H'~ios{i  +  ^)  +  c. 

.■.y=-^^+log;t-log{l+4+C==~log^-log{l+^)+a 

59.  Prop.  To  integrate  the  form     dy  ■=  x'^ .  \og"x ,  dx,     in  which 
«  is  a  positive  integer. 

Put     ^  =  X;    then     X-^  =  f  Xdx  =  f  x'^dx  = -^^■ 
And,  therefore,  by  the  last  proposition, 

y  =  f  a^ .\og''x . dx  = --log^a—  - — -j— /a^.log"-'!.  dx: 

and  simikrly, 

f3f\og'-^xdx  =  — — — j  log'-^ar — —  f  ii^log'-'^xdx. 

3:"*+'  Ji  —  2 

/■a;"log»-'z(£i;  =  — — —  la^'^-^x —rr  fx^og'-^x.dx. 


Heace  by  successive  substitutions. 
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.(»-l)(.-2X»-3)....3.a.n  ,   „ 

=  {i^+W-  J+  "■ 

Cor.  This  formula  ceases  to  be  applicable  when  to  =;  —  1,  as-  the 
terms  become  infinite ;  but  we  llien.  have 

-  ^nr.n-,\—. . 

Ex.  To  integrate         dy  =  x^ .  log% .  dx. 

Here     m^3,     n^3,     m+1^4,     ii-l=2,     «-3=I. 

.  -.  3.-/^.log3^.rf^=^[log^^-|log^^+^log:r-^:|^]  +  G. 

2.  dy  —     "     -dx^x     log^a; .  dx. 

Here  m  =  —  -     and     n  —  5. 

.-.m  +  lr=-l    n-l=4,  »-2  =  3,  n-3  =  2,  f(-4  =  l. 

3 

.-.y- j[log=i:  +  5.21og'^+5.4.2'log3a: 

+  5.4.3. 23Jog%  +  5.4.3.2. 24oga:  +  5 .  4 . 3 . 2 . 1 . 2']  +  C. 
fiemari.  If  vie  suppose  n  to  bo  a  positive  fraction,  the  same 
formula  will  apply,  but  ihe  series  wiil  not  terminate. 

60,  Prop.  To  inlegrate  the  furm  dy  ^  _— .  in  which  «.  is  a  posi- 
tive integer. 

Put  !"+'  =  !!     and     -i— ■ —  =  (?«,  then 


1        cfo 

kig" 

-  1 


du=.ira^l)^dx,     and     .  _  ^-_^^^^_^. 
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Applying  the  formula  fudv  —  -uv—  fvdu,  we  obtain 

/'li^dx                      a^+i              ,    ni  + 1    /•   siF'dx  ,    .     ..     , 

,—r  =  —  7 m — in-  H 1  I  i — izr>  ^"^  similarly 

log-'-'jr  -  ~  (n-2)log''-^a;  "^  li^^J  log«-V 

/  3og"-=ar  (n  ~  3)  log''-%_      n  —  3^  iog"-^j: 

_  /g"c^a: 3^+'  r      1  »t+  1  1 

■'•y~J  logn^"       »— lUog—ia"'"  ft  — a'log"-^ 

+  (»-a)(«-s)  i-B-v 

(» +  !)■-' L-1 

.1    logd 


(.-2)(»-3)(.-4)...3.2.1 


+  7 


log  a;' 


(»-l)(»-3)(..^3)... 3.3.1^  logo, 
The  last  integral  admits  of  only  an  approximate  determination, 
but  its  form  may  be  simplified ;  thus, 
put   2  =  a^+\  then  dz^{m  +  \)x'"dx,  and  {in-\-  l)loga;  =  loga. 

log  X       J  log  s 

This,  also,  can  only  be  integrated  approximately  by  expanding 
the  expression  under  the  sign  of  integration  into  a  aeries,  and  then 
integrating  the  terms  separately,  a  method  which  will  be  considered 
more  at  length  in  a  future  chapter. 

S.  To  integrate  approximately  dy  =:  r — ^ 

Here  m  ^  4  and  ft  -  3,  .  ■ .  m  +  1  =  5,  «  -  1  =  2,  n  -  2  =  1. 

Now  put         x^  =  2,  then    / =  f  ,- —  ; 

^  '  J    \osx       •)  logr 
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and,  making     log  zz=t,  we  have  a  =  e*,  dn^e*.  dt. 

=10g[10g*5]+logx5  +  _i_log=^  +  _^log3^S+&c. 

McrponenUal  FuncUona. 
61.  To  integrate  the  form  dy  =  a'^.x^.dx,  when  m  is  a  positive 


log  a  log  a 

-  f  a* .  sif^Mxy  &c  &C  &0. 
H«ice,  by  substitution, 


y^fa''.a^.dx  =  z 1  a^  — ^ 

logaL  log  a 

m{m-\):^     m(m-l)(m-2> 


iog=a  log^a 

Km-1).. .2.1-1       ^ 
log"^  J 
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62.  Prop.  To  integrate  dy  =  -^^^i  when  m  is  a  positive  integer. 

Put  x-'^—dv  and  (x'=:m  ;  then  1;= and  du  =:  log  a .  a'dx. 

_    fa'dx  a"  log  a    fa'^dx        ,    .    .,    , 

■    ■  /  — ^  —  ~  I   •"•  i\::^j  +  ~" — T  /  — :zni  "i*"  similarly, 

Pa'dx  _  _  g' log  a       /"ffi^ 

/•o'lfe  a'  log  a      fa'dx 

■/  a:"^2  (m  —  3)r''-3       m  —  3    i'  u:«-3' 

Hence,  by  substitution, 

Joga 


'^(».-3)(™-3)...2.l' 


+  {m-l){m-2)...2.lJ  ^^' 
The  last  integral  can  only  be  found  approximately. 

1.  To  integrate  dy  z=  a'  .x*dx. 

Here  ra  =  3,     m  —  1  =  2,     ra  -  3  ^  1.     Hence 

_  a"  r ,     3^^       G:^        en 

^  ~  log  a  L"^       log  a  ■•■  !og%      log%J  "•" 

2.  To  integrate  dy  ■=  e' .  x* .  dx. 

Here    m  =  4,     m  —  1  =  3,    m  -  2  =  2,    m  -  3  =  1,  log  e  =  1. 
.  ■ .  y  =  e'^(s*  —  4a3  +  12i2  _  24»  +  24)  +  G 

3.  dy  -  e-'x'^dx  -  e-^(—  xydx  =  -  r-*(—  3:)V(-  x). 

Here  m  ^  2,  m  —  1  =  1,  log  e  =  I,  and  a;  in  the  general  formula 
is  to  be  replaced  by  —  x. 

.-.y  =;€-". x^.dx^  -e-'(z^  +  aK  +  2)+  C. 
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4.  dy  =  -—  dx. 

■X* 

Here  m  =  4,     m  —  1=3,     &c. 

the  last  integral  being  found,  approximately,  as  in  a  previous  exam- 
ple, by  expanding  a'. 

5.  To  intearote  dii  =  — ^e'.dx. 

■'       (1  +  xy 

Put  1  +  ar  =z  2. 

■■■y=J- ;^' — -^eJy~'i'^Y^)'  -"^^ 

or  by  integrating  the  last  term  by  parts 


db,Google 


CHAPTER   Vni. 

TBIGONOMETRICAL  AND  CIKCULiB  FUNCTI0N3, 

63.  Since  the  tangent,  cotangent,  secant,  cosecant,  versed-sine,  and 
coversed-sine,  can  all  be  expressed  rationally  in  terms  of  the  sine 
and  cosine,  it  will  only  he  necessary  to  investigate  formulEe  for  the 
integration  of  expressions  involving  sines  and  cosines. 

64.  Prop.  To  obtain  a  formula  for  diminishing  the  exponent  m.  of 
sin  X,  in  the  general  integral 

y  =  fmO^x .  QO%'^x .  dx,     when  m,  is  an  integer. 
Put               eos"iC  .sinsx.dz  =  dv,     and     sin™-^ar  =  u ; 
then      I' = -—- 1     and     du=L  {m  —  \)sm'''-^x. cos x.dx. 


and  by 

the  formula  for  integration  by  parts 

y=fiu 

.... 

n,  J           sin^-ijc.eos" 

+ij, 

^./- 

«  +  1 

'''■■ 

But 

■  »  = 

<.'- 

"""")''"' 

»+l 

+  ^^/siii»-«3;.eos"a; 

.dx~ 

^/- 

Transposing  the  last  term  and  reducing,  we  obtain 
S&\Wx .  cos'^r  .dx—~  — — ■  '■ 1 — -—-  /sir 
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And  similarly, 

/siii"'-*^.  cos"3;.  dx= —- ^ — | — — -/ain'"-^«.eos''3;  dx, 

&c.  &c.  &c. 

Hence  by  successive  substitutiona, 

y  =  /  sin^ar .  cos-'a:  .dx  =  -  ^^  [siti-^'a;  +  ^^  ^  ~_  g  sin-^^ 

(»i-])(^-3)(m^5)....4or3 
"^(m+n-2)(™+"-4)(m+«-6)...(«+3)  or  («+2) 

X.iii^^     or    sin^] 

4.  ('"-l)("'-3)(m~5)....2or  1 

"^(m+«Xm+«-2)(m+«-4)...(«+3)  or  (»+2) 

X/siiia;.cos-3;.(^a     or    fcos.'x.dx {E). 

65.  This  formula  renders  the  proposed  integral  dependent  upon 
that  of  the  form 

sin  (t.  cos's:,  (fa:     or     eosl"x.dx, 

according  as  m  is  odd  or  even,  the  eilect  of  the  formula  first  oId- 
tained  being  to  diminish  by  2  the  exponent  m.  of  sin  x,  at  each 
application. 

Also  the  first  of  these  two  final  forms  is  immediately  integrable 
by  the  rule  for  powers  :  for 


Hence  we  have  only  to  obtain  a  formula  for  the  integration  of  the 
form  caS^x.dx,  in  order  to  effect  the  complete  integration  of  the 
i  differential. 


d  by  Google 


300 


INTEGKAL   CALCDLUS. 


66.  Prop.  To  integrate  the  form  dy  =  cos"ar ,  dx  where  n  is  an 
integer. 

Put  cos  X  .dr  =1  dv,     and     cos"~^3:  =  u  ; 

then  V  =  smx     and     du  =  —  («  —  1)  cos^-^a;  sin  a:  dx. 

Hence  by  substitution  in  the  Ibrmula  fudv  ^zluv  —  fvdu,  we  obtain 
/co^x.dx  —  imx,co^''-^x+{n—V)fco%'^'^x.s\Tpx.dx 

=  sina;.cos—i^+(«-l)/cos— =41-cos^a^)de 
^m^x.Co^'~^x-\-{ii-\)S>^^'-H.dx-{n-\)f^s'x.dx. 
Transposing  the  last  term  and  reducing,  we  get 

sin  X .  cos"-!:);      n  —  1 
fcoa'x.de  — — ■ 1-  ■ fcos'^^x.dx,  and   similar])- 


-  +  r 


fcos''--x ,  dx  =.  — 

/cos'-'j;  .dx=  — 

&e.  &C.  &c. 

Hence  by  successive  substitutions, 

y  =  fcos'x.dx  = [cos"~^3:H cos"-^x 

s"-^x  +  &c 

or  cos  a'] 

■.dxorfdx..{F). 

This  formula  renders  the  proposed  form  dependent  upon  one  of 
two  known  forms,  viz. ; 

fcosx.dx  =  sina;  +  0,     when  n  is  odd, 
UT,  fdx  =:x+  C,     when  n  is  even. 


(»-l)(„-3)(„-5)  . 

«-lX«-3) 

.-2)(,.-4) 
.  4  or  3 

'(.^2)(»-4)(.-0). 
(.-l)(n^3)(,-5)  . 

.3  01-2"' 
•^^°"fco 

«(»-2)(»-4)  .... 

.  3  or  2-^°° 
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67.  The  two  propositions  just  given  effect  the  complete  integra- 
tion of  sin"'a; .  cos"* ,  tSe,  when  m  and  n  are  integers,  by  first 
diminishing  the  exponent  m  of  the  sine,  and  then  the  exponent  n 
of  the  cosine.  But  it  is  often  preferable  to  reduce  n  fii'st,  .and  for 
fliis  purpose  we  require  the  following  proposition. 

68.  Prop.  To  integrate  dy  =  siii^j; ,  cos"a; .  dx,  by  first  dimin 
ishing  the  exponent  n  of  the  cosine. 

If  in  the  formula  {-E),  we  make  a  —  -ir  —  a^j,       m  =  n^,       aJid 

sin  a;  =  cos  «i,     cos  a;  =  sin  x-^,     dx  =  ~  dx^, 
and  by  substitution  we  shall  obtain 

fsin^x .  eo&'x .dx  =:  ~  /cos''Wj . ^m'^ix^dx-^ 

or  by  omitting  the  accents  and  clmiiging  signs, 
/.lE-;i,.co»-s;.&  =  5!^^[co 


'  ii  +  r, 


("-l)(»-3) 

(—>)(— 3)(»-5) ^ij. 


+f;:^j3i:T-:^,'"-+- 


(«+m-2)(n+m-4)(ti+m 

-6). 

.(m+3)or 

(~+2) 

Xcos%  or  cos  i] 

(— i)("-3)(»-r.) 

.2  or  1 

^(»+~)(»+».-2)(»+»-4)..(».+3)  „r  («+2) 
X /cosa;.sin'^.(&  or  f^\ifx.dx ((?). 

But    /cosa^-sin'-a^.a:!;  =  /sin"'.r.(;(sina;)=^^^^^+  C. 
■which  will  be  the  required  form  when  n.  is  odd. 

We  have  therefore  only  to  provide  a  formula  for  the  integration 
of  the  form  sin^a: .  dx,  which  will  be  necessary  when  n  is  even. 
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This  may  be  readily  effected  by  substituting  in  formula  {F), 
for  n,  and  --f  —  x  for  x,  and  changing  the  signs.     Thus 
-I   . 


.dz=  -■ 

'-sX» 

(«-lX™ 

.-3) 

(m-I)(ni 

(m-2)(»i 
-5)  ...  4  or  3  . 

.-4) 

(»-2)(» 

i-3)(». 

-6)...3oi;2~' 
-5) ...  2  or  1  ^ 

69.  The  formulee  ((?)  and  (R)  effect  the  same  object  as  (E)  and 
(ii"),  reducing  the  integral  /sin"'a;,C03"a:.(&!  to  one  of  the  known 
forms 

fdx=:x+C,  fcos3:.dx  =  sinx+C,  or,  fsmx.dx——cosx+C, 
the  exponent  m  or  n  wliich  is  first  reduced  being  an  even  integer, 
and  the  other  exponent  an  even  or  odd  integer. 

But  if  m  be  odd,  (E)  alone  will  effect  the  integration,  whether  n 
be  an  integer  or  fraction;  and  similarly,  if  n  be  odd,  {G),  alone 
will  suffice. 

70.  Prop.  To  integrate  the  forms  — — ■  dx,  and  -:- —  dx,  where 
m  and  n  are  integers. 

By  the  formula  (U)  the  first  of  these  forms  may  bo  reduced  to 

— —,    or    ^ — ,  and  by  ({?),  tlie  second  may  be  reduced  to 


sin"*'  sin'^ 

But  /'?^'^^=^^?:^+C,and/'^'^^-^-i5— 5?+  0. 
J      cos"*  n  —  \  J      sm^a:  ra  —  1 

Hence  there  will  remain  to  be  integrated  the  forms 

a)s-"x.(& (1),         and         smr^x.dz (3). 
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Put  in  (1),     coax. dx  =  dv,         and         cos-"-''a  =  u, 
then        «  =  Bma:,        and         du  =  {n +  l)eos-^-^.  sin x.dx, 
and  by  substitution  in  the  formula  for  integration  by  parts, 

foas-*ie.dx  =  sin  * .  cos-^-'a;  —  (n  +  \)  f  sii^x .  (xis-'^'^x .  dx 
=  siniB.cos-"-=a:  — ()t+  \)  f  dos-'-'^x .  dx  ■]■  {n  +  \)  J (ios-«x .  dx. 

Transposing  and  reducing,  we  get 

/dx                     sin  a:  n        f  dx 

^'—x  =  {n  +  1)00."+'^  +  ^TT/  ^^ '  ""'^  ^y  "^"^"^y 
f  dx                 sin  a:  n  —  'i  r    dx  ,     ■    ■,    , 

y  ^3i^  =  (^-l)cos-%  +  ;rn  y  ^5?^'  ^"^  '™'^^^^^ 
fdz aiaj;  w  —  4  f_^x__ 

&e.  &C.  &c         Hence  by  substitution 

_  fj^  _sinar      1 

''  cos^a  "  re— 1  Lcos"-' 

(;,_2)(„_4)(n-6) 3  or  2  H 

"""(B-SKn-SX'!-?) 2  or  1 .  cos^k  or  cos a^J 

(„-2)(»-4Xn-6}....lorO  y^^ 

The  second  of  these  integrals,  fdx  =  x  +  C,  will  never  be  re- 
quired, because  its  coefficient  is  zero,  and  therefore  we  stop  at  the 
preceding  term.    For  the  first  we  have 

/dx    _  Pcoa  X .  dx  _  r  cos  X  .  dx  ^1    Pnosx.dx      1    /"ooax.dx 
eos  a     •'       cos^a:     "•'  1  —  sin^a;     2>'  1  +sinx     iJ  1  — sina; 

=  ll,g(l+™,)-^l„g(l-sm.)+0  =  log[l±'|-3»+C 


««,     (,.-S)cos— » 

(.-!i)(.-4) 


"(r-r)°"(f+r. 
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71.  To  obtain  a  formula  for  a  =  /   .  ^  ,  replace  in  (/),  n  bj  n 
X  by  -  ff  —  «,  and  y  by  a,     Theu 

jg-ax»-4)      ^. 


^(™-3X».^5) 
(n-aX«-<)(m-C)  ...  3  or  a  1 

•  •  ■  "^  (■»-3X».-5X.»-r)  ...  2  OP  1 .  .1.1%  or  sin  J 

(...-ajC—tX"- 6) ...  1  or  0  /■  J. 

+  («-lX»-3Xm-5)...2.n/  K  "  ^"^  •  ■  •  ■  ('f '■ 
The  Kecond  integral  has  a  coefficient  equal  to  zero,  and  tberefore 
will  never  be  used.      For  ti;e  first  we  have,  by  replacing  x  by 
g  *  —  «  in  (/i),  and  changing  signs 

y^^-Iogcot^^^log j- -  log  tan  -  iK  +  C. 


72.  Prop.  To  int^rate  dr/  = 
integers. 


Since  sin^j;  +  cos%  =  1. 

_    t  dx  P         dx 

—  C      ^^  f      ^^  f ^ 

J  siViT'-^x .  cos'^      J  sin'^^a; ,  cos"— ^a;      •'  sin^a; .  cos"— *» 
and  by  continuing  to  introduce  the  factor 
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we  obtain  finally  one  or  more  of  the  following  known  forms 
P  dx       r  dx        Psmx.dx      rcosx.dx       Psmx.dx      Pcosx.ds 

Applications   of  Formulas  (B),  (F),  (G),  (H),  (I,)  and  (K). 

73,  1-  To  integrate     dy  ^=  sin^x .  cos^x .  dx. 

Here  m'—  5,  and  n  =  5,  and  since  both  are  odd  we  may  apply 
(^)  or  (6^)  with  equal  advantage.     Employing  (^)  we  have 


y  = 

,-2^[sto  +  l» 

-1+^/' 

\mx.<MS^x.dx 

= 

COS^S  1-   .    ,        ,     1     . 

.%]-ji-^CO: 

^x+  0 

= 

cos%r  .  ,    ,  1  . 

...i].a 

2. 

ij  =  . 

iin^z .  cos^;i; .  dx. 

Here  « 

i  ^  0,  m  =  3,  and  sia 

ce  n  is  odd  we  ; 

ipply  (ff). 

■■■  t/  = 

:Sf  [«.*]  + ?/eo 

s  X .  am?x .  dx  = 

~(eo».x  + 

?)- 

3. 

*. 

^  sin^a .  dx. 

In(ff) 

make 

m  =  6. 

■  ■■  y 

=  -^["''+^ 

-  .     ,    5.3   . 

'  +  a 

i. 

i,  =  . 

mH.cosf^x.dx. 

In(«) 

make                  m  =  8 

and    «  =  6. 

*=-■ 

^i™'-+s"* 

12.10 

1      '■''•''    Dh 
12.10.8 

"] 

14. 12. 10. ( 
20 


db,Google 


808  INTEGRAL  CALCULUS. 

and  liy  aj^ljing  (F)  to  the  last  terra,  we  get 

5.  dy  =  — —  dx. 

In  {E)  make  to  =  5     and    «  =  —  2.     Then 

f  +  4! 

6.  i^j/  =  -^^ 

In  (^)  make  to  =  5.    Then 

cosarP    1  3    1      ^.\    rdx 

In  (7)  make  a  =  Q.     Then 

Binif   1     J  4      1         4   2    1    1 

8.  i,=    ./'    ,■ 


Introducing  the  factor  sin'^s  +  cos^»,  we  obtain 

/(sin^^  +  cos2a)(ic  _  /•        rfa  \    P  ^^ 

bIu*^:  .  cos^a;        "i'   sin^a; ,  cos^a:      «'  siii*a: 

/dx     ,    f  dx     ,    f  dx 

eos^r    1  2   1 

=  tanic— oot^ T-    -7-:-  +  -^ —    +C'- 

3    Lsin=*       sinjrj 
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74.  When  m  =  —  »,  formulss  {£!)  and  (ff)  cease  to  be  applica- 
ble, but  we  then  have 

^=f^}^dx~/tan'x.dx     or     y  =  J -^^  dx  =J  cofx  dx. 

To  integrate  the  first  of  these  expressions,  put  sec^  —  1  for  tan^ 
and  in  the  second  put  eosec^  —  1  for  cot^.     Thus 
ftan'x.  <£r=/tan=;E .  tm''-^x.dx=/s<i<fix .  Uxi'-^x.dx-'/tWi.'^^xM 
—  — ^tan'^'a:  —  /  tf^n'^-^x .  dx 

= tan-'-ij;  —  /  (see^a  —  1 )  tnu"-*j: .  dx 

= tm'-'x — T  tm'-^x  +/tan"-'« .  de 

=  — — -  tan*^'* — s  tan"-3s  +  —-^  tan"-^a:  —  &c, 

the  last  term  being 

ftmx.dx  It  /  - — ~ —  =  —  log  cos  a;  +  (7  =  log  sec  a: -J-  C 

when  «  is  odd  or  fdx  =  x+  G  when  n  is  even. 

„.    „    ,                      P  cos'xdx         C 
Similarly,  /  — ■; =  /  cot"a .  dx 


ft  —  1 


+  T— ^-T-^+'^^- 


The  last  term  being  /cot  a; .  tie  =  log  sin  a;  +  (7,  or  Jdx  :z=  j:  +  C. 

75.  When  the  proposed  form  is  /sin^jr.  cos"rife,  in  which  m  and  » 
are  integers,  the  mtegration  may  he  conveniently  effected  by  con- 
verting the  product  sin^a; .  cos's;  into  a  series  of  terms  involving 
sines  or  cosines  of  multiples  of  x.  The  integration  can  then  be 
performed  without  introducing  powers  of  the  sines  or  cosines. 

The  proposed  transformation  can  always  be  accomplished  by  tha 
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repeated  application  of  one  or  more  of  the  three  trigonometrical 

sm.co>i  =  lsm(»  +  J)  +  isin(a-i), 

sin  a  sin  6  =  -  cos  (a  —  6)  —  -  cos  (a  +  6), 

cos  a  cos  S  =  -cos(<i  — 6)  +-cos(<i  +  b). 
To  illustrate  this  process  take  the  folloivjng  example. 
dy  =■  sin'a; ,  co&^xdx 
wy'x .  nosH  =  sin  X  (sin  x .  cos  xf  =  sin x  [      -"  1 
1    .       /I  -  cos  4ar\       1    .  1    . 


-^f(l- 


=  — -eos«— — eos3a:  +  g^cos5j:+  C. 

76.  Prop.  To  integrate  the  form  cfy  =  6°^ .  sin"x .  tie. 
Put     sin  a: .  rfii;  =  dv,  and  S'^sin'^'a;  =  m,  then  v  =  —  cos  ar, 
and    (ft*  =;  (n  —  l)b'"^sin'^^x.eosiedx-\-a  Aogi  •  h'^sm'~^x .  dx. 
.'.  y=:fb'"sm''x.dx^=—b'^sin''~'x.coax-\-(n — l)/6"sin''-^M^os^3r(£i: 
-}-  a .  log  b.fb''^sin''—^x .  cos  a; .  dx. 
But,  by  applying  the  formula  fudv  =.uv  —  fvdu  to  the  last  integral, 
making  sin"- 'a;. cos x.dx  =  dv  and  h"^  =^  v,  we  get 

fb'^sin'^^x .  cos  a; .  (ie=-  sin-a; .  b"'--  ttlog  6  /aiii":^ .  6°^ .  i&, 
and,  by  replacing  cos^«  by  1  —  sin^ar,  we  have 

fb"^*~^x .  c08% .  dz  =  fb'^m''-^xdx  —  fb"sm''x .  dx. 
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Hence,  by  substitution, 


/  6'* .  sin"*  .dx=  —  Jo^sin^-'z .  cos  a;  + 


i]£i^6„.  , 


-("  -  l)/!>'"sm''x.d^. 
Iransposing,  collecting  like  terms  and  reducing,  we  obtain 

By  repeated  applications  of  (X)  ive  obtain  the  final  integral. 

/6"^sinar.  lii;,  which  is  given  by  (i)  without  an  integration,  since 
the  last  term  then  contains  the  factor  n  —  1  =  1  —  1=0,  and 
therefore  that  term  disappears. 

77.  JProp.  To  integrate  the  form  dy  =  fi'^cos'^ .  dx. 

Put  X  =  q:^  —  ~«,  then  cos  x  =  siu  x^,  sin  a;  =  —  cos  a^. 


i"*"^     rfj  =  (£rj. 


nin~l)i 


~fb'^i»m"-^x^dx^,  and  by  substitution, 


/l«««-i .  it  =  T-r-J^.-rr-l  (a  log  S .  COS  I  +  »  sin  i) 


+  7;r^.-i^/''"-~"-''----m- 


(i.log»f  +  « 
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Here  the  final  integral  will  be  fb"dc  =  — — -  +  C.  when  n  is 
a  log  6 
even ;  and  when  n  is  odd,  /6°'eos  x .  dx,  to  which  {M)  applies  with- 
out an  integration. 

1.  To  integrate  dy  =  e"^ .  cos  x .  dx. 

In  {M)  make      5  =  e,  n  =  1,  log  6  =  log  e  =  1.    Then 

2.  dy  =  e^.  sin^n; .  dx. 

In  (i)  make    6  ^  «,  a  =  1,  »  =  3,  log  i  ^  1.     Then 

y  =  V^  [^'"  ^  _  3  oos  a;]  +  ^^-^  /e^sin  ^ .  dx 
=  ~e^i^m^x-Z^v^^x.^o^x-\+~.\e'{^mx-^o^xyVC. 
or,   y  =  j^e^[sin3iP  +  3cos3:t-(-3sin3!~  6cosa:]+  (7, 

3.  dy  =  e-'^sin  kx.dx  =  -~ e^"sm kx .  d{i:x). 

In  {L)  make      b  =  e,     x  =  kx,     a  =  -%     Then 

_       e-'"'(a  sin  ia;  +  i  cos  is) 
^"~  F  +  a= 

78.  iVop.  To  integrate  the  form  Ay  =  X .sm-'^x.dx,  in  which  Jf 
is  an  algebraic  function  of  x. 

Put  Xdx  —  dv,         and        sin-'a;  =;  w ; 

then         u  =  fXdx  =  X„         and        du  =  — -^ — 


and  the  proposed  integral  is  thus  caused  to  depend  upon  ani^ther 
whose  form  is  algebraic. 


d  by  Google 


TRIGONOMETBICAL  FUNCmONS. 


311 


79.  Fry).  To  integrate  the  form  dy  =  Xcosr'x.  dx,  in  tIugIi  JC 
is  an  algebraic  function  of  x. 

Put  ^dx  =  dv,        and         cos~'af  =  u ; 


then        V  =  fXdx  =  Xi       and 


+   /  — ;  an  algebraic  form. 


Co)-.  Tlie  same  process  will  apply  to  each  of  tie  forms 
Xtmir^xdx,     Xcotr^xdx,     Xaeor'xdsi!,  &c., 
since  the  differential  coefficients  of    tan-'a:,     cot-'ar,     seo-'a:,  &c, 
are  all  algebraic 

1.  dt/  =  K^sin-^a: .  dx. 

Here     X=x^,         .-.   X^  =  f  Xdx  =:  f x^dx  = - 


and 


-l  +  x'^ 


Put     rfw  =  -^^^- — -  =dx  — .  '"  ,,        and        w  =  tan-'ar. 
■  ■ .     «  =  a  —  tan~'a:,         and         du 
,        ,  ,„        /■   ^''^  /* 


/■tan-'iB.ttc 


+  x''  J      l  +  x^ 
a;tan-ia;  — (tan-'a;)'— -log(l  +  x^)  + -{teir^xy  +  C. 
tan-ia(a;  —  -  tan-^a;)  —  log  -/H^  +  C. 
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APPROXIMATE 

80.  When  a  given  differential  cannot  be  reduced  to  a  form 
exactly  int«grable,  we  naay  expand  the  differential  coefficient,  either 
l>y  Maclaurin's  theorem,  by  the  common  binomial  theorem,  or 
otherwise ;  then  multiply  by  dx,  and  finally  integrate  the  terms  suc- 
cessively. If  the  resulting  series  be  convei^ent,  a  limited  number 
of  terms  wiU  give  an  approximate  value  of  the  integral. 

81.  This  method  may  also  be  employed  with  advantage,  when  an 
exact  integration  would  lead  to  a  function  of  complicated  form. 
And  the  two  methods  can  be  used  jointly  to  discover  the  form  of 
thed 


1 


by  actual  division,  we  have 


1+^ 


_  =  l~z  +  ^^- 


.  • .  y  =  f{l  ~  X  +  x^  ~  x^  +  x^  -  &a.)dx. 
the  required  series. 
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■^Saii  /r+^  ^"  =  '°S(^  "^  * 


vhere    e  =  C  —  Ci- 

But  when     a:  =  0,     log(l  +  x)  =  \og\=  0, 


a  well  known  formula. 


Expanding       (1  —  s?)       by  the  binomial  theorem, 


(1 -.■)'=  i-i 


1 


I 


8  Ifi  128 


a. 3     ^2.4.5  3.4.e.7 

But  /'7==  =  log  (»  +  VTT5)  +  C 

t'-v/l  +  x' 
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Nowwheii    x=0,  log(a'+-/I+^=logl=0.     .-,  C~Ci=0. 
1-3.5     ,   ,    , 


g(x  +  ^l+'^^)^cc~  —  x^  + 


2.3 


4.  To  integrati 


dx 


sof 


1  +3^ 

1— K^+a:*— a:^+&e.  am 


both  in  asc«nding  and  descending 


1+x'  x^+l       'J?       3*       afi      x^ 


1 


Also  y=  /(— r  +  -ir  — 5-  +  ''*''■  i  <^ 

Tiie  two  results  become  equivalent,  by  selecting  the  constattts  0 
and  Cj  such  that  C^—  0  =  -«. 

For,  the  first  series  =  tan""'*  +  C 
And  the  second     "      =  —  tan-^  -  +  Cj  z=  —  cot^'a  +  C,, 

.  ■ .  In  order  that  the  two  series  may  be  equal,  we  must  hava 
tan-%  +  C  =  -  eot-'a;  +  C^, 
or  tan-i»  +  cor';^  =0^-0,     or     i  .*  =  (Tj  -  C 
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e'ic*  &o.)  - 


f  .^'^ 


all  the  terms  of  which  are  of  the  form  /  /-— — ;    and 


already  integi-ated  in  the  chapter  relating  to  hiRomial  differentials. 

We  might  also  expand  (1  —  a;^)  by  the  binomial  theorem,  then 
perform  the  multiplication  indicated,  and  finally  integrate  the  t«rms 
in  succession.     Adopting  the  first  course  we  have 

y  =  sin-'a:  -\- -e''  {^^  x^l  -  x'  -  -  sin-'j;j 

83«  Prop.  To  obtain  a  series  which  shall  express  the  integral  of 
every  function  of  the  form  Xdx,  in  terms  of  X,  its  differential  co- 
efiieients,  and  x. 

Put      X  =:v,  dx  =  4v:     then     dw  —  -r--  dx,     and     v  —  x. 

Now  substituting  in  the  formula  fudv  = -uv  —  fvd-a  we  get 
fXdx  =  Xx-  y~  ■  xdx. 


Next,  put 

dx 

=  u     and 

xdx 

=  dv, 

then 

rflt 

and 

1       , 

■•■/^ 

'^xd.-'-^.^ 
dx                 dx      1 

72" 

Pd^X     x'^ 
V  rfs«  '  1  .  S 

■  dx 

Similarly 

rd^x 

J  <lx^  ' 

x^ 

r72 

^        d^X 
dx^ 

a3 
1.2.; 

rd^X 

1     J  dx^'l 

.2. 

-cfe&c&ft 

By  aubstiution 

fXdx^X^-  ^ 

'm 

d?X      x^ 

d^X        a^ 
dx^  '  1.2.3 

zi' 

■f  &c.  +  C. 
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Tlis  formula,  called  Bernouilli's  series,  shows  the  possibility  of 
expressing  the  integral  of  every  function  of  a  single  variable,  in 
terms  of  that  variable,  since  the  several  differential  coefficients 
__    PX 

gent,  and  then  of  no  use  in  giving  the  value  of  the  integral  ap- 
proximately. 


CHAPTER   X. 

INTEGRATION    BETWEEN   LIUITQ    AND    SnCCEBBIVB    ISTBOBATtON, 

84.  The  integrals  determined  by  the  methods  hitherto  explained 
ate  called  indefinite  integrals,  because  the  value  of  the  variable  x, 
and  that  of  the  constant  C,  both  of  which  appear  in  the  integral,  re- 
main undetermined.  But  in  applying  the  Calculus,  the  nature  of  the 
question  will  always  require  that  the  integral  should  be  ta\'ji  be- 
tween given  limits.  Thus,  suppose  the  integral  to  originate,  (^r  its 
value  to  reduce  to  zero)  when  x  =  0:  this  condition  will  Af.  the 
value  of  the  constant  C.  Then,  to  determine  the  value  of  tb-5  e.'ttre 
or  definite  integral,  we  replace  x  by  i,  the  othei'  extreme  vak  e  of 
the  variable, 

Ex.  To  integrate  dy  z=  Sx^dx,  between  the  limits  x  =  Xj  and  x  .    r, 

y  =  JZx^dx  ^  s3  +  a     But  when     x  =  x^,     ji  =  0. 

.  ■ .  0  =  «j3  +  (7    and     C=~%^, 

and  by  substitution  in  the  indefinite  integral 

y  =  x^  —  x-^. 

Now  make  x  =  X2,  and  there  will  result 

the  complete  or  definite  integral. 
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A  slight  examinatJon  will  show  that  the  desired  result  will  ahvfijs 
"be  obtained  by  substituting  in  the  indefinite  integral  for  the  variable 
x,  first  the  inferior  limit  Xj  and  then  the  superior  limit  «j,  and  then 
subtracting  the  first  result  from  the  second.  In  these  substitutions 
the  constant  C  may  be  neglected,  since  it  will  disappear  in  the 
subtraction. 

85.  The  integration  ofSx^dx  between  the  limits  x^  and  x^,  when  a, 
is  the  inferior  limit,  or  that  at  which  the  integral  originates,  and  a;^ 
the  superior  limit,  is  indicated  by  the  notation. 

86,  The  precise  signification  of  this  definite  integral  will,  perhaps, 
be  better  understood  by  the  aid  of  the  following 

Fr<^.  The  definite  integral  L  Xdx,  (where  JT  is  a  function  of  x, 
which  does  not  become  infinite  for  any  value  of  x  between  the  limits 
x=:a  and  x  =  b,)  is  the  limit  of  the  sum  of  the  values  assumed 
by  the  product  Xh,  as  a;  is  caused  to  increase  by  successive  equal 
increments  (each  =  h)  from  x  =  ato  x  —  b;  the  value  of  h  being 
continually  diminished,  and  consequently  the  number  of  these  incre- 
ments being  indefinitely  increased. 

Thus,  if  Xo  X^X^X^...  X„_i  be  the  values  assumed  by  X,  when 
3!  taiies  successively  the  values  a,  a+ft,  a+2A,  a-t-37i, . . .  «+(»— 1)A, 

then  will  LXdx  be  the  limit  to  the  value(X(,+Xi+,T3...+jr„_,)/i, 

provided  nh  ^b  —  a,  and  A  be  diminished  indefinitely. 

Proof.  Let  X  and  a;  +  A  be  any  two  successive  valuesof  x,  and 
denote  by  Fx  the  general  or  indefinite  integral  J  Xdx. 

Then  by  Taylor's  Theorem, 


dFxh 

+ 

d'^Fx 

&.- 

d^Fx 

Ki 

dx    1 

dx 

dx'  i 

1.2. 

3 

i?(,  +  t)=ft  +  -3--  +  -^_j+_,^^^  +  fc, 
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which  may  be  written,  F{x  +  h)  ~  Fx -\-  Xh  +  Ph\  . . .  (1),  where 
P  is  a  function  of  x  and  A, 

Suppose  the  difference  6  —  a  to  be  divided  into  n  equal  parts, 
each  equal  to  h,  so  that  6  —  a  =  nA. 

Now,  putting  successively  a,a  +  k,  o  +  2A  . . .  a+  («  —  ])A  for  x 
iii'(l),  and  denoting  the  corresponding  values  of  Fhy  Po,  Pi,  &e., 
we  get 

F{a  +  k)  =  Fa  +  XJi  +  PJC 

F{a  +  2h)  =  Fl{a  +k)  +  h]  =  F{a  +  A)  +  X^h  +  P,h? 

F{a  +  3A)  =  F[{a  +  2k)  +  A]  =  F{a  +  2k)  +  X.Ji  +  P^k^ 

&c.  &c.  &c. 

F{a+nk)=F[{a+{n-l)ft)+/qr=Fla+{n-l}h]+X.^ik+Fn-ik\ 

adding  these  equations,  and  omitting  the  t«rms  common  to  both 
members  of  the  sum,  there  results 

F{a  +  nh)  =  Fa  +  k{X^  +  X,  +  X^ +  X,-,) 

+  A=(P„  +  P,  +  /'3....  +P„_,). 

But,  since  every  value  of  Xis  finite,  none  of  the  values  of  i^  will 
become  infinite.  li^  therefore,  we  denote  the  greatest  value  of 
P  by  /*,  we  shall  have 

P^+P-^+Pi...+P^^<.Pn,AwismcMF{a-lt-nh)=Fb,&nAnh=h-a. 

.-.  Fb-Fa-~k{Xf,-^X^  +  Xi...-\-  X^i)  <  (*  -  <^)P  ■  A. 

But  6  ~  a  and  P  are  both  finite,  and  therefore  by  diminishing  A,  the 
second  member  can  be  rendered  less  than  any  assignable  quantity. 
Hence  Fb  ~  Fa  must  approach  indefinitely  near  to  equality  with 
*(-^o  +  -3^1  +  Xg  ....  +  X„_i)  when  A  is  continually  diminished. 
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Suceessive  Integratwn. 


87.  If  the  second  difiereatial  coefficient  -3-^=  X  be  given  instead 
of  the  first,  two  successive  integrations  will  be  required  to  deter- 
mine the  original  function  y  in  terms  of  te.  Thus,  multiplying  by  dx 
and  integrating,  we  get 

f£<i.d.  =  sxd.,  or  ^  =  /xi  =  :s-,  +  c,. 

J    dx^  ax 

Multiplying  again  by  dx,  and  integrating,  we  get 

fj-dx  =  fX^dz  +  J  C^dx, 

or  y  =  X^-\-  C^x-\-  0^. 

88.  Similarly,  if  there  were  given  -^  —  X,  three  successive  in- 
tegrations would  give 

y  =  X,  +  ~C,x'^+U^x  +  'c^. 

And  if  there  were  given        -7^  =  X,       then 


1.3.3...(!»-1) 

+  1:2:5^9^ +*-■•+ <'-"'+''•• 

the  number  of  arbitrary  constants  introduced  being  n. 

89.  The  result  obtained  by  performing  the  above  integrations  may 
be  indicated  thus 

/"Xdx"  =^  y  ■■ 

it  is  called  the  n"'  integral  of  X(&". 

90.  Prop.  To  develop  the  n"'  int^ral  /■Xife"  in  a  series. 
Employing  Maclanrin's  Theorem,  we  have 
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The  terms  within  the  [  ]  are  the  arhitrary  constants  C,  C^  C3 . . .  C„ 
as  far  as  [/jMr]  inclusive,  but  taken  in  an  inverted  order, 

91.  Prop.  To  deduce  the  development  of /"Xife"  from  thut  of  A''. 

By  Maclaiirin's  Theorem,  we  have 


--^^-m-m^^\s]r^- 


and  this  may  be  converted  into  the  scries  [ii]  by  multiplying  each 
term  by  a",  then  dividing  the  successive  terms  by  1 .  2 ,  3  .  .  .  n, 
by  2  .  3 .  4  ...(«-  -I-  1),  by  3  .  4 .  5  ...{»  +  2),  &e.,  and  finally 
annexing  terms  of  the  form 


C'x'-^ 


1.2.3  ..  .{n-1}      1.2.3.. .(n-2) 
1.  To  develop  /    —^z=^ 


■  C. 


^2  4* 

Also  n.  =  4.  Therefore  multiplying  by  a*  and  dividing  successively 
by  1.2.3.4,  by  3 .  4 ,  5  .  fi,  &se.,  and  finally  annexing  the  terms 
contEuniiig  the  constants,  we  get 

•^  -/i^x^  1        1.2^1.2.3^1.2.3.4^2.3.4.5.6 

+ h^ + i-K-^'"  .   fc 

^2.4.5.0.7.8^2.4.6.7.8.9.10^ 
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.  "Wtat  curves  are  characterized  by  the  equations  ~  =  0,  and 


-  =  0, 


■  ■  ■  1%  ^=-f  ^A'     or    y  =  C^x  +  C2,     a  straight  line.. 
MK        ^  =  0.    .hen    /t.*=S  =  ^. 

.■.f?ii,=tCjl,    or   §!=(;,.+ C„ 
f^ix^fC^tdz  +  SCjii   or   s  =  ^  +  (4i  +  C3,  apimbok. 
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RECTIFICATION   OF   CURVES.    aUADRATURE   OF 
AREAS.    CUBATURE  OF  VOLUMES. 


CHAPTER    I. 


KEOTIFICATION    OP    CURVES. 

92.  To  rectify  a  curve  ia  to  determine  a  straight  line  whose  lenirth 
shall  be  equivalent  to  that  of  the  curve,  or  simply  to  obtain  an  ex- 
pression for  the  length  of  the  curve,  in  ternis  of  the  co-ordinates  of 
its  two  extremities. 

93,  Prop.  To  obtain  a  general  formula  for  the  length  of  the  arc 
of  a  plane  curve,  when  referred  to  rectangular  co-ordinates. 

]jet  AB  be  the  proposed  arc,  P  a 
point  in  it,  OX  and  OY  the  co-ordi- 

Put  OD  =  x,  DF  =  y,  AP  =  s. 
Then  since  ds  =  dx*/l  +  ^> 


i  shall  have  by  integrati 


fil  +  -f^)  <i^ {3),     tne  required 


formula. 


.  <iy^ 


94.  To  apply  (S)  we  replace  -^  by  its  value,  in  terms  of  a 
deduced  from  the  equation  of  the  curve,  and  then  integrate  betwee 
the  limits  ie=  OS  tmi  x=  OF. 
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96.  Again  if.y  be  taken  ss  the  independent  variable,  we  shall  have 


5  =  f(l  +  ^)*<^y  ■  .  ■  ('S'l),  a  second  formula. 
This  will  be  applied  by  substituting  for  -r-^    its  value,  in  terms 


of  y,  derived  from  the  equation  of  the  ( 
between  the  proper  limits. 


i,  and  then  integrating 


96.  1.  To  find  the  length  of  the  para- 
fcolic  arc  AB,  included  between  the  ordi- 
nates  6j  and  b^ 

The  equation  of  the  curve  is  y^  =  2pcc 

'  dy~p 
which  substituted  in  [S^)  gives 

But  by  formula  (^X 

To  integrate  the  last  term,  put  {p'-  +  y'^)    =  2  +  y. 
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And  \>y  substitution  in  (L), 

/(j>'  +  y^)  dy  ^  ■^{f.'' +  y^)  y  ~^p^.log[(p^  +  y^)  -  yj  +  C\- 


2p 

To  determine  tlie  value  of  C,,  put  y  =  6j  and  s  =^  0,  i 
at  the  point  A. 

Thus      0=>- 


-  ''''t,''''''  +  5? HUf  +  V)*-  '.I    »a  by 


when  y  t=  b2 


If  the  arc  be  reckoned  from  the  vertex  0,  ihe  ordinMe  i,  =  0 
2/)  2        °  p 


2.  The  cycloid      y  =  y^i-a;  —  a;^  +  j- ,  versin-' 


^/-^v 


\ 
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Henoe  by  substitution  in  formula  {S). 

Butwhea    le  =  0,    s  =  0,    .-.    C  —  0,     and  hence    «  =  3v'^r^ 
or,     the  cydojdal  arc  OP  —  2  chord  01  of  the  generating  drcle. 

When        x  =  2r,     s  =  arc  OFA  =  2  diameter  00. 
.  ■ .    arc  ^OB  of  the  entire  cycloid  =  4  diameters  of  the  generating 
circle. 

3.  The  circle  j/^  ^  ,■=  —  z^,  ^    ^ 

^=~-     1+^-1  +  -  =  —. 

.-.       s^  f-dx  ^  r  f-^^=^  =  r.  sin-^+  C. 

This  result  involves  a  circular  arc,  the  very  quantity  we  wi^  ti> 
determine,  and  is  therefore  inapplicable. 

To  obtaiu  an  approximate  result,  expand  the  differential  coefficient 

(r^  —  ^)      and  integrate :  thus 

/•/I   ,  1    a^^  ,  1.3    2^,  1.3.5    ic*  ,    .     \ , 

Vx        1       0?        1.3      ;^        1.3.5       a'      ,     -j  ,    _ 

But  if   s^O   when  «  —  0,   then    (7  =  0,   and  .-.  when  x  =  r, 

the  viilne  of  the  are  ^7*5  of  the  quadrant, 

s   jv  1  '  t    ,      '      ,      '-S     ,      1-3-5     ,  , 
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4.  The  ellipse 

»V  +  J 

2.1=  =  a^ja. 

'+!-.  =  '  + 

o'(oW  . 

-  i^ar^)  +  h^x' 

•v 

'-b-'  -  l?x') 

or  i+'r     "' 

,       aS 

-  J2    ^ 

flS  -  e^x^ 

"'' '  +  i> 

a^  - 

-^^ 

a?  —  x-''  ^' 

tricity. 

.--»., 

...     .=/<^ 

^ 

'^  =  / 

{a^~ 

-'-) 

(1  - ',') 

dx,  hy  milking  -  =;  x-^. 

This  expression  has  already  been  integrated  approximately. 
5.  To  determiue  what  curves  of  the  parabolic  class  are  rectifiahle. 
The  equation  of  this  class  of  curves  is  j^  =  aaP,  in  which  n  and 
m  are  positive  integers. 

dx      n                                  J  I.         n^  J 

and  this  can  he  rationalized,  when  — — -  —  r,  an  integer,  that  is, 

when     —  =:L3Lir  (Ait.  41). 

Hence,  if  one  exponent,  i»,  be  even,  aud  the  otlier,  m,  greater  by 
unity,  the  curve  will  be  rectifiahle ;  that  is,  an  exact  expression  for 
the  length  of  the  curve  can  be  obtaioed  in  terms  of  the  co-ordinates 
of  its  extremities. 

The  term  rectifiahle  is  sometimes  restricted  to  those  curves  whose 
lengths  can  be  expressed  algebraically,  or  without  employing  tran- 
scendental quantities ;  and  wilfi  this  restriction,  the  value  of  r  must 
be  positive,  otherwise  «  would  be  transcendental. 

Now  applying  the  other  condition   of   integrahility,  we  have 
1  1  ,  ti      2r  -  1 

~7^_r^T+  i^  =  n  an  mteger.  whence  — =  — ^p- 
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Hence,  if  one  of  tlie  exponents  be  an  even  integer,  and  tie  other 
less  by  unity,  the  curve  will  be  rectifiable. 

Combining  the  two  results,  we  find  it  simply  necessary  that  m 
and  w  should  differ  by  unity. 

97.  Prop.  To  obtain  a  formula  for  the  rectification  of  polar 
curves. 

Here  we  have  to  express  a  m  terms  of  r  or  i,  and  for  this  pur- 
pose we  must  transform  the  formula  [S],  by  means  of  the  relations 

the  quantity  i  being  taken  as  the  independent  variable. 
Then  (2)  and  (3)  give 

lie  ,dr  ,     du  ,         ■     A^^ 

5j=-rs„.l  +  co.«^     and    ^  =  rco.(+.m)_ 

+  j^cos'fl  +  2r  sin  fl  cos  a  -^  +  sinSd  ^ 

■■■ -/t'+a'- in 

1.  The  logarithmic  spiral  r  =  a^,  between  the  limits  r  =  r^,  and 

—  =:  loff  a.aS  ^=  — ,  where  to  is  the  modulus. 
da  ^  to' 

.  ■ .  dS  =  —dr  =  —dr,  and  by  substitution  in  ( T), 

■■■•"/{''+ Si)V' = '•"" + '>*-^''' = '■"'' + '>*' + "■ 

But    9  =  0,     when    r  =  rj,     .-.   C=— (m2  +  l)% 
.•.»  =  (!+  »')*(.— r,),  and  when   r  =  r„    ,={l+m'f{r,-r,). 
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2,   The  spiral   of  Archimedes  r  =  aS,   from    the  pole   to  the 
point  r  —  Tj. 


4/(,. +,.=,**. 


This  expression  is  entirely  similar  to  that  integrated  in  rectifying 
the  parabola. 

3.  The  lemniscata      r"  =  a^cos  23, 


which,  integrated   from  r  =  a  to  r  z=  0,  gives  for  the  arc  BIA  or 
one-fourth  of  the  entire  length  of  the  curve. 

r    ,      I      ,      l.S     ,       1.3-5       ,1 

,=:«  |_1 +  ___+__+ __^,  &e.J 

98.  When  the  curve  is  characterized  by  a  relation  between  the 
radius  vector  r  and  the  perpendicular  p  upon  the  tangent.  To 
obtain  a  formula  for  the  rectification  in  this  case,  we  assume  the 
value  of  the  perpendicular  found  in  the  DifFeren.  Calculus,  p.  154viz.: 

P  =  -■.      ■    ■■- ;     whence     —-^  =  — ^ — ^        >  ^^"^ 
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•  (XT),  the  required  formula. 


Ex.  The  iiiTolute  of  the  circle  from  ^  =  0  to 
p  =  2ii'fl. 

Here  the  equation  of  the  curve  is  r^  ^<^  +  jfl. 

But  when  _p  =  0,  g  =  0.-    .  ■.  (7=  — -|- ;  and 


CHAPTER     II. 


or  FLAKE  ABBAS, 


99,  The  quadrature  of  a  plane  curve  is  the  determination  of  a 
square  equal  in  area  to  the  space  bounded  in  part,  or  entirely  by  that 
curve.  The  problem  is  regarded  as  resolved  when  an  expression  for 
the  area  in  terms  of  Itnown  quantities  has  been  obtmned,  the  number 
of  terms  being  limited, 

100,  Prop.  To  obtain  a  general  formula  for  the  value  of  the  plane 
area  ABCD,  included  between  the  curve  BO,  the  axis  OX,  and  the 
two  parallel  ordinates  AD  and  BC,  the  curve  being  referred  to 
rectangular  co-ordinates. 

Put  OE=x,  EP=y,  EF=l.,  FP^^y-,, 
and  the  area  AEPB=A. 

Then  when  x  receives  an  increment  ?i, 
the  area  takes  a  corresponding  increment 
EPP^F,  intermediate  in  value  between  the    ^ 
rectangle  FP  and  the  rectangle  FS. 


.fef" 
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y  +  7:;-^  +  -^-- 


'-1  + 


d,j  h  ^d-'y       h? 
dx  y       dx^   l-2.y 


+  &C.  r^  1,  when  h  = 


Hence  at  the  limit,  when  h  is  taken   indefinitely  small,  the  area 

EPP^F,  which  is  always  intermediate  in  value  between  FP  and  FS, 

must  become  equal  to  each  of  these  rectargles,  or  equal  to  y  x  A. 

.  ■ .  dA  =:  ydx,  and  consequently 

A  =  fydx (  P"),  the  required  formula. 

101.  If  the  area  were  included  between 
two  curves  DC  and  D^C-^we  should  find  by 
a  similar  course  of  reasoning 

A  =  f{r~y)dx (F,), 

in  which  Y  and  y  denote  the  ordinates 
HP  and  £Pj,  corresponding  to  the  same 
abscissa  OH. 

102.  To  apply  (V)  or  (Fj),  we  eliminate  y,  or  y  and  T,  by 
employing  the  equation  of  one  or  both  curves,  and  then  integrate 
between  the  limits  x  =  OA  and  x  =z  OB. 


~~^- 


103.    1.  The  area  ABCD,  included   between   the  parabolic  are 
DC,  the  axis  of  x,  and  two  given  ordinates  AD  and  DC. 

Put    OA=a^,  AD=bi,  0£=a^  BO=^h^,  OE=x,  and  EP=y. 

Then,  from  the  equation  of  the  parabola, 
we  have 


.  And  by  substitution  in  formula  (F), 


m 

0    A     E  B 


JX 


JS 


Jl=/(2rt' Ar  =  i(2p)'.i'+  C=~{2rt»  1+  €  =  r.!"J+  0. 
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2 

But       A-=0,  when  x  =  a^  and  2^  =  i,,  .-.  G=  ~  t,<^^\ 

,  •,  j1  i^  ~{xy  —  OiJi)  =  ADPE;  and  when  x  =  a^  and  y  =  fi^ 

Cor,  If  the  area  ODOB  of  the  semi-pai-abola  were  required,  we 
should  have 

2  2 

ftj  ;=  0,  61  ^  0,     and     . ' .  ^4  =  —  aj}^  =  -  circumscribing  □  ; 

and  for  the  entire  area  of  the  parabola 

4  2  2 

^A  =  ~  aj)^  =  -  (fj .  2^2  ^  ^  circumscribing  [^ 

2,  The  circle   y^  ■=  r^  —  x%   or    its    seg. 
ment  AGD, 

Here     -4  =  fyd:c  =  f{r^  —  x'^fdx, 

or  by  employing  formula  (£), 

Suppose  the  area  to  be  reckoned  from  A. 

area  A  =  (i     when    x  =  OA  =  —  r. 


.■.C  =  -r^O0T-\^l)=^^r\ 

.  1        3     ,      1       ,   „  3^i         1     , 


And  when  x  =  +  r,  -4  =  -  irr^  =  area  of  semicircle  AEB. 
.  • .  area  of  entire  circle     AEBD  =  ffr^. 
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To  find  the  area  of  the  segment  A  CD,  make  «  =  0  (?  =  —  cf,  t 


.4 


=  lr.^C-i..6'ff. 

.-.segment  CADC  ^  r .  AC  -  a.  CG. 
3.  The  elliptic  segment        AC^D^. 
Here  the  equation  of  the  curve 


..i 


.•.A  =  fydx  =  -f{a^-x^y'dx. 
2A  =  segment  A  C^D^  —  - .  segment  ACD  of  a  circle  described 


•nAB. 
Hence  the  area  of  the  entii-e  ellipse  - 


a  circle  - 


.=,*x 


4.  The  cycloid         y  =  {^rx  —  x^y^  t  .  versin- 

Put     OD  =  x,     DP  =  y. 
Then  the  area  OPD  -  fydx.  5^ 

But  since  y  is  a  transcendental  / 
function  of  x,  it  will  he  preferable  A 
to  integrate  this  expression  by  parts.     Thus 

A  =3  fydx  :^  xy  —  Jxdy, 
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But  from  the  equation  of  the  curvo  we  have 
dy  _ 


=  xy  —  f  ^%TX  - 

■=.  fi/idx  where  y^  is  the  ordinate  DP^  of 


Now  f-\/'Zrx 
the  generating  circle,  corresponding  to  the 
or  f -y/^rx  —  x^dx  ^  area  OP^D. 

.  ■ .  area  OPH  =  xy  —  area  0-P,-Z>,     and  when     x=  0C  =  2r. 
area  semi-oyoloid  OAC  =  00  x  CA  ~  area  semicircle  OP^O 


1 


.  ■ ,  area  entire  cycloid  =:  3ffr^  =  3  area  generating  circle, 

104.  Prop.  To  determine  a  general  formula  for  the  quadrature  of 

polar  curves,  their  equation  having  the  form  r  =  Fi. 
Let  QX  be  the  fixed  aJiis,  QP  the 

radius  vector,  forming  with    QX  an 

angle  measured  by  the  are  A  described  • 

with  radius  equal  to  unity. 

Let  S  take  the  increment  t,  convert- 
ing r  into  j-i  —  F(6  +  t),  and  adding       "*  ^' 

the  sector  QPP-,  to  the  area  QIP=A, 

previously  swept  over  by  the  radius  vector.     Now  QPP^  >  QPK, 

but  <  QP-^0.     Also  the  ratio 


1 


QP^O_ 
QPK 


(/  + 


+  &c)» 


=  1     when     (  =  0. 
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Hence  at  the  limit,  when  t  is  replaced  hy  d&,  and  QPP^  becomes 
dA,  the  value  of  QPPy  will  be  equal  to  QEP  or  QP^O,     Thus  we 

tihall  have  rf-4  =  -  r^  .  ifl. 

.■ .  A  =  ^fr^i  .  . .  .  (  Fj),  the  reguire.d  formula. 

1.  The  spiral  of  Archimedes  r  =  afl. 

[{  A  =  0  when  r  =  r-,,  then  C  =  ~  i^- 

.  ■ .  A  =  -  (— ^1 ;    and  when    r  =  r,,  -i  =  -  {— — ■ — ^J- 

Q\      a      J  6\       a       / 

Tor  the  area  of  one  convolution  estimated  from  the  pole,  we  have 
the  limits  rj  =^  0  and  r^  —  2ira. 

2.  The  logarithmic  spiral  from  r  —  rj  to  r  ^=  j-^. 

Here       r  =  a  .     .  ■ ,  ifr  =  log  a .  a  .  rf3     and     dd  = .  — 

log  a    r 

.-.     A  =  lfrm=^--^frdr  =  ~^r^+a 
a  Slog  a  4  log  a 

=  7 "'(''2^  —  5-1 2),  between  the  limits  i\  and  r^:  the  quantity 

III  denoting  the  modulus. 

3.  The  hyperbolic  spiral  from  r  =  r,  to  r  =  r^- 

Here  »■  =  7:      ar  =  —  -—-j      dd  :=  —  —  dr  = -dr. 
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4.  The  lemniscata  r~  ■=.  a^coaSfl. 

Put  J  =  0  when  6  —  0;    then  C  =  0,  and  ^  =  - a^sin  2fl, 
4 

which  gives,  when     r  =:  0,     or     6  =  ~ir,      A  =  -a\ 

°       '  4  4 

. ' .     Entire  area  ^  o^  :^  square  described  on  scmi-asis, 

105.  Prop.  To  find  a  formula  for  the  quadrature  of  a  plane  curve, 
when  its  equation  is  given  by  a  relation  between  the  radius  vector, 
and  the  perpendicular  upon  the  tangent. 


r(r 

-rt*' 

1.    The  involute  of  the  circle 

r'- 

-p'  =  A 

•-^0 

-j4/("- 

4/«4/^ 


»i 


and  this,  between  the  limits  p  =  0,  and  p  =  2*0,  within  which  the 
entire  circumference  is  unwound,  gives 

Cor.  The  area  included  between  the  involute  ABS,  the  circle, 
and  the  tangent  AS,  is  equivalent  to  that  swept  over  by  the  radius 

vector,  and  therefore  equal  to  ■—-■ 


being  the  radii  of  the  fixed  and  generating  circles. 
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This, 
gives 

^  ^(a=  +  Sab  +  26=)  =  OIPVO. 
But  OIL  =  ^  *a6. 

.  • .    JPVL  =  ^ epicycloid  =  ^{3a  +  21), 
and,     /F/ji/=  — (3a  +  2fi),  the  entire  epicycloid. 

If  6  =  -a,  then  epicjeloid  =  A^b'^  =  wa^  =  area  fixed  circle. 
If  b  =  a,     then  epicycloid  =  5*6^  =  5*a^  =  5  area  fixed  circle, 
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QUADRAIORE    or   CUBVED    SURFACEH, 

106.  Prop.  To  obtain  a  general  formula  for  the  quadrature  of  a 
surface  of  revolution. 

Let  AB  be  the  arc  of  a  plane  curve 
■which  revolves  ahout  the  a\is  OX,  P  and 
P^  points  taicn  on  the  curve  so  near  to 
each  other  that  the  arc  PP-^  may  present 
its  concavity  to  OX  at  every  point.  ^ 


Put     OD  =  x,     I>P  —  y,     SDi  =  A,     -flj/'j  =  y„     AP  =  s. 

The  surface  generated  by  the  are  PPi,  is  intermediate  in  magni- 
tude between  those  generated  by  tie  chord  PP^,  and  the  broken 
line  PTPy     Denoting  these  surfaces  by  0  and  B,  we  have 

^      ~{PS  +  TSi)2itPT+  {TDi^  -  P^D^^)* 

^  ^{PD-^P^1);)PP^.%! 

_  {2PD  +  VT)PT+  {2PiD^  +  PiT)P^T 
~  {UPD  +  VP^)PP^ 


rj.,j_**j_f!''>' 


S-][-+-(l-So-)? 


Dividing  numerator  and  denominator  by  A,  and  then  passing  to 
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the  limit,  we  obtain  ■—-  =  !.     And  hence  the  limit  to  the  value  of 

the  surface  0,  generated  by  the  chord,  will  be  a  proper  expression 
for  the  elementary  surface  generated  by  the  arc  PP^,  when  that  ai'c 
becomes  indefinitely  small. 

But  at  the  limit,  when     h  =  dx,     C  =  2vy{\  +  -f-A^^- 

Hence  we  have  for  the  differential  of  the  surface, 

dA  =  2'rM +^\^(h:,     and     .-.  A -2^/J]. +^\^dz,..{W). 

or,  A  =  ^/yds (  TFi). 

107.  To  apply  (W),  we  eliminate,  by  means  of  the  equation  of 

the  generating  curve,  y,  and  -7^,   and  then  int^rate  between  the 

given  limits.  SimUarly,  we  apply  ( W{)  by  expressing  y  in  terms 
of  s,  or  dg  in  terms  of  y  and  dy. 

EXAMPLES. 

108.  1.  The  surface  of  the  sphere.  y 
Here  the  generating  curve  is  a  circle  whose  eijua-       /^  |A 

^'"'^'^  ,         ,         ,  A  -X   0'  ^r    B 

f  =  r^  -  x^. 

.-.  A  ^^f-^  =  2*rSdx  =  ^'Krx  +  a 
A  =  Q,    when    »=—»■;    then     C=2fl'r'. 


Put 


.•.  A  =  2«'r(r  +  a;),  which,  when  x  =  +r,  gives  for  the  surface  o^ 
the  entire  sphere  A  =  ^tr^  =  4  great  circles. 

For  the  zone  whose  height  is  A  =  ifj  —  x-^,  we  haye 
A  =  ^t(x2  —  Xi)  =  2irrA. 
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1.  The  pwaboloid  of  revolution, 
"       ^    '  dse.      y'      ^dx^        ^  y^  y^ 


If  the  surface  be  reckoned  from  the  vertex,  we  shall  have  a^^  =  0. 
3.  Tfee  surface  generated  by  tJie  revolution  of  the  Catenary  about 


The  eijuation  of  the  curve  is    j^  =:  s^  +  iux. 


Now,  applying  formula  ( JF,),  and  i»te^ating  by    A; 
parts,  we  have 

A  =  ^Sydt  =  air(!/3  —  f&dy)  —  2ff(ys  —  afdx) 
=  2v{ys  -  0.x)  +  C- 
But  when       X  -0,  y  =  (l  md  s  =  0,  .  ■ .  0  =  0. 
•  •.  A  =  2*{yy'3:2  +  Hax  —  ax). 
3.    Tlic  surfiicc  generated   by  the  revolution  of  a  serai-cycloid 
about  its  axis. 

Here         dy  =  \} • dx    and    s  =  %-<J%rx  =.  i^^rx. 

=  2*(j(v^  —  ^/^f-y/'ir-x.dx) 
=  2^[2/ V^+  V^-  |(2r  -  «f  ]  +  C. 
But  when      «  =  0,  ^  =  0,  . -.  C  =  -^*f^. 
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and  whea  a 


-2J-, 


2*  [y yS^  + 1/^.  3  (2'- ~  a:)*- y ^] } 
A  =  8ir^^  — ^-'''■^1  til®  entire  surface. 


4.  The  surfac*  generated  by  the  revolution  of  the  cycloid  abont 
its  base. 

In  the  formula  A  =  2vft/ds,  the  quantity  y  denotes  tlie  distance 
of  a  point  in  the  revolving  curve  froret  the  axis  of  revolution,  and 
Biust  therefore  bo  replaced  in  the  present  instance,  by  2r  —  x. 


But -4=0, -when  a; 
and  when 


=  2*V^(4./-| 


■.  A=2<i/2r{irx 


;  and  the  entire  surface  2A  =::  -^*}^. 


64 


109.  Frop.  To  obtain  a  general  formula  for  the  quadratur 
curved    suriiiee,  whose  equation   is 
referred  to  rectangular  co-ordinates. 

Let  CABB  be  a  portion  of  tlie 
surface  included  between  the  planes 
of  xz  and  yx,  and  the  planes  BP-^, 
AB-i  drawn  parallel  thereto. 

Put  OA^  -  X,  OB,  -  A^Pj  =  y, 
PiP  =  z,  ACBP^A,  and  let 
e=:F{x,y)...{l)  be  the  equation    y^  ''■     '' 

of  the  surface. 

Then,  since  the  value  of  A  will  be  determined  by  the  assmoed  values 
of  the  independent  variables  x  and  y,  ive  shall  have  A  =  <p{x,'j). 

Now  when  x  receives  an  increment  ^,a,  =  A,  the  area  A  takes  tb* 
increment  AD,  becoming 


Ai  =  (p{x  +  k,T/)  =  A  ■ 


dA    h 


. 


d^A 


h? 


dx^    1.2       dx^    1.2.3 


+  &C. 
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Similarly,  when  y  alone  takes  au  increment  Bji^  —  k,  A  takes  the 
increment  £Gf,  becoming 

d^'  1.2.i 

But,  when  x  and  t/  increase  simultaneously,  A  takes  an  iBerement 
AD  +  £&  +  PI,  becoming 

^A     Ifl    _^  d^A    hk  ^ 

k^  . 

"   (fe^  '1.2.3  "^  dx^dy'  \.'i~'~  dxdy''-'  1  .  3  "^  rff/' "  1 .  2.  3 ''"      '^ 

.-.  PJ  =  A^~  A  -  lAj-  A)  -  {A^-  A) 


PI  _  fA_       d^A       h  ^A         k 

^'"^  kk  ~  dxdy'^  dx'dy'  1 .2'^  dj:  .dif''  1 .2'^ 

which,  at  the  limit  when  h  =^  Q  and  k  —  0,  reduces  to 

PI  _  d'A 

PJ-^  ~  dxdy  ■ 

Now  this  quotient,  which  results  from  dividing  the  elementary 
eui-fate  PI  by  its  projection  i*,/,  on  the  plane  of  cry,  is  equal  to 

,  where  v  denotes  the  iiiig)c  formed  by  the  tang«nt  plaue  at  the 

point  P  with  the  plane  of  xi). 
But  from  the  theory  of  surfaces  (Diffi  Cal.,  Art.  177),  we  have 
1 


.(1). 


'J       V 
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dlifer''ntiating  the  function  A  of  x  and  «/,  first  as  tiiough  x  were 
alone  variable,  and  then  as  thougU  y  only  varied,  wo  shall  obtain 


performing  two  succrasivo  integrations  with  respect  to  x  aTid  y,  tlie 
order  of  these  integrations  being  immaterial,  since  that  of  the 
differentiations  ia  arbitraiy. 

This  double  integration  is  indicated  by  the  symbol  ff,  and  the 
result  is  called  a  double  integral.     Thus 

.d=//(l  +  -^  -^  -T^^'^y C^'a).    the  required  formula. 

The  limits  of  these  integrations,  in  the  case  represented  in  the 
diagram,  are  y  =  0  and  y  =  OB^  =  b,  x  =  0  and  x  —  O-dj  —  a. 
But  if  the  surface  were  terminatcil  laterally  by  a  cylinder  (instead 
of  by  planes  parallel  to  xs  and  jis),  the  elements  of  this  cylinder 
being  parallel  to  the  axis  of  z,  and  its  base  in  the  plane  of  xy  repie- 
sented  by  the  equation  51,  =fx,  then  the  superior  limit  of  the  first 
integration  would  be  y  =3  i/j  —A.  the  inferior  limit  being  still  zero. 
This  will  be  rendered  plain  by  an  example. 

no.  1.  Eequired  the  surface  of  the  tri-rectaiigiilar  triangle -^5(7. 

From   the   equation   of   the    surface 
^^  +  2^^  +  2^  —  ''S  *"e  obtain 


...=//i^.,  =  .//  "^ 


The  limits  of  this  first  ii 
and  y  =  y/t^  —  ^  =  DE. 


d  by  Google 


QUADKATUBK  OP  CURVED  SUEFACES. 


+  (7=-«-r^ 


a  the  limits  x  =  0,  aiu 

2.  The  axes  of  two  equal 
circular  semi-cylinders  in- 
tersect at  right  angles,  form- 
ing the  figure  called  the 
groin,  Required  the  entire 
surface  intercepted  upon  the 
two  cylinders. 

Assuming  the  axes  of  the 
cylinders  as  those  of  x  and 

y  respectively,  the  equation  of  the  cylinder  whose  axis  coincides 
with  X  will  te  y^  +  ^^  =  ''S  luid  that  of  the  cylinder  whose  axis 
coincides  with  y  will  be  s^  +  e^  =  rK 


The  entire  surface  to  be  estimated  is  projected  upon  xi/  in  the  rec- 
tangle ABCF,  and  the  triangle  OQF  is  the  projection  of  one-eighth 
of  this  surface.  To  compute  this  portion  to  which  the  equation 
.»  +  .■  =  r>  .pplies,  w.  tov.  A  =//(l  +  ^  +  ^)*  «,,  1„ 
which  the  limits  of  integration  are  y  :=(i  and  y  =^x,  x^d  and  x=it. 


dz 


0. 


But  from  the  equation    ar^  +  z^  =  j-^,  we  get 

=  r  \~~-~  -    —  f  f-  —  between  the  given  limits, 

Ji/r'^  —  X^  yyVai—  x^ 

)r 

d  =  ~*  T-/i^—  2^  +  C  =  i-s  between  the  limits  «  =  0  and  x  =  r. 
■,  ■ .  8^  =  Sr^,    the  entire  sur&ce  of  the  groin. 
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Ill,  Prop  .  To  obtain  a  general  formula  fur  the  volume  generated 
by  the  revolution  of  a  plane  figure  about  a  fixed  axis. 

Let  OX,  the  axis  of  x,  be  the  axis 
of  revolution,  ABCF  the  generating 
area.     Put 

OD=x,  DP^y,  DD^=k,  D^P^=y^, 
and  let  y  =  Fx  be  the  equation  of  the 
bounding  curve  AB. 

The  volume  generated  by  the  revolution  of  the  small  quadrilateral 
DPPiD-,  is  intermediate  in  magnitude  between  the  cylinders  gene- 
rated by  the  rectangles  PI)^  and  BDj.     But 


t! 


cylinder  ED^ 


yM 


dy   h       d^y      h?-  „     ,, 


dx'-   l.'i.y      dx^    y' 


7.  1     ■when     h  - 


Therefore  at  the  limit  the  volume  generated  by  DPP-^D^  —  cyl 
inder  PD^,  or  cf  F  —  -rty^dx,  and  consequently  V  —  '^fy'^dx  . . .  ( JT), 
rhe  required  formula. 

To  apply  {X),  we  substitute  for  y^  its  value  in  terms  of  x  derived 
from  the  equation  of  the  bounding  curve  AB,  and  then  iiite^ate  be 
twe«n  the  given  limits. 
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112.  1.  The  sphere. 

Here  the  equation  of  the  circle  which  bounds  the  generating 
area  ia  x^  -\-  y^  =  r\ 

Put       r  -  0     when     x=-r, 


(r"-)=i 


•.  V=v(f-3;  —  ~x^)  +  ~irr3     and  when     x  ^  +  r,  F=-*r^. 

2,  The  ellipsoid  of  revolution,  generated  by  the  revolution  of  the 
:e  about  its  greater  axis  2a. 


')+o. 


Here  !,>=^,(.>-«,>).    ...  F=y/(.'- 

.^)d.^^ia^x-^^. 

which  gives  between  the  limits  x  —  ~  a 

and  X—  -V-  a. 

F  =  |ri..  =  |(2..rf>)=|ci„ 

um scribing  cylinder 

S.  The  paraboloid  of  revolution 

y^  =  ^px.      V=2*p/xdx 

=  ■rpx'^  +  a 

If      r^O  when   x  =  0;    then    C  = 

0   and    V~  itjjx^ ; 

0; 

the 

1    0  = 

0 

and 

V  ^  ■^px^ ; 

H 

and 

y^y 

.^y 

1  ., 

cncu 

m 

crib 

ng  cylinder. 

4.  The  parabolic  spindle  generated  by  the  revolution  of  the  para- 
bolic area  AQB  about  the  double  ordinate  AB. 

Put  OQ  =  a,  0A  =  6,  OD  =  x,  DP  =  y.  Then  QC^a-y. 
a;«=2p(a_y)  and  V=tiJ\a—~\dx=~J{ia?p'^~A.apx'^-\-x*]tlx. 
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X  = 

0,  then 

0  =  0; 

and  when 

•  =OA  =  i 

[- 

3p  + 

20^)' 

/ 

-^H 

b^ 
'),. 

=  a. 

/ 

V  \ 

V^-ita^hU.  ^-  +  -1=       *a26  =  volume -4Q0. 

.  ■ .  volume  A  QB  =  —  ffa^t. 

5.  The  volume  generated  by  the  revolution  of  the  cycloid  about 

Put     0V^2r,     OD=x,     DP^y,     IV-2  =  %--y. 
Then  from  the  equation  of  the  cycloid, 

~  =  \-^^,     andsmee     d.  ^  -  dy. 

dx /2>--sU 

•   -dy  \      z      ) 

\2r  -  y) 
But  by  formula  (J), 


.  V=,{2r-,jm,/+-^,j\+ 


l„*J-5„ii  5.,i. 


6   i,\      5 
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Put  F  =  0  and  y  =  2r.     Then  C  =*^  r^ir^   aod  when  y  =  0. 
F  =  -  rVs  =  volume  B  VO. 
,'.  volume  £VA  =  5r%^  =  2irr-irr^  =  -  circumscribing  cylinder, 

6.  The  volume  generated  by  the  revolution  of  the  cycloid  about 
its  axis.     (See  last  Fig.). 

Put  VI  =!t,IJ'  =  y,  VO  =  2r,  and  to  facilitate  the  integration, 
introduce  the  variable  augle  VC£I  ==  9. 

Then     x^r{l-  cos  »),  y  =  r(sin  i  +  6),  dm  =  r.  sin  m. 

1  2  4 

But/sin33,rffl  =  — -sin^d.cosi  — -cos,fl  =  -,  from  fl  =  0  to  3=*. 

2/J .  sin^a .  (£)  =  /d  .  rfa  — /d .  cos  %m 

=  ~S^—-esm29+-fs\a2S.dihy  integrating  by  parts. 

=  ifl=_lasi„2S-  lcos2S  =  i«2  from  d  =  0  to  a=ir, 
2        2  4  2 

and  Ta^.slna.rffl^-flScosd  +  S/a.cosMJ 

=  -  fl«  cos  a  +  2d  sin  a  -  2  /sin  Md 

=  —  ascosfl  +  23  sina  +  2cosfl 

. '.  Entire  volume  =  •irr^  (ij"'^  —  ^1' 

113.  Prop,  To  obtain  a  general  formula  for  the  volume  of  ail 
solids  which  are  symmetrical  with  respect  to  an  asis. 

Such  solids  may  be  generated  by  the  motion  of  a  plane  figure,  as 
ABCD,  of  variable  dimensions,  aud  of  any  form,  whose  centre  O 
remains  upon  the  axis  OX,  its  plane  being  always  perpendicular  to 
OX,  and  its  variable  area  X  being  a  function  of  x,  its  distance  from 
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By  a  method  entirely  similar  to 
that  applied  to  solids  of  revolution, 
we  may  show  that  dV  —  Xdx, 

and     .-.  V=fXdx (Xj), 

the  required  formula. 

To  apply  (Xj)  we  must  express  the 
value  of  the  area  X  in  terms  of  x,  and  then  integrate  between  the 
proper  limits. 

Co::  The  sam.e  formula  is  applicable  to  any  solid  generated  by 
the  motion  of  a  section  of  variable  dimensions  parallel  to  a  given 
plane,  when  the  area  of  the  section  can  he  expressed  in  functions  of 
its  distance  from  the  fixed  plane. 

114,  1.  The  ellipsoid  with  three  unequal  axes. 

Here  we  have  ^  +  ^  +  "j  —  li 

or  iVa^a  +  a^chj^  +  aW:?  -  aWc\ 

Make  CCj  :=  X,  and  put  successively  b 

y  —  'i    and    z  —  Q. 
Then  when 
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3,  The  elliptical  paraboloid  c^  +  hy^  -. 
Put  successively  J/  =  0  and  s  = 


then 
TheQ 


C£  =  a(^\^,     and     CD  =  a(^\ 


.  ■ .  Wiicr 


z  ^^  ^X,a^,  ^-circumscribina 


ti  of  two  cylinder 


Vic 

r  =  ^ /■«.<&  =  !—  + c 

If     F=0    when    X  -  0,    then    C=0,    aiid 

cjlinder. 

3.  The  groin  or  solid  formed  by  the  intcrsc 
whose  axes  are  perpendicular  to  each  other. 

1st.  Let  the  bases  of  the  cylindera  bo 
equal  semi-circles. 

Then  the  generating  section  A-yB^C\Dj 
will,  he  a  sijuare. 

Put    OG=GE=EA=r,  OG^  =  x,       , 

Then    ^,5iC,i),  =  4y^    and  from  the 
equation  of  the  circle  BOF,  ^ 

But   r=Owheii  x  —  0,  .•.  C=  0,  and  when  x  =  r, 

V=:  ^  '■^=  n  r.2r.2r=-    circumscribing  parallelopipedon. 

2d.  Let  the  bases  be  unequal  parabolas. 
Then  the  generating  section  will  be  a  rectangle. 
Put  OG=^a,  6E=h,  EA^h^,  OGi  =  x,  G^E^=y,  J',^,  =  »/, 
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Then       t/  =  2px,  y^^  =  ^p^x.  .  ■ .  X  =  2y .  2*^1  =  Sa^y^. 
Vt=  fXdx  —  %^/pp^fxdx  =  Ax''-i/pp^=s%c.yy^,  and  when  s  =:  a. 
P"=2a66,  =  -a,26.26i  =;  -  circumscribing  parallelopipedon, 

4.  The  Conoid,  with  a  circular  base.  ,       p  „ 

Put     J>A  ^  K,  DE=  3r,    iJff  =  3:,  61  =  y. 
Then  the  generating  triangle  IFH  =  X  =  ay 

=  <i  ■  segment  DGff. 
and  when      x  ~  2j',    V  =  a-  (semi-circle  DUE). 
or  volume  conoid  =  -  volume  circumscribing  cylhider. 

Cor,  A  similar  result  will  be  obtainpd  if  we  suppose  the  base 
to  have  any  other  form,  the  generating  triangle  being  still  perpen- 
dicular to  the  base. 

115.  Prop.  To  obtain  a  general  formula  for  the  volume  of  asolid 
bounded  by  any  curved  surface,  whose  equation  is  referred  to 
rectangular  co-ordinates. 

First  suppose  the  volume  bounded  by  the  co-ordinate  planes  of 
ay,  xz,  and  yz,  by  planes  parallel  to  xz  and  ijz.  respectively,  and  by 
the  curved  surface  (7a/4,  whose  equation  is 

Put  0^,  =  X,  0£^=A^P^  =  y, 

Aitti=dx,  P-yO-^  =  dy,  p^p  =  d(i. 
Let  the  volume  be  intersected  by 
planes  AQ-^  and  «/[,  parallel  to  yz, 
and  including  between  thein  the 
lamina  or  slice  A-J:  let  this  la- 
mina be  cut  by  planes  6Jj  BD^,  &c., 
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dividing  it  into  prioms  such  as  /*/„  &c. ;  and,  finally,  let  each  prism 
be  subdivided  into  elemciitaiy  parallelopipedons,  sucb  as  z^d  by 
planes  parallel  to  xy,  the  successive  planes  being  at  distances  from 
each  other  denoted  by  dx,  dij^  and  dz,  respectively.  Then  the 
volume  of  one  of  these  elementiry  parallelopipedons  will  he 
expressed  hy  dxdijdz ;  and  if  this  be  integrated  with  respect  to  e, 
regarding  j:  and  y  as  constant  between  the  hmits  2  —  0  and 
2  —  2i  —  P-^P  —  F(s,y),  the  result  obtained  will  represent  the  sum 
of  all  the  parallelopipedons  contained  in  tJie  prism  PI-^.  A  second 
integration,  with  respect  to  y,  between  the  limits  y=0  and  y^A^G^, 
will  give  the  sum  of  the  prisms  contained  in  the  lamina  AI-^ ;  and  a 
third  integration,  with  respect  to  a-,  between  the  limits  «  =  0  and 
31  =  Oa^,  will  give  the  sum  of  the  larainse,  which  constitute  the  entire 
volume. 

Henc  the  required  formula  is 

V^Sffd'xdydz (1). 

The  symbol  ///denotes  three  successive  integrations,  with  respect 
to  the  variables  x,  y,  and  z,  and  the  result  is  called  the  triple  integnd 
of  dxdydz. 

Cor.  If  the  volume  were  bounded  on  every  side  by  the  curved 
surface,  the  same  formula  (1)  would  apply,  but  the  limits  of  inte- 
gration would  be  different,  those  of  iha  first  integration  beinj; 
z  =  2,  and  z  ■=:  e^  where  z-y  and  e^  ^''^  the  two  extreme  values 
of  z  corresponding  to  the  same  values  of  a;  and  y,  and  derived  from 
the  equation  of  the  surface ;  those  of  the  second  integration  being 
y  ■=  y-y  and  y  ■=.  y^,  the  extreme  values  of  y  corresponding  to  the 
same  value  of  w,  and  derived  from  the  equation  of  the  section  per- 
pendicular to  OX;  and,  finally,  those  of  the  third  integration  being 
a:,  and  x^,  the  extreme  values  of  a. 

116.  1.  The  tri-rectangular  spherical  sector. 

Here  the  limits  of  the  integration  areis—O  and  P^P~-y/r''~a'^—y% 
yz=Q  and  y=DyE=-^/r^~x\  k=0,  and  2=0J=:r. 
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M 


=  fS-\/r'^~x'^  —  y=.  dxdtf.      But 

4 


-y-^-dy^^ir^-x^—y^) 


=^v{^''-f—y'') 

■¥-^iT^—^^)  8iir~'-^^^==:— ir{r' — x^)  between  the  limits  given. 

between  the  limits. 

2.  The  Yolunae  cut  from  a  paraboloid  of  revolution,  the  equation 
of  whose  generating  curve  is  y^  —  2px,  by  a  right  cyliader  with  a 
circular  base,  its  axis  passing  through  the  focus,  and  the  diameter  of 
its  base  being  equal  to  p. 

The  equation  of  the  paraboloid  being  y^  -i-  z'"  =  2px,  and  that  of 
the  cylinder  y''  =px  ~  a;',  the  limits  of  integration  in  the  present 


s  —  +  i/^px  —  y^     and     z  =  —  -^ipx  —  'if; 
J/  =^  +  y'pa:  —  a;*     and    y  ^  —  -^/px,  —  x^, 
X  —  ii     and    X  ^-p. 
.V-fffdxdydz=ffzdxdy^ff%2i>x~y^)^dxdy. 

■Ut  S{^px-y^)%=ly{2px~y'^f-\-px  f^M= 
•^  ''■J'lvx—i, 


^>/i2px-y^)  +px,sm- 


^^. 


between  the  limits. 
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.•.F  =  2/[.V?^:^'  +  2?-^-™-'\/^]<^ 


-  ^pKp''  -  ^')  -  _ 

~  +  -i-l  between  the  limits  x  ^  0  and  n;  ^ p. 

117.  i'rop.  To  obtain  a  general  formula  for  the  volume  of  a  solid 
bounded  by  a  surface  whose  equation  is  referred  to  polar  co-ordinates. 

Let  tiie  volume  be  divided 
into  elementary  wedges  such 
as  O^D,  CO  by  planes  drawn 
through  the  axis  OC.  Let 
each  wedge  be  subdivided 
into  elementary  pyramids, 
such  as  FGDJEO,  by  coni- 
cal surfeces  generated  by 
the  revolution,  about  the 
axis  OC,  of  lines  OD,  OE, 
&c,  inelined.  to  0(7  in  con- 
stant angles.  Finally,  let  each  pyramid  be  subdivided  into  elemen- 
tary parallelopipedons,  such  as  fd-^  by  concentric  spherical  surfaces 
with  their  centres  at  the  origin  0. 

The  co-ordinates  of  a  point  d  are  Od  ^  r,  dOD-^^^6,  and 
AOD^  =  V ;  and  the  three  edges  of  the  elementary  paralielopipedon 
fd^  are  dili  =.  dr^  de  =:  rd&,  and  dt  ■:=  r  eos &  .dv;  the  last  expres- 
sion being  obtained  by  observing  that  when  the  line  OD  revolves 
around  the  axis  00,  the  point  d  describes  a  small  arc  dt  whose 
23 
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centre  lies  upon  the  axis  OC,  and  whose  radius  is  the  perpen- 
dicular distance  of  d  from  that  axis,  and  therefore  expressed  by 
r.miZOd  =  r  cosi. 

Hence  the  volume  of  the  parallelopipedon  will  be  expressed  by 

T^ cos idv . dMr,     and     .  ■ .  T  =  Jffr^ ca^Un.M.dr (1) 

will  be  the  required  formula  for  the  entire  volume. 

The  first  integration,  if  performed  with  respect  to  r,  while  v  and  8 
remain  constant,  will  give  the  sum  of  the  parallelopipcdons  con- 
tained in  the  pyramid  DEFGO,  the  limits  of  the  integration  being 
r  =  0  and  r^  0D:^F[v,6). 

A  second  integration  with  respect  to  fl,  while  v  remains  constant, 
will  give  the  sum  of  the  pyramids  contained  in  the  wedge  G^D-yGO, 
and  the  third  integration  with  respect  to  v  will  give  the  sum  of  the 
wedges  which  constitute  the  entire  volume. 

118,  1.  The  hemisphere  with  radius  equal  to  a. 

Here  the  limits  of  the  integrations  are 


30  a 


=  0  and  d  = 


=  0  and  1 


cjl 


,  -.  V  ^  Sffr-m^Kdc.didi— 

3.  The  volume  cut  from  a  sphere  whose  radiu 
with  a  circular  hi 
centre  of  the  sphere 


Here  we  shail  hai 
volume  m  ABODE, 


the  limits  of  mtogration  being 
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r  =  0  and  r  =  0I=bs^6, 
i—0  and  d=cos-'-i    n  =  0  and  v  =  2*. 


I  6  =  t 


0  and  !>  = 


2d.    }-=0  and  r=a,     S=ef 
The  first  set  of  limits  give 

—  -  b^f/seo^ .  dvM  ^  ;-i*/tan  d .  rfu 
=  ^fi'tan  (coa-^  -pdv 


1  /         va^^^\        2 


'jv 


And  the  second  set  of  limits  give 

fffr^oosMv.didr^  \  ffT\  cos  6.  dv.di=\  a^ffms  Mv .  d 


db,Google 


PART  III. 

INTEGRATION   OF  FUNCTIONS   OF  TWO   OR  MORE 

VARIABLES. 


CHAPTER  I, 


f    EXPRESSIONS    CONTAISING    SE7EBAL    IS 


119.  When  a  diiferential  expression,  containing  two  or  more- 
independent  variiibles,  can  be  obtained  directly  by  difTercntiaCing 
some  function  of  those  variables,  it  is  said  to  be  qq  exatt  differenlial. 

Thus  xdy  -j-  ydx  is  an  exact  differential,  being  equal  to  d{xy) ;  so 
also  is  ^x^dy  —  &ydx  +  Qxydx  —  Zxdy,  being  equal  to  dl^x^y—Zxy) ; 
but  x'^dy  —  Sydx  is  not  an  exact  differential,  there  being  no  expression 
which,  when  differentiated,  will  produce  that  proposed, 

120.  If  a  differential  be  exact,  its  integral  can  be  determined  in 
all  cases  by  methods  which  will  be  explained,  but  ire  shall  first 
establish  whereby  to  distinguish  exact  differentials, 

121.  Prop.  To  determine  the  conditions  which  indicate  that  any 
proposed  differential  is  exact. 

Let  the  proposed  expression  be  Pdx  +  Qdy,  in  which  /'  and  Q 
may  be  fiinctions  of  one  or  both  variables. 

If  this  expression  be  the  exact  differential  of  sojne  function  u  of 
X  and  y,  we  shall  have 

du  =  Fdx  +  Qdy (1). 
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But  by  (lie  general  process  for  differentiating  a  functio 
independent  variables,  we  have 

,        du  ,        du  , 


And  since  {1)  and  (2)  must,  from  the  nature  of  the  supposition,  be 
identical,  the  following  conditions  will  exist,  viz. : 

^  =  ^ P).  «  =  | w 

Now  differentiate  (3)  with  respeot  to  y,  and  (4)  with  respect  to  x, 
ind  there  will  result 


—  -  i!^        f!     '^^  —  ^'^ 
dy       dxdy  dz       dydx 

But  it  has  been  diown  tliat  fie  result  of  differentiating  u,  with 
respect  to  x  and  y,  successively,  is  tJie  same,  witiout  reference  to 
the  order  of  the  differentiations,  ot  that 
d^u  __  dhi         _    dP  __d^ 
dxdy      dydx      '  '  d^        dx  ^  '' 

Hence,  when  the  proposed  differential  F<ix  +  Qdi/  is  exact,  the 
(icmditJon  {5)  will  he  fulfilled.  The  converse  is  equally  true,  as  will 
appear  fully  when  we  attempt  to  integrate  such  expressions,  and 
hence  the  condition  (5)  is  called  the  Ust  of  iiilegrabilibj. 

122.  Now  let  the  proposed  expression  be  Pdx  +  ^dy  +  Edz, 
jnvolvlag  three  independent  variables. 

If  this  be  an  exact  differential  of  some  function  uaf  x,  y,  and  z,  thai 

du  ,        du  ,       dii  _ 

du  =  —  dx  +  j-dy  +  —  dz  ^  Fdx  +  Qdy  +  Bds; 

,  „      du      ^      du  dii        ^         „ 

whence  P  —  -j-,     §  —  -r-,     if  =  — ,  or  by  dmerentiation, 

dx  dy  dz  ■'  ' 

rfP  _  _rf%      dP  _  ^hi_     dQ  _  dhi^     dQ  _  d^u 
dy       dxdy'      dz  ~  dxdz'      dx  ~  dydx'      dz  ~  dydz' 
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(Pu        d^u        d^u        <Pu        d'-Ti        d'^u 
dxdj/      di/dx'     dxdz      dzdx'     dydz      dzdij 

Hence  we  have  three  foUowing  conditions  of  integrability, 

dP__dQ      (l£_dB      ^_^ 
dy        dx'      dz        dx'      dz        dij 

,  Similarly,  if  the  expression  were  Pdx  +  qdij  -f  Rdz  +  Sds  4-  &c,, 

involving  n  independent  variables,  there  would  be  -  n  ("— 1),  cois- 

ditions  of  the  forms 

>jP_dQ      dP_dR     dP^_^.      ^^^     ^-^& 
dy        dx''      dz       dx       ds        dx  ^       '    dg        dy  '     ds        dy 

123.   1.  Is  (^ydx  +  x^dx  +  JPdy  +  a'xdy  an  exact  differential  % 
Here  P  =  d?y  +  x^  and   Q  =  P  +  a%. 

dP         „      dQ         .  dP        dQ       ^^, 

.  • .  — z—  =  a\    —r-  =  d?,    .  ■ .  — z—  =  — p-  and  the  expression  v 
dy  dx  dy         dx 

integrable. 

„    ,  dx  dy  xdy 


\  exact  diiTerentiall 


3.  Is  Zxdy  —  4ji'iic  au  exact  differential  I 

(^i*    _  _  ^     

""'  dx   '' 
and  since  8y  and  S  are  not  eqcal,  the  expression  is  not  integrable. 

IS4.  Prop.  To  oblain  a  gen.  i-al  formula  for  the  integration  of  the 
form  du  =  Pdx  +  %ly.,  whc:i  the  condition  of  integrability  is 
satisfied. 
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Since  the  term  Pdx  has  resulted  from  the  differentiation  of  the 
function  u,  with  respect  to  x  only,  y  bdng  regarded  as  invariable,  it 
follows  that  u  will  be  obtained  by  integrating  Pdx  with  reference  to 
X  alone ;  but  as  u  may  have  contained  terms  involving  y  alone, 
which  terms  necessarily  disappear  in  a  differentiation  with  reference 
to  X,  we  must  complete  the  integration  of  Pdx,  not  as  usual  by 
adding  a  constant  0,  but  by  adding  a  quantity  T",  which  is  some 
unknown  function  of  y  and  constant,  and  we  thus  provide  for  the 
reappearance  of  such  terms  as  may  have  disappeared  in  the  first 
differentiation.     Thus  we  get 

■u  =  /Fdx+  r, (1), 

in  which  the  value  of  T  remains  to  be  determined. 
Differentiating  (1)  with  respect  to  y,  there  results 


f*  =  («-^h 


This  value  reduces  (1)  to  the  form 

«=/--+/[«-^1* (^>. 

which  is  the  required  formula. 

126.  It    is    necessary   to  prove,   however,    that    the   coefficient 
Q ~i — ~  <*!'  ^yi  ^o&a  not  contain  x,  since  otherwise,  the  second 

integration  would  be  attended  with  the  same  difficulty  as  the  first. 
Differentiating  that  coefficient  with  respect  to  x,  we  obtain 

dQ      (PfPdx  _dq      d''/Pdx_dQ      dP 
dx  dydx     ~~  dx  dxdy     ~  dx         dy 
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and  this  is  equal  to  zero  by  the  condition  of  integrability,  which  U 
supposed  to  be  satisfied.  Hence  the  coetKeient  of  di/  in  (2)  cannot 
contain  x. 

126.  This  proof  also  establishes  the  truth  of  the  converse  of  the 

first  proposition,  viz. :  that  when  the  condition  -7-  =  -r^   is    satis- 
fy      dx 

find,  the  integration  is  possible, 

127.  By  a  similar  process  we  obtain  a  second  formula 

.  =  /e.,+/[^-^^>. (.,, 

in  which  the  coefficient  of  dx  docs  not  contain  j/. 

Cor-.  If  there  were  given     du  —  I'dx  +  Qdy  -}-  Mdz,     we  would 

M  :=  fPdx  +  V, 
in  which  F  is  a  function  of  y  and  z. 

Then  differentiating  with  respect  to  y,  wc  obtain 

dV  _du^  dfPiJx  _  ^       dfPdx 
dy  ~  dy  dy       ~  d)j     ' 

and  by  integrating  with  respect  to  y  and  adding  a  function  Z  of  a, 
we  get 

Now  differentiating  with  reference  to  z,  we  obtain 

dZ_du       dfPdx      dfQdij      ^V  f'^fP^^  .  1 
dz  ~  dz  dz  dz  dz  iJ       dy         J 

in  which  the  coeffident  of  dz  if 
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128.  In  practice  it  will  be  found  usually  more  convciuent,  and 
always  more  instructive,  to  apply  the  method,  I'ather  than,  the  form- 
ula explained  above ;  especially  where  there  are  three  variahles. 


129.  1.  Integrate     da  =  (3x^  +  2axij)dx  +  {az^  +  if)dy. 
Here  P  ^  S;c=  +  2axy,         Q  =  ax^-^  Zy\ 

But  fFdx  =  f{Zx"  +  'itaxy)dx  =  x'i  +  ax^y, 

dfPdx  „  ,      „       dfPdx  ,     „   ,         „     „  „ 

These  values  reduce  (2)  to  the  form, 

«  =  i>  +  ««V  +  /3J'*  =  ''  +  "^H  +  j'  +  C. 
2.  Integrate    du —  (^x^f—x^yx —  {l-^(iy^—^xhj)dij. 

P=3xy'~i\     Ci=-(\+6,f.-3x',j),      ^  =  6^!,  =  ^. 
u  =  /PA  =  f{Sxf  ~  x')dx  =  2j,y  -  liM-  r. 

Y 

-dy  =  —dy  —  &y^dy,     and     F  =  —  y  —  2t/3  +  (7. 

.-.     u  =  lx',j'~l,>-,-&j'+C. 
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i»  = 

(sin  ,  +  J,  CO.  ,)d,  +  (sin  »  +  I OM  ,)ij,. 

^-co,y  +  »..-^. 

=/(.i 

n!/  +  !,coss)i  =  ismy  +  ,.taj!+  r, 

dY 
•I'j' 

=  |_„„.,_™.  =  o,  .-.F^e, 

«  =  3THln3/  +  j/slii^+  C. 

^          ydx          xdy           xyd^ 

+  a 


130.  Ill  practice  tie  preceding  process  may  lie  abridged  by  first 
integrating  Pdx,  then  integrating  tlie  terms  in  Qdy,  which  do  not 
coiitaia  x,  and  finally  integrating  those  terms  in  Rdz  which  do  not 
contain  cither  x  or  y,  and  adding  the  results.  That  the  complete 
integral  will  be  given  by  this  process,  appears  immediately,  fi-om  the 
consideration  that  the  integration  of  Pdx  necessarily  gives  all  the 
terms  in  the  integral  sought  except  such  as  contain  y  and  z  without  x. 
Hence  in  integrating  Qdy  we  must  not  consider  any  term  which  con- 
tains X,  as  otherwise  wo  would  introduce  into  the  integral  new  terms 
containing  x.  Similarly  the  integration  of  the  selected  terms  in 
Qdij  gives  all  the  remaining  terms  except  such  as  contain  z  only,  and 
therefore  in  integrating  Bdz  we  must  neglect  all  terms  involving 
both  X  and  y. 
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(^  +  ,'  +  .>)*  "    +' 

This  satisfies  the  conditions  of  integrability,  and  by  taking  the 
terras  in  Pdx  we  get 

Now  taking  the  terms  in  Qdy  wliich  do  not  contain  x,  we  get 
SQdy  =  /y^ify  ^  -  y^, 
and  finally  taking  the  terms  in  E  which  do  not  contain  x  nor  y, 
fBd^=f,dz^\z\ 

.  ■.  «  =  (^=  +  y«  +  E^)*  + tan-i  J  +  ^y^+  L^  +  C. 


Homogeneous  Exact  Differ&niials. 

131.  Although  the  methods  of  integration  just  explained  apply  to 
all  e\3Ct  diflarentials,  jet  another  and  Bimpjcr  process  can  be  used 
when  the  expression  belongs  to  the  class  c^llod  homogeneous.  A 
diffeientJal  exprebsion  is  suid  to  be  homogeneous  wbeu  the  sum  of 
the  exponents  of  the  variables  is  the  name  ]n  the  coefficient  of  every 
iKim      Thu^ 

ax^dx  —  hy^dy 
xdif  +  ydx,     a?zdx  +  a-.Vr  —  a'/-"y,     and     — - — — jr-i 

are  homogeneous  differentials.    The  degree  of  the  terms  is  estimated 
by  this  sum  of  the  exponents  ;   thus  in  the  first  expression  it  is  1,  in 
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132-  frop.  If  an  exact  differential  be  homogeneous,  and  the  terma 
of  any  degree  except  —  1,  its  integral  may  be  obtained  by  simply 
replacing  dx,  dy,  and  ds,  &c.,  by  x,  y,  z,  &C.,  respectively,  and  di- 
viding the  result  by  »  +  1,  when  »  denotes  the  degree  of  the  terms. 

Proof.  Let  du  ^  Pdx  ■{■  Qdy  -(-  Jidz  +  &c.,  be  homogeneous  and 
exact,  in  which  F,  Q,  £,  &c.,  are  algebraic  functions  of  x,  y,  z,  &c, 
of  the  degree  n, 

This  must  have  resulted  from  the  difTerentiation  of  a  homogeneous 
algebraic  function 

u  =  P^x  +^Q,y  +  ii^i:  +  &c (1), 

of  the  degree  n  -f-  1,  since  differentiation  diminishes  by  unity  one 
of  the  exponents  in  the  term  differentiated  at  every  step. 

Put  y  —  1/iX,  s  =  SjX,  &c.,  and  substitute  in  P^,  Q^,  P-^,  &c., 
which  quantities  contain  x,  y,  z,  &,c.,  involved  to  the  «**  degree. 
Replace  also  y  by  y^x,  z  by  z^x,  &e.,  in  (1)  ;  then  each  term  in  the 
value  of  u  will  contain  the  factor 

^"+1,     and    .  ■ .  u  =  P^x'^+^ (2), 

in  which  P^  is  a  function  of  y^,  s^,  &c.,  but  does  not  contain  x. 

Differentiating  (2)  with  respect  to  x  we  get 

*  =  (.  +  ,)A,.....(3). 
A  similar  substitution  in  the  value  of  du  gives 

du  =  Pdx  +  Qd{yjx)  +  lid{z^x)  +  &c (4) ; 

ind  therefore  the  partial  differential  coefficient  —  derived  from  (41 

dx  ^  ' 

by  differentiating  the  products  y^x,  z^x,  &c.,  with  respect  to  x  only,  is 
J  =  P  +  §y,  +  &„  &e (5). 

Multiplying  (3)  and  (5)  by  x  and  equating  the  results,  we  get 
(ft  +  !).Z>^"+'  =  Fx  +  Qy^x  +  Rs^x  ^  Px  +  Qy  +  Pz  +  &e. 
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.    .,  _  P  ^+1  _  f'+  <ir  +  Sz-^  to. 

■  ••-■^■^     -  J+T  ' 

as  stated  in  the  enunciation. 

133.  When  n=  —1,  this  formula  would  make  m  =  oo .  In  this 
case  it  is  easily  seen  that  the  formnla  ought  not  to  be  applicable, 
because  it  is  not  then  true  that  the  desired  integral  is  an  algebraic 
function  of  tho  degree  »  +  1 ;  but  on  the  contrary  it  is  tran- 
scendental, 

1.  To  integrate  du  =  (2y^«  +  3!/^)dx  +  (2.r^y  +  Qxy"  +  ^f)dy, 

dP  ^Q 

dy  J    ^    J        ^3- 

.  ■ .  the  differential  is  exact ;  it  is  also  homogeneous,  and  since 

«  =  3or  «  +  1^4,    M^:?|±|l^4.C=y=^s  +  3i/=;i;+2y*  +  G 

rfP_I_rf^      dP_ y__j_R      ^_  2y  — a  _  dR_ 

dy  ~  z  ~  dx       dz  '~      z^~~~dx       dz  ~       z''      ~  dy 

.  ■ .  The  differential  is  exact ;  and  being  also  homogeneous  and  of 
order  0,  we  have  n  +  1  ;=  1. 


n  +  \ 


134.  When  there  are  three  or  more  variables,  the  application  of 
tlie  test  of  intcgrability  will  often  be  very  troublesome.  In  such 
cases,  if  the  differential  be  homogeneous,  it  will  be  found  more  con- 
venient to  apply  the  preceding  process  as  though  the  differentia! 
were  known  to  be  exact,  and  then  to  ascertain,  by  actual  trial, 
whether  the  given  expression  can  be  reproduced  by  differentiation. 
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This  being  homogeneous  and  of  tie  degree  —  -,  its  integral,  if 
possible,  must  be 

— ,— +C 

This,  differentiated,  gives 

which  is  identical  with  the  proposed  expression  {1^. 

It  must  be  distinctly  understood  that  in  the  differential  ea^ressiom 
here  considered,  the  variables  x,  y,  z,  Sac,  are  wholly  independent 
of  each  other.  If,  then,  the  conditions  of  integrahility  be  not  ful- 
filled, the  integration  must  be  impossible,  since  there  is  no  relation 
between  the  variables,  by  the  aid  of  which  we  might  hope  to  trans- 
form the  given  differential  into  another  of  an  iategrable  form. 

It  would  be  otherwise  if  a  relation  between  the  variables  were 
given  in  the  form  of  a  dlifcrential  equation,  such  Pdx  +  Qdy  —  0. 

Here  the  form  of  the  first  member  may  be  greatly  modified  by 
the  introduction  of  a  variable  factor  (or  hj  other  methods),  and  thus 
(he  integration  may  be  facilitated. 
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DlFPKBENTIAl.    EQUATIONS. 

135.  A  differential  equation  between  two  variables  a:  and  y  is  a 
relation  involving  one  or  more  of  the  differentia!  coefficients  such  as 

^•^•s— ="--»(i)'(i)"(gr- 

Such  equations  are  arranged  in  classes  dependent  upon  the  order 
and  degree  of  the  differential  coetEcient,     Thus,  when  the  equation 

involves  only  the  first  powers  of  -7-,  -7-r- .  ■  ■  ■  ~-,  it  is  said  to  be 

*■  (fe    dx^  ax" 

of  the  n'*  order  and  \st  degree. 

When  it  contains  only  the  powers  of  the  1st  difTerential  coefficient, 

dx   \dx/  \dx/ 

And  when  it  contains  the  n'*  powers  of  one  or  more  differential  co- 
efficients, and  a  coefficient  of  the  m**  order,  the  equation  is  of  the 
n*''  degree  and  m'''  order. 

136.  The  resolution  of  a  differential  equation  consists  in  finding 
a  relation  between  x  and  y  and  constants.  This  relation,  called  the 
primitive,  must  be  such,  that  the  given  differential  equation  can  be 
deduced  from  it,  either  by  the  direct  process  of  differentiation,  or  by 
the  elimination  of  a  constant  between  the  primitive  and  the  direct 
differential  equation.  Hence  the  same  primitive  may  have  several 
differential  equations  of  the  same  order.     Thus  the  equation 

ay  +  bx  +  c=0 (1) 

gives  by  differentiation  a~ — \-  b  =  0  .  .  .  ,  (2), 


order  and  i 
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and  by  elimination  between  (I)  and  (2)  we  get  the  indirect  differen- 
tial equations 

bx^  +  e^-bi/  =  0 (3),  when  a  is  eliminated ; 

.•uid        ay  +  c  —  na;  —  =  0  .  .  .  .  (4),  when  6  is  eUminated. 

In  eacli  of  the  equations  (2),  (3),  and  {4),  the  variables  are  con 
neeted  by  the  same  relation  as  in  (I),  which  latter  is  their  common 
primitive, 

131.  As  the  integration  of  differential  equations  can  be  effected 
in  comparatively  few  cases,  it  ia  found  convenient  to  arrange  them 
in  the  order  of  the  difficulties  presented,  commencing  with  the  sim- 


J)'ife7'6ntial  Equations  of  the  First  Order  a/nd  Degree, 

in  which  P  and  Q  may  be  functions  of  both  x  and  y.  The  integra- 
tion will  obviously  be  possible,  by  the  method  applied  to  differential 
expressions,  whenever  Pdx  +  Qdy  is  au  exact  differential,  and  the 
required  solution  will  be  of  the  form 

where  Cis  an  arbitrary  constant. 

139.  Again,  the  integration  can  he  effected  whenever  the  separa- 
tion of  the  variables  is  possible,  that  is,  when  the  equation  can  bo 
reduced  to  the  form 

Xdx  +  Ydy  =  0, 

where  X  is  a  function  of  x  only,  and  Y  a  function  of  y  only. 
The  form  of  the  solution  will  then  be 
Fx  +  fy=0, 
which  requires  only  the  integration  of  functions  of  a  single  variable. 
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The  separation  of  the  variables  is  possible  in  several  cases, 

140.  Case  \st.  Let  the  form  be 

Tdx  +  Xdy  =  0, 
in  which  the  coefficient  of  dx  contains  only  y,  and  that  of  dy  contains 
onlyiK. 

tUvide  by  XT,  the  product  of  the  two  coeffidents,  and  there  will 

—  +  ^  =;  0,  in  which  the  variables  are  separated. 

141.  Sx.  Given    (1  +  y'^)dx  —  a Vy  =  0,    to  find  the  primitive 
relation  between  x  and  y. 

by   (1  +  y^)x 

% ^-0,         .-.   2^*-tan-V  =  C, 

J.*       1  +  5' 

which  is  the  required  relation. 

142.  Case  "id.  Let  the  form  be 

XTdx  +  X^T^dy  -  0, 
in  which  each  coefficient  is  the  product  of  a  function  of  x  by  anothei 
function  of  y. 
Divide  by  X,  Y, 

.  • .    -^  -j ~  =  0,  aud  the  variables  are  separated. 

143.  ^x.  Determine  the  primitive  of 

(1  -  xfydx  -  (1  +  y)x''dy  =  0. 
Divide  by  x^y. 


21og  x+x—  logy  —  y  =  0. 


a 
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144,   Case  Sd.  Let  the  proposed  equation  be  homogeneous,  or  of 
the  form 

{X'l/'^  +  ax^+iy"'-''  +  iarn+=j,m-2 ^  p3:''+'fj'^')d3: 

+  (ez''y'^  +  fx'+hj"^^  +  gx-'+^y^^ gx"+'j/'^')d>j  =  0. 

Put  y  =  xz,         then         dy  —  xdz  +  sdx, 

and  by  substitution 

a:"+"{z"  +  QE^'  +  b^^^ +  ps'"-'^)dx 

+  an+m^j3»  _|_^gn_l  _|.  g^m-2  ,  .   ,  ,   ^  gZ'^'){xdx  +  Zl?s)  =  0. 


-+- 


i™+a2»-i+62'^2..-i-j93«-'+e2^'+^+;is«-'..+ji™-'-i-i 
=  0  and  the  variables  are  separated. 
145,  Ex.  To  find  the  primitive  of 

xMy  —  y'^dx  —  xijdx  =  0. 
Put  y  =  xz,         then         dy  —  xdz  +  zdx. 

.  • .  x'^{xdz  +  zdx)  —  xh^dx  —  x^zdx  =  0, 


.  ■ . 2  =  0,        and 

log^  + 

\=c.. 

r,by 

restoring  the  value  of  7  =  ^> 

:  a 

2. 

xdy  —  ydx  =  tic-, 

A^-j/^. 

y  ^ 

=  X£,         then         3;(stfe  +  zdx) 

-3:s<fo  = 

x{\~  s=; 

u. 

dx            dz 

■    ■    X       '.             V 

log^^.ir 

l-'2  +  c. 

146.  The  same  method  of  transformation  may  be  extended  to 
such  differential  equations  as  involve  any  function  of-  unmixed  with 
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the  variables,  proYided  the  equation  would  be  otherwise  homo- 
geneous. 

Ex.  xydy  —  ■y'^dx  ={x  -J-  yYe  ''dx. 

Put  y  7=  «2,  or,  ^  =  z, 

,  • .    x^^xdz  +  zdx)  ~  aflz^dx  =  a?{l  +  zYe~'dx, 

dx         e'zdz  ,       ,  '''  „ 

147.  Case  ith.  Let  the  form  be 

(a  +  hx  +  cy)dx  +  (Qj  +  b,x  +  Ciy)rfy  =  0. 

Put       a-^  bx  -{-  cy  =  v,         and  a,  +  b^z  +  c-^y  =  u. 

Then      rfw  ^  4<fcc  +  et^y,         and        du  =  S^ifo  +  CiO'j', 

and  by  elimination 

,        c,dv—cdu  ,     .    ,.    ,         ,         lida—h.dv 

ax  =  -T ; — ,     and  similarly     dtj  —  ~r~ — ^• 

ic,  —  4iC '  J        ^         /^^_  ^^p 

-  ■ .    By  substitution     vfc-^dv  —  cdu)  +  u[bdu  —  b^dv)  =  0. 
which  is  a  homogeneous  equation. 

148.  This  method  fails  when  bc^  —  b^e  =  0,  because  the  attempt 
to    eliminate    either  dx    or    dy  causes    the    other    to   disappear 

also.      But   since  we   then  have   Cj  =  —,  the  proposed  equation 
{a-\-hx^  cy)dx  +  (q,  +  i,x  +  ^y)dy  =  0 (1). 

r.  7        .  1  3  —  C?/  ,      ,  rfs  —  cdu 

fut     bx-^  cy  —  z,  then  x  —  — ~^,  and  dx  ~  -  ■■     ■     ■ ; 


d  by  Google 


872  INTEGRAL   CALCULUS. 

and,  by  substitution  in  (I), 

,  .  dz  ~~  cdy        I  h,z  \ 


Ml  equation  in  ■which  the  ■variables  are  separated. 
149.  Ex.   Find  the  primitive  of 

{\  +  x  +  y)dz  +  (1  +  tir  +  Zy)dy  =  0. 

Put  \  +  x  +  y  =  v,\  +  %x+^  =  u;  then 

dx  -\-  dy  =  dv,   and  2dx  +  Sa'y  —  du, 

.  ■ .  (fo  =  Sdv  —  dv.,  and  dij  =:  dv,  —•  2dv. 

.  ■.  v{Bdv  —  dv)  +  widu  -  ^v)  ~  0. 

Now  put  w  z=Tv,  then  du  :=  rdv+vdr,  and,  consequently, 

v{3dv  —  rdv  —  vdr)  +  rv{rdv  +  vdr  —  2dv)  =  0, 


or  ,„,(,+.^-..+s.,+3,.)*+-±.„^{-L(|grj')]=  a 

150.   Case  5th.  Let  the  form  be  d>j  +  jfyi;*  ^  Xjrfz (1),  in 

which  X  and  Jf,  are  functions  of  x. 

The  peculiarity  of  this  form  is  that  no  power  of  y  except  the  first 
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enters  into  it,  and   for   this  reason  it  is  usually  called  a  linear 
equation.     Its  solution  is  always  possible. 

Put  y  =  X^  where  X^  is  an  arbitrary  function  of  x,  which  may 
be  so  assumed  as  to  facilitate  the  intt^ration ;  and  z  a  new  and 
undetermined  variable.     Then 

dy  —  X^dz  +  zdX^,  and  (1)  caa  be  reduced  to  the  form 

X^dz  +  zdX^  +  XX^dx  =  X^dx (2). 

Now  let  X^  be  determined  by  the  condition 

zdX^  ■=.  X^dx (3), 

and  (2)  will  become      X^dz  +  XX^zdr.  —  0. 

.-.—^-Xdx     and     \^^3--SXdx,.-.z  =  e~^^*^. 
This  value,  substituted  in  (3),  gives 

e-S^^^dX^^  X^^dm     or     dX^  =  eSxi^X^dx. 
.■ .  Xj  =  fe^^^'X^dx,  and  y  =  sX,  ^  ir-S^'i^fefXd'^x^dx  . .  .  (4), 
which  is  the  required  relation  between  x  and  y. 

151.  Let  there  be  now  taken  the  more  general  form 

dy  +  Xydx  =  X.^"dx (5). 

This  is  easily  reduced  to  the  linear  form  (1).     For  put 

»«  ^  «.  +  1     and    s  ^  y". 
Then  dz  —  —  ny~'-Hy  oi 


y^dz 


Substituting  this  value  of  dij  in  the  equation  (5),  and  reduciug, 

we  get 

dz      Xdx 

4-  — --  ^  X^dx,  or  dz  ~  nXzdx  =  -  nXAx (6), 

n         y"  ^  I  \  /I 

whieii  becomes  identical  with  (1)  when  wo  replace 

z  by  y,  -  nX  by   .Y     a^id      -  nX^  by  X^. 
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.  - .  g  —  -_  —  —  ne''S^^fXie-^f^^''dx (7). 

Cor.  In  forming  the  integral  fXdx,  it  will  bo  unnecessary  to  add  a 
constant  G.  For  if  we  replace  fXdx  by  X-^  +  O,  the  formula  (4i 
will  become 

in  which  the  constant  C  has  disappeared. 

152.  1-  To  determine  the  primitive  of  (1 +  3:^)1%  — y^i^^  —  n'^i". 

Here  dy  —         — -  =  ^ife,  which,  compared  with  the  linear 

form,  gives 

fpax  _  e  log  [(i-H'rt-  (1  +  ^2j-lai^^  ^/yjr  -  (1  +  ^2^t 
'*'  (!+«■)'      (!+•=)* 

,-.  ,  =  (i  +  i!)*r-^'     +e]  =  „+c(i  +  i.)i. 
'■(i  +  r)*      -■ 

2.  rfy  +  i/d«  ^  xifdx. 

Here     Jf  —  1,  Jf,  =:  «,    y™  =  yS,   or  m  =  3,   and   n  =  2, 
and,  by  substitution  in  (7), 

y  A 

or  i  =  [(;t..  +  ^  +  ;jj,.. 

S.  t/y  —  -—— .  yds:  =  irfa-. 
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fX^eS^'t'^ .  dx  =  fb{l  -xydx- ^-  (I  -  a)'+i  +  C. 

4.  Piod  an  expression  for  the  sum  of  the  series 


Differ  en  tiatiag,  we  obtain 

=  1  +  a^.     .' .  dy  —  xydx  =  dx,  a  linear  equation. 
Also  fXdx  -  —ficdx  =  —^x\ 

,  ■ .  y  :=  e      {fe        dx),  the  desired  expression. 

153.  Case  6(/i.  Let  the  form  he 

di/  +  by^dx  =  ax'"dx (1). 

This  form,  whieh  is  called  RkcaWs  equation,  involves  only  the 
second  power  of  y.  Its  integration  has  been  effected  for  certain 
values  of  the  exponent  m,  but  a  solution  applicable  to  all  values  of 
m  has  not  been  discovered. 

154.  It  is  obvious  that  when  m  =  0  the  equation  (1)  will  be  inte- 
grable,  for  then 

dy  +  iwV^  :=  adx.      .  • .  ■■    ■     ;■-;  ;=  dx, 
a  -ly^ 

and  the  variables  are  separated. 
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Thus  we  have    Sd  b  dx  =  ^,  -  -  —    -  - 


i^y  —  a' 
Next  suppose  m  to  have  some  value  other  than  0. 
Assume  y  =  T-  +  -5-,  where  z  ia  an  undetermined  variable,  but 
obviously  a  function  of  x.     Then 

Substituting  those  values  in  (1),  it  becomes 

dz    ,  h^^dx  ,  ,        63^  ,  ,  „  ,  „, 

-^  i 7—  =  Qai"Wa!     or     cfe  H 1:  dx  =  aa:"'""dar  ....  (2). 

x'  X*  x^  ^  ' 

Now  this  equation  (2)  will  be  homogeneous,  and  therefore  inte- 

grable  when  m  —  —  2,  and  Urns  a  new  integrable  case  is  found. 

Again,  if  jj(  =  —  4,  the  variables  x  and  z  can  be  separated,  for  then 

,     ,    ,  2^  ,  „ ,  rfa  dx 

dz  +  0  —:ax  =:  ax-Mx.     ,  ■ . r—  =  — -. 

x^  a  —  bz'      x' 

which  is  a  third  integrable  case. 

156.  To  obtain  others,  put 

~  ^L  y^     and     3f^^  =  a:,. 

Then  dz=d~  =  -^,     ^MHdx=-^, 

,  dx  1         ^S+j, 

and  —  =  — — r.  ^i  i^^i- 

Hence  by  substitution  in  (2), 
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•■■""»>- 

-.when 

w 

1-0, 

m=  - 
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6  a  m  +  i 

m  +  J  w  +  .i  m  +  6 

and  (3)  will  become,  after  reduction, 

dl/^  +  b^^dXj  =  a^x-^'  dx^^ (4), 

which  is  identical  in  form  with  (1).  Heace  (4)  must  be  integrable 
when  the  exponent  nij  has  either  of  the  three  values  0,  —  2,  or  —  4. 
Moreover  when  a  relation  !ias  been  obtained  by  integration  between 
a'l  and  jij,  a  simple  substitution  will  give  the  desired  relation  be- 

We  have  therefore  to  examine  whether  by  assigning  either  of  the 
1,  any  new  values  of  m  will  arise. 

,+3«.=  -»-4..„d»=^|l±i. 

case  before  considered : 


Hence  Eiccati's  equation  is  integrable  when  m  =  —  -  also. 

156.  In  a  manner  entirely  simiJar  to  that  by  which  (1)  was  trans- 
formed into  (4),  may  we  transform  (4)  into  a  new  equation 
dy^  +  b^y^dx^  =  a^x^  dx^  ....  (5), 

in  which  m~  = ^ -,     and  therefore     iiu  =  —  - — 

And  by  repeating  the  process,  a  series  of  such  equations  may  be 
formed;  so  that  it  will  be  possible  to  find  a  relation  between  x  and 
If  when  any  one  of  the  following  quantities  or  exponents  shall 
be  —  -  4 ;  viz. : 

Moi-™-_^+ior         -_!^ti  -^"VMa, 
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But  m  =  —  ^,     when     m,  =  —  4 

Hence  by  successive  substitutions, 

Hi  =  —  ■ — ,    when     t»2  =  —  4 

Thus  Ricoati's  equation  is  iategrable  for  all  values  of  to  included  ii 


13 


16 


20 


24 


9' 


&c. 


157,  The  general  formula,  for   these  numbers   is  — ^— — -^,  in 
which  n  is  any  positive  integer. 

To  prove  this,  suppose  one  of  the  numbers,  as  uig,  to  bo  of  the 

form  required  —  ■ -rr ;  then  will  the  adjacent  terms  «;,  and  m, 

2re  —  1 

be  of  the  same  form,  with  the  number  n  increased  or  diminished  by 

unity.     For  we  shall  have, 

_  g"  -  I in  +  i  _ 

4n       ~        2ji  +  1  - 


_3mg_+4 
Ms  +  1   " 


3(«+l)-l 


4TO-4  4(ft  -  1) 

2n  —  S~       2{a  —  1)-  1 


both  of  which  forms  are  similar  to  that  given  above  as  the  general 
form. 
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But  we  have  seen  that  one  integrable  case   is  that   in  which 

8               4.2 
i»  —  —  -  ^  —  — — which  being  of  the  required  form,  the 

13 

adjacent  numbers  —  4  and  —  tf-  are  also  of  that  form ;  and  thence 

the  same  reasoning  can  be  extended  to  the  other  numbers  in  the  series. 
158.  Second  Transformation  of  BiccatVs  Sq-uation. — In  the  given 
equation 

dy  +  hy^dx  r=  az^dx, (1). 

put  y  —  — ,     and    x'^'*''-  =  ar^ 

,            ,             dy,  ,  dx-,  ~    "i+ij- 

tlien      ay  = J,      ^m  =  — -~,      ar 


Also,    y^  =;  — ;-,  and  therefore  by  substitution  in  (1), 

_Jy^      iar7^tfei_      a 

yC^^(m  +  iyy^^-m  +  \      "         . 


Now  make     ■-  =  b., =  a,, —  =  m,. 

and  the  equation  (8)  will  reduce  to 

rfy,  +  biy-^^dxj^  =  Oj^j^ic^jj (9). 

wliich  is  of  the  same  form  with  (1). 

The  equation  (8)  will  evidently  be  integrable  whenever  mj  has 
any  one  of  the  values  inelnded  in  the  series  before  found,  that  is, 

when  OTj  or  its  equal    — ■    ■        has  the  form  —  ;- -■     But  if 


•=  +  1 


-  4m»  +  in, 
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tew  series  of  integrable  cases  corresponding  to 
— — ■   Thus  Eiccati's 

equation  is  integrable  whenever  the  exponent  m,  can  be  expressed  in 

4)1 
the  form  — -,  the  quantity  n  being  a  positive  integer. 

It  appears  also,  that  whenever  the  given  value  of  m  is  found  in 

the  second  series,  the  terms  of  which  have  the  form   —  ;; — — --,  an 

2ii  +  1 

application  of  the  second  transformation  will  transfer  m  to  the  first 

series,  and  then  the  repeated  application  of  the  first  transformation 

will  eventually  reduce  m  to  the  value  —  4. 

159.  1.  To  integrate  the  equation 


d3  + 

,/i.= 

.%"'t.... 

.(!)■ 

Mere 

,»=- 

4 
"3~ 

4.1 

a.i  +  i- 

4a 

a«+  1' 

id  m  is 

found  iti  the  second  s 

eries. 

.     Put 

1 

and 

^-t+'  ^  ^- 

■*=.., 

.■.  « 

—  ar  -3 

d^-  -  3^. 

C^dx^, 

.-♦*  = 

-  3i„ 

and     dy  ~ 

llcnce 

ky 

substitutt 

on  in  (1), 

dyj  ~  3a=y,=(fei  ^  —  Sxj-^rfz, (2). 

—  3a2  :=  S^,     and     —  3  —  a,, 
dyi  +  \y{'<lx^  =  m^xr'dx, (3). 

4  _  „      4.  1      _  _      4ft 
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Hence  by  substitution 

dz,       b.z^dx.      o.dx. 


or,  by  replacing  Oj  and  Sj  by  their  valui 
(?2i  <Ix,  3adx, 


^L  V  Sa^iVi  +  ^1  -  So  J 

-L  =  c,  =  ^^.srs^+ML+^i. 

2.  dy  +  yVa'  ^  4a:~Vx.  .  .  (1). 

„  8  4n  ^  1         z,        1       ?, 

Her.     „=_„=___.     ...P„t,  =  _  +  J  =  j+J. 

Then  rfa,  +  2i53r-=«:e  =  4a^~  Vi. 

1  -2+1  I 

Now  make  3- =  — ,     and     k   ^      =a;^=:B,.     Then 

~  — J  +  A  ■  ^'  -  IS'^^i.     or     (^i/i  +  l^y-?dx  =  %x,->dx,.  .  (2), 
y,^      y,^     3^1*  '  91  -r      yi  1        1      \  y 

Repeating  the  process  of  substitution  as  in  the  last  example,  w« 
get 

dz^  +  nz^^x.-Mx,^  Zxr'^dx,     or,      ^^  =  -  -r-^^—.- 
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the  integi'al  of  which  is 


'"t 


p(«>-H>^,)+l- 

L%A--i«,)-lJ 

"&*(y«' -»)-'- 51*+!' 

[_..V -.)-.- !.*-,_ 

r^(^  -e/)  - 1  +  6x'^  -  i2^~^ 

y{x  +  Qx^) 


-Qx 


12:1  ' 


160.  If  the  proposed  form  be  di/  +  by^x'dx  ~  cx'dx,  which  differs 
from  the  form  just  considered,  in  having  a  power  of  x  in.  the  second 
term  of  the  firsl  raember,  it  may  be  readily  reduced  to  the  simpler 
form  by  making  x'dx  =.  dz.     For  then 

^'+1  =  (r  +  1),,  and  !•+>  =  {r  +  Ip.  .^, 

.  ■ .  x'dx  =  [(r  +  \yf+^dz,  and  c^y  +  by^d^ 

^c[[r+\),r'd.^a.'d,, 
the  form  in  which  Eiccati  equation  has  been  integrated. 

Of  the  Factors  necessary  to  render  Differential  lEguationa 
exact. 

]61.  The  cases  examined  above  embrace  the  principal  forms  in 
which  the  integration  is  possible  by  a  separation  of  the  variables. 
WAiow  proceed  to  consider  those  in  which  the  first  member  of  a» 
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equatton  Pdx  -}-  Qdy  =  0  can  be  rendered  an  exact  differentia]  by 
the  introduction  of  a  suitable  factor, 

162.  If  the  eqaation  Pdx  +  Qdy  —  0  has  been  obtained  by  direct 
differentiation,  it  will  satisfy  the  test  of  integrability,  viz. : 

dP^__  dQ  ^ 

but  if  it  has  resulted  from  the  elimination  of  a  constant  between  the 
direct  differential  and  its  primitive,  that  condition  will  not  be 
satisfied,  although  the  same  relatiou  between  x  and  y  will  he  implied 
by  the  two  differential  equations. 

163.  Frop.  To  show  that  an  indirect  differential  equation  can 
always  he  rendered  exact  by  the  introduction  of  a  suitable  factor. 

Let  I'dx  +  qdy  =0 (1) 

be  the  given  equation  which  has  resulted  from  the  elimination  of  a 
constant  c  between  the  primitive  and  its  direct  differential ;  and  let 
the  primitive  be  solved  with  respect  to  c,  giving  a  result  of  the 

'  =  -F(',y) (2)- 

Differentiating  (2),  c  will  disappear,  and  we  shall  obtain  an  equation 
of  the  form, 

T^dz  +  Q^dy  =  0 (3). 

Now,  sine   (1)  and  (3)     n  a  a  he    amo         tants,  combined  with 
X  and  y,  and    in  e    h    sam       la  n  e       a:  and  y  in  the  two 

equations,  th    d  ff  1       ffi  -3-  be  the  same,  whether 

derived  fron  {  }       (3) 

■  ■  i'~    Q~     «.'       e^  ft'  i""  e 

Hence,  if  we  multiply  (1),  the  lirst  member  of  which  is  not  an 

exact  differential  hy  -7^  =  -J,  we  shall  convert  it  into  (0),  which  Is 

J         V 
exact 
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Then  Pzdx-  +  Qzdy  -. 

-0,  I 

dPz  ^ 

dQz 
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Cot.  If  it  were  ]iossib]  to  determine  this  factor,  the  integration 
of  everj  differential  ejuition  of  the  first  order  and  degree,  could  be 
effected  without  serious  diftioultj,  but,  unfortunately,  the  difficulty 
of  discovering  this  factor  is  usually  insuperable. 

164.  Prop.  To  exhibit  the  condition  or  equation,  the  solution  of 
which  would  give  the  factor  necessary  to  render  any  proposed 
differential  equation  exact. 

Let  Pdx+  Qdy  =Q  be  the  given  equation,  and  e  the  required 

nd  the  first  member  will  be  exact. 

-,  the  required  condition. 

No  general  method  of  resolving  this  equation  is  known.  There 
are,  however,  several  particular  cases  in  which  the  factor  can  be 

165.  Prop.  To  show  that  when  the  factor  which  renders  an 
equation  iutegrable  has  been  found,  an  indefinite  number  of  such 
6otors  can  be  discovered. 

Let  2  be  the  factor  first  found.     Put 

Psdx  -\~  Qzdij  =  dii. 

Multiply  by  Fu,  an  arbitrary  function  of  v,  and  there  will  result 

Fv, . Pzdx  +  Fu .  Q^dy  =  Fic.du; 

and,  since  the  second  member  is  exact,  (containing  m  only)  the  Jirst 

member  must  be  exact  also. 

.-.  z.Fii  =  z.F/{P2dii;+  Qzdy)  is  a  suitable  ilictor. 

166.  Prop.  To  explain  the  process  for  finding  the  required  factor, 
when  the  equation  can  be  separated  into  two  parts,  for  each  of  which 
a  separate  factor  can  be  found.     Let 

Pdx  +  Qdy  =  0 (1)  '^°  divisible  into  the  two  parts. 
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(P^dx  -c  q^dy)  +  {P^  +  Q^y)  =  0 (3), 

and  let  aj  and  %  be  the  factors,  which  will  render 

P^dx  +  Qidy  and  P^dx  +  ^gO^y  separately  integrable. 
Put  Zi{Pidx  +  Sirfy)  =  rfui    and   %(i'jj(£i;  +  §jrfy)  =  dv^ 
Then  Zt^jMi  and  Sj^a^a  will  also  be  suitable  factors  to  render  the 
two  parts  separately  integrable.     If  therefore  we  can  so  select  i'V**! 
and  /'jMjas  to  fulfil  the  condition 

either  of  those  factors  will  render  the  entire  equation  integrable. 
167.  1.  To  find  the  primitive  of 

adx      hdy       cx'dx  _  ^ 

^       y       y'         

This  can  be  resolved  into  the  two  parts 

adx       bdy  cx'^dx 


the  first  of  which  is  an  exact  differential,  and  therefore  z,  =  1 ;  and 
the  second  can  be  rendered  exact  by  the  factor  y''  =  z^ 

■    u   =  f\z  {—  +  "^1  =  f(—  +  —\ 

=  aIoga:  +  51ogy  —log{x\ij''). 

Hence  we  must  endeavor  to  satisfy  the  condition  z^F^k^  =.  z^F^ii^,  or 

1  x/-,  peg  {^V)]-^/^ -?•.(- —)■ 

Assume   F^\[og{x''y'')'\  =  {x^y'^y     and     FA—^-^—\=:x''i* 
in  which  k  and  i,  are  undetermined  constants.     Then 
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a  condition  which  will  be  satisfied  by  making 

kb  =  b     snd    ia  ^  k^n,     or    i  =  1     aad    k^  = 

Hence  x'l/^  is  the  required  factor. 

Now  multiply  (I)  by  a;"y*,  and  there  will  result 

cix'-^  y''dx  +  ia;"y'— '  dy  —  66"+^  dx  ^  0, 
which  is  exact,  since 

(?(««''-' j/^  —  «"+")  _  rf(6^"y'-') 

and  the  required  solution  is 


2.  -  xdy  —  i/dx  —  ~  adx  =  0. 

This  can  be  resolved  into  ^  xdy  ~  ydx,  and  —  —  adx,  of  which  the 

first  will  be  rendered  exact  by  the  factor  Z;  =  — ,  and  the  second 
is  already  exact,  giving  Sj  =  1. 

...,./i(i^-w.)^/if-/f^..4 


s  must  satisfy  the  conditions 

-^1  (log-)  X  —  =  1  X  /"a  {  -  lax). 
'\   "  x/     xy  '^      2     ' 

um.      F,Lgl)=L     ...if,L.?*)=' 


")  =  ?' 
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Hence  -y  is  the  proper  factor, 

1    xdy       ydx       I    adx 

which  is  exact,  and  the  solution  is 

168.  Prop.  To  determine  the  factor  necessary  to  render  a  differ- 
ential equation  exact,  when  that  factor  is  a  function  of  one  variable 

Let  Pdx  +  Qdg  =  0  ....  (1)  be  the  given  equation,  and  z  =  Fx 
the  required  factor. 

.  ■ .  sPdx  +  zQdy  =  0  will  be  exact,  and  therefore 

-    ■■■     ^:  —  ,-—  :  or  since  s  does  not  contain  y,  and  therefore  -;-  =;  0, 
dy  dx    '  ^'  dy        ' 


s  does  not  contain  y,  and  therefore  --. 

dp         ^MO    —  rfs  _   1  VdP       dQ~\ 

^  dy~^~d^'^^"^'     ■■■T~'^L'^"""^J 

Here,  by  hypothesis,  the  first  member  does  not  contain  y,  and 
therefore  the  second  member  must  be  independent  of  y  also.  Con- 
sequently 

Jog  2  — y  I  — -—   ■—  =  ipa:  and  e  =  «^,  the  required  value. 


1.  Given 

ydx- 

-  arfy  =  0  .  . 

■  ■  (!)• 

ose  2  to  contain  « 

only. 

dp 
dy  - 

Jv     ■ 

-  dy- 

dq^i± 
dx 

-^- 

■Vdy 

dQ-td, 

%dx 

.-.logi 

— /-?  =  1».^ 

and 
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Multiplying  (1)  by  — ^  we  get 

yd^-'-JK^O     ^„d    t=C     or    s=Ur. 
2.  The  linear  equation  dfj  +  Xydx  —  X^dx  =  0. 

,  ■ ,  Ic^  s  =  /T(&:    and    z  =  e''^''^,    the  factor  sotigbt. 
Multiplying  (1)  by  this  factor,  wc  have 

^fxdx  _  (^y  ^  e/^'"  Zy*fe  —  ef^'  X^dx  =  0,  whieli  is  exact 

Remark.  The  value  of  a  found  by  the  method  just  explained,  was 
obtained  by  assuming  that  a  factor  containing  x  only  can  be  dis- 
covered ;  but  siace  such  factor  may  not  exist,  it  will  be  proper  to 
apply  the  test  of  iategiability  to  the  transformed  et[uation. 

170.  Prop.  To  detern>ine  tlie  factor  necessary  to  render  a  homo- 
geneous differential  equation  exact. 

Let  Pdx  +  Crfy  =  0 (1) 

be  a  homogeneous  differential  equation,  the  coefficients  P  and  Q 
being  each  of  the  »'*  degree ;  and  let  the  factor  2  be  of  the  m'* 
degree.     Then 

sPdx-\-  sQdjf  =  0 

■will  be  esact,  homogeneous,  and  of  the  (m  +  m)'*  degree. 

Hence,  by  the  rule  for  integrating  homogeneous  exact  differentia! 
expressions,  we  have 


»  +  »  +  ] 


iPx+jQ) 


=  C, 


Pr  A,    0,1        ' 


i  +  n  +  l  '  Px+Qi,' 

or,  since  C  is  arbitrary,  we  may  put  (to  +  n  +  l)  C  =  I, 
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.•.  e^— T—  is  a  suitable  factor. 

{xy  +  y^)dx  -  {xi  -  i>:y)dy  =  0 (1). 

^y  +  y^  =  -P    ^1"^     —  x^  +  xy  =  Q. 


■/>*+( 


■   2xy'' 


%x        %y-^^  %y 
■  9V  +  9^°S«  +  KlogJ'^  C;     or     -£.  +  log(2y)  = 


GeometHcal  A^Ucaiions  of  Differential  Eguatiofis  of  ika 
first  order  and  degree. 

171.  1.  Determine  tiie  curve  whose  tangent  FT  is  a  mean  pro- 
portional between  lie  parts  A  T  and  B  T 
of  its  axis,  intercepted  b^ween  the  tan- 
gent and  two  fixed  points  A  and  B. 

Plat^i  the  origin  at  B,  and  put 


BD^ 


BP-y,     BA-a 


The  equation  of  the  tangent  is  y  —  y^^  --  —  ■  {r,  —  «j), 
which  whcQ         y  =  0,     x~x,r=~y,^  =  DT, 


dx, 

.-.  AT  = 


^BD  +  DT=BT. 
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Hence,  b^  the  conditions  of  the  problum, 

PT^=zBTxAT,     03-     yi^  +  V^ 

Reducing,  and  omitting  accents,  we  get 

y^dy  ^m  x^dij  —  2xyd.-c  —  axdy  +  aydx, 
which  is  the  differential  equation  of  the  required  curve. 
This  may  be  written 

2xydx  —  x^dy         ydx  —  xdy 

and,  since  both  members  are  exact,  we  get  by  integration 

y  -f  —  =  o-  +  (7,     or    x'^  +  y^  —  ax—  Cy=0 ;  or,  finally, 

which  is  the  equation  of  a  circle  whoso  radius  is  -  yuM-  C^  i  and 

the  co-ordinates  of  whose  centre  are  -a  and  -  C,  the  latter  co-ordi- 
nate being  arbitrary. 

2.  Find  the  curve  in  which  the  subtangent  is  constant. 
Let  x^y^  be  the  co-ordinates  of  the  point  of  contact. 

"^r~ ~"" 

.  ■ .  log ey  —  — ,       cy  =  ^. 

This  is  the  equation  of  the  logjirithmic  curve. 

3.  To  find  the  curve  in  whith  the  subtangent  is  equal  to  the  s 
of  the  abscissa  and  co-ordinate. 

The  differential  equation  of  ;!ie  curve  will  be 

—  y  -j~  ^  X  -i-  y,     or    arfy  +  ydx  -\-  ydy  =  0. 
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.  ■ ,  t/^  +  2x)/  =  C,  a  hyperbola. 

4.  The  curve  in  which  the  subnormal  is  constant. 

Subnormal         =  y—  ;=  a.     .  -.  ydi/  =  adx. 
,  ■ .  !/^  =  2ax  +  C,  a  parabola, 

172.  Prop.  To  find  the  equation  of  a  trajectory  or  curve  which 
shall  intersect  aJl  the  curves  of  a  given  family  in  the  same  angle. 

Let  ,(=.,,,.)  =  0 (1) 

be  the  equation  of  a  class  of  curves,  in  which  the  parameter  a  may  take 
any  value;  and  let  (^tang^, 
where  ^  represents  the  con- 
stant angle  of  intersection. 

Suppose  a  to  take  a  parti- 
cular value,  fli  and  let  A^B^ 
be  the  particular  carve  in  the 
general  class  resulting  from  this  supposition.     Then,  if  x^y-^  denota 
its  general  co-ordinates,  its  equation  will  be 

?>Kyi,  ai)  =o....(2), 

A 

dxj 

plied  to  the  point  /*,  express  the  trigonometrical  tangent  of  the  angle 
£TX  OT  Wj,  included  between  the  tangent  PT &n6.  the  axis  of  x. 

Also,  if  X  and  y  denote  the  general  eo-ordinates  of  the  required 
trajectory  CPD,  the  diiferential  coefficient  -j^,  given  by  its  equation, 
will,  when  applied  to  J",  give  the  tangent  of  PLX  or  v. 

But 


tan  V.  ~~  tan  v 


'■        ■     ■   ■        '         1+tan' 
r  by  substitution, 

dVi^  dy 

t^.""'  •'•    ....(3). 
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Now  at  the  point  P,  where  the  carves  A^M^  and  CPJ)  intersect, 
«!  =  s  and  yj  =  y.  Hence  ~  can  be  expressed  in  functions  of 
X,  y,  and  a,,  and  therefore  (3)  may  be  written  ttus 

-f(«,y.  5.  ».)  =  (>■  •■■(*)• 

But  (2),  when  applied  to  P,  gives 

<p(:r,3r,a,)=0----(5). 

If  then  flj  he  eliminated  between  (4)  and  (5),  the  resultJHg  ec[uo- 
tion,  being  independent  of  the  position  of  the  particular  curve  A-^B-^, 
will  apply  to  all  points  in  the  required  curve  CPD. 

173.  1.  Determine  the  curve  which  cuts  at  right  angles  all  straight 
lines  drawn  through  a  given  point. 

Let  x^^  be  the  co-ordinates  of  the  given  point. 

The  equation  of  one  of  the  straight  lines  passing  through  that 
point  will  be  of  the  form 

■  ■  ■  <p{^iyi«,)  =  yi  -  y^  -  "il'^i  -  ^2)  =  0    and     ^  =  a^. 

, ,        ,             1                           (/,!■,       dx 
Also     (  =  tan^'T  =  a>.     .•.- ^   ■■        =00.     and  consequently 


dx 


.(1). 


Also  at  the  point  of  intersection 

y~y^-a,{x~xl)=0 (2). 

Now  eliminating  Oj  between  (1)  and  (2),  we  get 
*^  ~  «s  +  ^  (y  —  ys)  =  0,     or    xdx  —  x^dx  +  ydij  —  y^dy  =  0, 
which  is  the  differential  equation  of  the  curve. 
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1 


1 


And  by  integratdon  ^aP^  —x^  +-y'^  —  y^  =i  0, 

or  (*  _  ara)^  4-  (y  -  y^Y  =  2(7+  x^^  +  y^\ 

Hence  the  curve  sought  is  a  circle  whose  centre  is  at  the  point  x^,  y^ 

and  the  radius  arbitrary. 

2.  The  curve  which  cuts  at  an  angle  of  45°  all  straight  Imes 
drawn  through  the  origin. 

Here  (p(:iT„  y,,  a,)  =  ji,  —  a^x^  ~  0. 


(  =  tan45''  =  1. 


Thia  being  a  homogeneous  equation,  it  will  be  rendered  exact  by 
multiplying  by  ■  ■  ■  -^  ■  =  -^, — v 
xdx  +  ydy  _  ydx  —  xdy 


+  f        ■   ■     °  L     .c^     J  x' 

=  rcos(ff-d)^ -rcosfl.    .•.T^[xi  +  >f)^ 
nS.     .-.log- =3     and     r  =  ce^, 


and  - 

the  equation  of  the  logarithmic  spiral. 

3.  The  curse  which  cuts  at  right  angles 
all  parabolas  having  'a  common  vertex  and 
coincident  axes. 

Here   9(^1,  y,,  flj)  =  j/,^  —  'iajX-i  =  0. 


'  ''■'i       Vi       y 
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y'  -  2«,«  =  0  ....  (8). 

.■.«>  +  !!,'  =  ,>,    o,   J  +  |5:=>. 

This  is  the  equation  of  an  ellipse  whose  axes  have  the  ratio  1 :  <\/2. 


CHAPTER    III. 

EQUATIONS    OF    THE    FlllST    OR 


174.  These  equations  contain  the  several  powers  of  the  coefficient 
-~  to  the  n'*  power  inclusive  where  n  denotes  the  degree  of  the 
equation.     The  most  general  form  of  such  an  equation  is 


dx"  dz''~'  dx'^^  ax 


which  equation  can  be  derived  from  its  primitive  only  in  attempting 
to  eliminate  the  n.'*  power  of  a  constant  c  between  the  primitive 
and  its  direct  differential.     For  the  direct  differential  contains  only 

the  first  power  of  -r-,  and  therefore  cannot  be  identical  with  (1)  ;  but 

if  we  suppose  the  primitive  to  contain  several  powers  of  the  same  con- 
stant c,  33  c'-,  c^,  c3  ,  ,  ,  .  i;n^  ^mj  resolve  with  respect  to  e,  thei'e  will 
result  n  values  of  e,  from  each  of  which  c  will  disappear  by  differen- 
tiation ;  and  each  of  the  resulting  differential  equations  will  contain 

only  the  first  power  of -j-,  each  being  a  factorof  (1 ),   Hence  by  multiply. 
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nig  together  these  n  equations,  we  shall  produce  (1),     If  therefore 
we  resolve  (1)  with  respect  to  -j-,  thereby  ascertaining  its  n   con- 


stituent factors  of  the  first  degree,  then  integrate  each,  annexing  the 
same  constant  c  to  every  result,  and  finally  multiply  the  results  to- 
gether, the  complete  primitive,  which  includes  all  these  separate 
results,  will  be  obtained.  It  will  be  obvious,  that  in  order  to  render 
this  method  applicable  to  all  equations  of  the  first  order,  it  would 
be  necessary  to  have  a  process  for  the  solution  of  e 


Unfortunately  no  such  process  is  known. 

175.  1.  To  find  the  complete  primitive  of  the  equation 

-^  -  «=  rii. 


.(8). 


Integrating  (2)  and  (3),  and  annexing  the  same  constant  to  each, 
we  have 

y  =  ax  +  c  .  .  .  .  (4),     and    y  —  —  ax  +  c .  .  .  .  (5), 
either  of  which  satisfies  the  given  equation  (I).     It  is  also  satisfied 
by  their  product. 

or  y=  _  2,-y  -  a^a:'  -f  e=  =  0 (G). 

For,  by  differentiating  (6), 

2ydy—2cdy — 2a'a:(foT  — 0,   and  cr=y~'-r— 

This  value,  substituted  in  (6),  gives 

dy  dy  dy^  ' 
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or,  by  reduction, 

which  is  identical  with  (1). 


,*,! 


»*,i 


.•.(.-5« 

IT  {^  ~  ^y  =  5"^  *^^  complete  priniitivo  of  (1). 

d%~       y  y         '     ■    ■  v^+1^ 

.  . .  a.  =  +  (i^s  +  y^fjrc,  and  :r=-(:rH;y^/  +  c. 

• .  {x  —  c—  ^/x^  +  j=)  {a  —  e  +  -/^^  +  ^2)  =  0,  or  y^  =  fi  —  2cz. 

4.  Determine  the  equation  of  the  curve  which  has  the  property 

s  =  ax  +  by. 


dy'  2ab      dy       1  —  a^ 

■'■  dx^'^  ¥'^^"di~  b'^  ~  1' 

dy  ab       _^    -^/a^  4.  js  _  ]  ^ 

(ic  ~  1  —  62  ~         ja— 1  " 


B  +  na;  +  c,    and    y  =  n 
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.  ■ ,  y'  =  w?-x^  ~  n^z^  +  2emx  +  e^ 
Tijis  ia  the  equation  of  two  straight  lines,  which  intersect  on  the 
ixis  of  y,  arid  which  become  imaginary  when  a^  +  i'  <  I.     Suppose 

i2  =  l,  a6  =  i  and  1  -b''=l- 


=\4^"^*=vf 


,  ■ ,  m  =  1     and     ra  ~  0,     .  ■ .  y  =  «  +  ''i 
nnd  the  two  lines  become  a  single  line,  inclined  to  the  axis  of  x  in 
an  angle  of  45°. 

176.  "When  tlie  proposed  differential  equation  cannot  be  resolved 
with  respect  to  -r-,  its  primitive  may  still  be  found  in  certain  cases, 

the  principal  of  which  will  bo  examined. 

Case  lit.  When  the  equation  contains  only  one  of  the  variables, 
and  the  solution  with  respect  to  that  variable  is  possible. 

Let  X  be  the  variable  which  enters  into  the  equation.  Put 
-f-  —  p^,  and  resolve  with  respect  to  x.   The  result  will  be  of  the  form 

x-cpp^ (1)- 

But  since  di/  =  Pi^x,  an  integration  by  parts  will  give 

y=PiX-  fxdp^ (2). 

Eliminating  x  between  (1)  and  (2),  we  get 

y-Pi-fPT—fVPi-dpi (3), 

in  which  the  last  term  is  intcgrable  as  a  function  of  a  single  variable. 
Effecting  the  integration,  we  may  unite  the  result  thus 

^^J'l'i (4). 

Then,  eliminating  pi  between  (1)   and  (4),  we  obtain   the  desired 
relation  between  x  and  j/. 

1J7.  This  method  may  sometimes  be  applied  advantageously 
even  ^hen  the  more  general  method  is  applicable,  provided  the 
differential  equation  can  be  solved  more  easily  for  x  than  for  -^• 
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Ex.  To  find  the  primitive  of  the  differential  equation 


^r+^-?j'i----a)- 


=  pmi  -  Swi 


pi        /_< 
- 1  +p^^    J  1  - 


taH-Vi+  c (a). 


But  from.  (1),      ^1  - 
and  these  values  reduce  (2)  to 


.=(.-..)*- U.n-.(1^')' 


+  c. 


178.  When  the  equation  (still  supposed  to  contain  x  only),  cannot 
lie  resolved  either  for  x  or  _p„  we  may  substitute  xz  for  p^,  and  we 
i;an  then  divide  every  term  by  a  power  of  x,  thereby  depressing  the 
degree  of  the  equation,  except  in  the  case  where  tliere  is  an  absolute 
term.  If  then  the  depressed  equation  can  be  solved  for  x  or  z,  we 
shall  have  either 

X  ~  qjz,     and   jpj  =  -j^  ~  eifz, 

.• ,  dy  =  2.^2.rf{(p^),     and     'j  ^  f  e.cps.d{(fs), ....  (5). 

or,  s  =:  (px,     ana    j\^  ~j-  ^:  aipx, 

.-.  dff  =  x.ox.dx,     and    p  =  fx.ipx.dx.  ....  (6), 
In  the  first  case  we  eliminate  z  between  (5)  and  x  =  92.     In  the 
second,  the  desired  relation  is  found  in  (6). 

Ex  3:3  +  '^  _  0x^  —  0 

dx^  dx 

Put    Pi  =  xz,     then     x^  +  ^%''  —  aars  ^  0,     and     x  — -v 
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6     (1  +  2=)2  '  3      H 


This  relation,  together  with  »  r=  —  ■■—  expresses  the  relation  be- 
tween X  and  y. 

179.  Case  2d.  When  the  equation  is  homogeneous  with  respect 
to  X  and  y. 

Let  n  denote  the  degree  of  the  eijuation  in  x  and  y,  and  put 
y  z=.  xz,  then  the  equation  will  be  divisible  by  x",  and  if  the  trans- 
formed equation  can  be  solved  for  z,  we  shall  have  a  result  of  the 

s  =  9^,,      ,•.  dz  —  d(_<fp^).      But     y  =  a:z,     .  ■ .  rfy  =  xdz  +  zdx, 
or,  dy  =  xd{(fp^)-;{-tpp^dx,    or,    p-^dx  —  xd{^p^)+fpidx, 

,.,^S  =  ^PiL,     «nd     iosx=f^^^^  =  Fp„ 
'"Pi  —  VPi  ''Pi  —  <PP-, 

This  combined  with  y  =  xifp-,,  gives  the  desired  relation  between 

£x.  ^  —  xpj  ^  \/i~+  P]^  -  ^■ 

Put  y  =  xz,     substitute  and  divide  by  x,  then 

e-Pi=Vi-+Pi%     s  =  Pi+  -/T+V,  ds=dp,+^Ii^, 

Vl+Pi^ 

p.dx  =  dy  =  'xdz  +  zdx  =  xXdp.A, ^-^-^ — l+(?'i+  -i/'  +  P?)dx, 

\        i/T  +ft'/ 


ar=-log(^,+  Vr+^)-log(l+i?i*)'+Iog' 
But     y  =  xz  = 


/i+Mi-i  +  yi+V) 


and     ^(c  ■ 


the  desired  relation. 
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180.   Case  M.  Let  the  form  be 

n  which    <f{'^\  does  not  contain  a 


^1^  +  J^V 

dx      ^  \dxf 


Jdy\ 


dx        df/j     dx ' 
This  is  satisfied  either  by  making 


ipPj  does  not  contain  x  or  y,  and  therefore  (2)  contains  only  x  and 
^j.  If  then,  we  eliminate  p^  between  (1)  and  (3),  the  result  will  be 
a  relation  between  x  and  y.  But  this  relation  cannot  be  the  com- 
plete primitive,  because  it  contains  no  arbitrary  constant.  We 
must  then  refer  to  the  condition  (3),  which  gives  h-^  integi-ation 

Pj  =  C,  a  constant. 

It  appears  then,  that  in  the  proposed  equation,  which  is  known  as 
ClairaulCs  form,  tlie  complete  primitive  is  obtained  by  simply  re- 
placing   —  by  an  arbitrary  constant. 

Ex.  1.  To  find  the  primitive  of 

'         dx      'V^dx'l '  ' 

Eeplacing  the  differential  coefiicient  -^  by  C,  we  iiavc. 
J  -  a  =  0(1  +  C).  .  .  .     (2). 
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The  coirectnesa  of  this  solution  is  easily  verified ;  for  by  differen- 
tiating (2)  we  get 

!-<'=» » 

and  by  eliminating  C  between  (2)  and  (3),  we  obtain  (1), 

2.    ydx  ~  xdy  =  a{^  +  df)\   or,   y  =  :r|  +(l  +  ^^K. 


J81.   Case  itk  Let    y  =  Fx  +  Q (1). 

rfien  P  and  Q  are  functions  of  p^. 
By  differentiation,     dy  =  p^dx  =z  Pdx  +  xdP  +  d 


This  being  a  linear  equation,  its  solutio 


"[-/•^-^•P^]. 


Hence  if  p^  be  eliminated  between  this  and  (1),  the  result  will  be 
a  relation  between  x  and  y. 

182.  1.  y=p,H-Vp^^....{\). 

dy  =.pjdx  =^p-^dx  +  'ixp^dp■^  +  ^p-^dp-^, 
.  ■ .  (1  _  p^)dx  —  2xdpi  =  2dp^. 

....=r^^[-//-'.j?.]. 

-'»•  /^^  =  2log(ft-l)=!ogfa-l)'- 

26 
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rp/2(i'l-l)*l  = 


(?.  -  if 


.,,  =  !+■ 


- ;     and  from  (l),    p^  = 


2.  y  =  (H-i.>+i>,^....(l). 

Pjrfa:  =  (1  +  p,)dx  +  arrf^i  +  2pjdp,. 
.-.  dx  +  xdpi=  -2p,dp,,    and    k  =  r-^''^^[-/2e-^'^''._p;arp,J. 
But        i-''^^'  =  e^\     and    f^^p^dp^  =  e^'{pi  -  1)  +  Cj. 
.-.  a!^2(l  -p,)  +  f^^^'    where     C  =  -  C\; 

1         _!_! 


and  from  (1),        p^  —  ~  „  a:  ±  -  -v/4y  —  4^;  +  a: 
.  ■ .  By  eliminating  ^j  we  get 


3.  s  =  x{p,~^l+p-'}....{l). 

In  this  example  (2  —  0,  and  by  dilTercntiation 
^,ife  =^iiEi:  +  aiTpi  —  ^1  +  p^^  cL  —  Pis(l  +^1^)     !^Pi- 
■    —  "  V^+^i^^P' rfp^^  the  integral  of  which  Is 


logs  =  Jog 


•i+yi+pi')' 


But  from  (1),  P] 


1+j),-  Vl+?i' 

q>,  +  (t  -  1)^1  +  Pi'  =  » (2)- 


/I  +?■' 


•  2h= 


K2=- 


it)' 


and     VT  +  Pi^  =  -^(^c-a)'   ■"■^^'' 


or  finally    x^  -i-y^  =:  Stex, 
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183.  Differential  equations  may  be  regarded  aa  resiilting  in  all 
cases  either  from  the  immediate  differentiation  of  their  primitives  or 
from  the  elimination  of  constants  between  the  primitives  and  their 
direct  differentials. 

184.  Taking  the  latter  and  more  common  case,  let 

he  the  complete  primitive  of  the  differential  equation 

. (..!)=«.... P), 

where  {i)  has  arisen  from  an  elimination  of  the  constant  c  between 
(1)  and  its  immediate  differential 

[^^].0....C3, 

Now  if  the  constant  c  were  replaced  in  (1)  and  (3)  by  any  func- 
tion of  z  and  y,  the  elimination  of  this  function  would  necessarily 
lead  to  the  same  equation  (2). 

If  then  it  be  possible  to  replace  c  by  such  a  function  of  a^  and  y, 
m  equation  (1)  as  shall  give  by  differentiation  a  result  entirely  simi- 
to  (3),  after  it  has  been  modified  by  a  like  substitution  of  this  func- 
tion of  X  and  y  for  c ;  then  the  elimination  of  that  function  would 
necessarily  lead  to  (2)  the  proposed  differential.  Hence  equation 
(1)  with  the  value  of  c  so  replaced  may  be  properly  considered  an 


d  by  Google 


iOi  INTEGRAL  CALCDLUS. 

integral  of  (2) ;  althoiigli  it  ia  essentially  different  in  form  from  the 
ordinary  integral  (1),  in  which  c  is  an  arbitrary  constant. 

Such  a  solution  of  a  differeatinl  equation  is  called  a  singular  solu- 
tion or  a  singular  integral,  while  the  term  particular  integral  is  ap- 
plied to  each  of  the  results  obtained  by  substituting  various  constant 
values  for  c,  in  the  general  integral, 

185.  Prop.  To  determine  the  conditifflis  necessary  to  render  pos- 
sible a  singular  solution  of  a  differential  equation. 

Let  the  ordinary  primitive 

n',%')='> (1) 

be  dISerentiated  regarding  e  as  variable,  and  there  will  result 

VdF{w,y,c)l       dF{x,y,c)    /dc\  _ 
L       dx       1'^        de        'W/         ' 

and  to  render  this  equation  identical  with 

[^^^]- (»). 

which  is  obtained  by  supposing  c  constant,  the  necessary  conditiwi 
will  be 

dF{x,y,c)    /dc\ 
de        '\dx) 


=  0. 


Now  (a)  is  satisfied  either  by  making 

'^'  =  » <*>     »'     (l)=».--(^>- 

The  condition  (5)  gives  c  =  constant,  and  therefore  (4)  can  alone 
supply  the  suitable  variable  value  of  c. 

The  equation  (4)  may  give  several  values  of  c,  and  then  there 
will  be  as  many  singnlar  solutions. 

186.  It  must  be  observed  that  the  valae  of  e  derived  from  (4), 
is  not  necessarily  a  function  of  x  and  y,  or  of  either ;  for  if  c  be 
connected  with  x  and  j/  only  by  the  signs  +  and  — ,  those  variables 
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will  not  appear  in  (4),  and  consequaitly  the  values  of  c  derived 
from  (4),  will  be  constants  corresponding  to  particular  integrals,  and 
not  singular  solutions. 

187.  And  again,  the  derived  values  of  e  may  be  functions  of  x 
^nd  y,  and  yet  not  variable,  For  if  the  primitive  (1)  he  solved 
with  respect  to  any  constant,  as  a,  appearing  in  it,  the  result  will 
Assume  the  form 

«=yi:«,y.«) (6); 

and  if  by  a-ssigning  any  particular  value  to  c,  this  value  of  a  should 
become  either  identical  with  that  of  c  given  by  (4)  ;  or  if  the  latter 
be  a  function  of  the  foi'mer,  then  c  will  be  invariable,  aud  therefora 
%¥ill  not  correspond  to  a  singulai-  solution. 

188.  If  wo  solve  the  complete  primitive  (1)  for  x  and  y  succes- 
sively, tiie  results  may  be  written  in  the  forms 

^^f(V.^) (7).  'J=^f,{^,c) (8). 

Which  differentiated  with  respect  to  c,  give  (since  the  first  members 
do  not  contain  c) 

%lL  0,     *fe^=  0,     .-.$'=  0,  .  .  (9),  a„d  :|  =  0, .  (10). 

That  is,  if  the  primitive  can  bo  solved  with  respect  to  x  or  y,  we 
may  differentiate  ciUieF  of  those  values  with  respect  to  e,  placing  the 
result  equal  to  zero.  Thus  (9)  or  (10)  may  be  employed  instead 
of  (4),  when  more  convenient,  in  obtaining  those  v.alues  of  t  which 
give  singuliu-  solutions. 

189.  It  may  be  observed  th.it  no  differential  equation  of  the  first 
order  and  first  degree  can  have  a  singular  solution ;  for  such  equa- 
tions have  complete  primitives  containing  only  the  first  powers  of  c, 
and  these  primitives,  when  differentiated  with  respect  to  c,  give  a 
result  (4)  independent  of  c,  which  result  cannot  furnish  a  value  of  c. 

190.  The  relation  connecting  the  complete  primitive  with  the 
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singular  solution,  can  be  illustrated  geometrically.  For  the  former 
always  represents  a  aeries  of  curves  of  the  same  class,  in  which  c  is 
the  variable  parameter,  and  as  the  process  for  obtaining  the  equa- 
tion of  the  envelope  of  these  curves  is  identical  with  that  by  whic-li 
we  find  the  singular  solution,  it  follows  tbat  this  solution  mast  repre- 
sent the  envelope. 

191.  1.  Eeciuired  the  singular  solution  of  the  differential  equation 

ydx  -  Q:d>/ ^  a{dx'' +  di,^)\     or,     >/ ^  y^j,,  +  a(^l  +  p^^f.  .  .  .  (1). 
This  example  belongs  to  Clairault's  form,  and  therefore  the  com- 
plete integral  is 

!,  =  „  +  .(l  +  ,.)*  ....(2). 

This  value  substituted  in  {2)  gives 


a^l+^,,     .-.    y^+x^  =  <i\....{S). 


Thus  the  general  solntioc  (3)  represents  a  series  of  straight  lines 
all  tangent  to  the  circle  represented  by  th&  singular  solution  {3}. 

The  general  solution  of  this  example  has  been  found  to  be(p,30(f) 

.-.  c  —  x  =--0,     and     e  ^  x. 
This  value  substituted  in  th<!  general  integral,  gives 

yi  —  x"  ~  'ix^,     OF     j/^  +  a^  :^  0,  the  singular  solution. 
The  general  integral  in  this  example  represents  a  series  of  para- 
bolas which  do  not  intersect,  a:!d  therefore  the  singular  solution  can- 
not, in  this  ease,  represent  an  envelope. 
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3.         ^Pi^  -  JPi  +  2  9  =  0,      or,     J,  =^,3:  +  ^^ (1). 

This  is  Clwrault'a  form,  and  therefore  the  general  solution  is 

v  =  »  +  fc.--»     .-.I  — i  =  ».  --x/f 

This  value  in  (2)  gives 

J'=\/2  5^+\/a3*=2y23^.     or     y^  =  Sj^c. 

Here  the  siogular  solution  represents  a  parabola  tangent  to  a 
series  of  straight  lines  represented  by  (2). 

192.  In  the  method  of  finding  the  singular  solution  of  a  differential 
equation,  just  explained  and  illustrated,  it  has  been  supposed  that  the 
general  solution  of  the  equation  was  known ;  but  when  it  is  not 
given  we  require  the  following  proposition. 

193.  Prop.  To  determine  the  conditions  by  which  singular  solu- 
tions of  differential  equations  may  be  found,  without  first  determin- 
ing their  complete  primitives. 

Let  u  =  F{x,y,c)  =  () (1), 

be  the  complete  primitive  of  the  differential  equation, 

"2  =  F^x,y,p^  =  0,  .  .  .  .   (2)  ;  and  suppose 

».=  [^^]=^.(-«.)  =  » » 

to  be  the  direct  differential  of  (1). 

Also  let  U  ~  f{xAj)  ~  0 (4)  be  the  singular  solution  of  (2), 

^.  =  [^]=/.(-)  =  »- ■■•(=). 

the  direct  differential  of  (4). 

Now,  whether  we  eliminate  c  between  (1)  and  (3),  or  eliminate  a 
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certain  function  of  x  and  y ;  viz.,  the  value  of 
of  a:  and  ij),  derived  from  the  condition 

dc  ' 

between  (4)  and  (5),  the  result  will  be  (6)  or  its  eijuivalent. 

Let  (3)  be  solved  with  reference  to  c,  giTing  a  result  of  the  form 
c  =  <e{x,y,p,) (6), 

and  lut  this  value  bo  substituted  in  (1)  ;  we  shall  thus  have  (3)  or 
its  equivalent  under  the  form 

u  =  F{x,i,,<f)  =  0 (7), 

where  p  is  put  for  (p{x,  y,_p,) ;  for,  by  hypothesis,  (2)  is  the  result  of 
the  elimination  of  the  constant  e  between  (1)  and  (3). 

Now,  since  (3)  and  (7)  are  equivalent,  the  elimination  of  p^ 
between  them  must  lead  to  an  identical  equation  in  a:  and  y ;  that 
is,  an  equation,  which,  being  true  for  all  values  of  x  and  y,  does  not 
imply  a  relation  between  them. 

Let  Pi=/{'',y) (8) 

be  the  result  obtained  by  solving  (2)  with  respect  to^i 

This  value  substituted  in  (7)  gives  the  identical  equation  bcfjre 
referred  to,  which  can  be  differentiated  with  respect  to  x  and  v, 
successively,  as  though  they  were  independent  ■v  iriables,  sinie  the 
equation  docs  not  imply  any  relation  <:r  mutual  dependence  bttween 

Then,  differentiating  (7 ),  and  observing  that  ip  contains  x,  y,  and  Pi, 
while  ^i=:/(;c,i/),  we  get 


du      du  dif       du 
dx'^  dtp' dx'K  d^ 

.-^.^ 

du      du  dji   .   du 
dy      dio  d^      rfip 

dpi     dy 
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ix)  '    \(lf    dp  J' 


dp  I  _       Idu 
dy  \dy 


du   d:^\   _    /du     dip  \ 
My  "^  dip   dy)  "    \di^    dp^ ) 


But  when  the  solution  is  singular,  wo  have  the  condition 
-7— =0   and  - 


d:(i      dc         '  '   '  dx  '  dy  ' 

1^  =  0. 
dpi 

If  Pi  te  ehminated  between  either  of  the  last  two  equations  and 
(2),  the  result  will  l>e  a  singular  solution,  provided  it  satisfies  (2). 
Thus  we  can  find  the  singular  solution  without  previously  finding 
the  general  solution. 

Or,  again,  from  (2),  we  have 

FrfUjl      rfifj      du^   dy      du^  Id-p^        '        '  ' 


dy     ix       dp^  \dx        dy 

(du^       du^    -J,    _    ,_^i        ,^^    -^ . 


du^  _        /du^       du^    dy\    _    /dp^       dpy    dij\ 
dpi  \dx        dy     dx)  '    \dx        dy     dx) ' 


and,  since  the  divisor  is  infinite,  when  the  solution  is  singular,  we 
shall  have  the  condition 

|!  =  0, 

which  will  give  suitable  values  of  p-^  to  l)e  substituted  in  (a),  in  order 
to  obtaja  singular  solutions. 

194.  1.  Find  the  singular  solution  of  the  diflcrenlial  equation 

u^  -  xp^^  —  yp^ -\- b  =  0 (1), 

without  previously  finding  the  geileral  integral. 

Diflerentiating  u^  with  respect  to  p^  and  placing  the  result  equal 
to  zero,  we  get 
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this  substituted  in  (1)  gives 

i^|l  +  a  =  „,   „   ,>_«.  =  » (s). 

This  ec[uation  satisfies  (1),  as  will  he  seen  by  substituting  for 
a  and  p^,  their  values  derived  from  (2). 


h~2b  +  b  =  (i, 


m  identical  equation.     Henco  {2}  is  a  singular  solution. 

,r  „,  =  5,  +  (j,  _  J,),,  +  („  _  ,)y,i!  =  0  .  .  .  .  (1), 

This  value,  substituted  in  (1),  gives 

This  satisfies  (I),  and  is  therefore  a  singular  solution. 
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J96.  Differential  equations  of  the  second  order,  ■when 
in  their  most  general  form,  include 


4-1  S)=«- 


Of  these  comparatively  few  admit  of  being  integrated,  and  there- 
fore only  such  particular  varieties  of  the  general  form  as  admit  of 
integration  or  reduction  to  a  lower  order  will  be  examined. 


— ^,  —  F,v  =  X.      .-.  ~~.,dx  ^  Xdx,  and  by  inteeratio: 

%  =  fXdx  =  X.  +  C,.      .-.    ^dx^  X,dx  +  CM, 
dx  '  'dx  '  ' 

md,  y  =  fX^dx  +  fC^dx  =  X^+  C^x  +  Cj. 

The  constants   C^  and  C^  being  arbitrary. 
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m.E..         ^-..>  =  0,      or,      J  =  , 

f^w   ,  „ ,  dii       ax^ 

~^dx=ax^dx,       .-.     -i-  —  -—- 
dofi  '  dx        4 


dx  =  t^+  0\dx,     and      3,  =  1^  +  C,x  4-  C^^. 


138.  Case  2d.  Let  the  equation  involve  only  y  and  -3-^,  the  form 
being 


dhj 
Resolving  the  equation,  if  possihle,  with  respect  to  — , 


ds?        dx        dy     dx 


iR.  =  /r*  =  F,+  (;.,  .-.  g  =  2r,  +  c, 


..,_     and  the  variahles  are  separated. 

V^F,  +  C 

m.E..    ?f-^  =  0,      or      %J-^='. 

*"  =  4  J^^-^,  bj  making  C,  =  4  3^ 

2VvV+  /* 
To  integrate  tliia,  put     -1/^"+  ^/b:=  z,     .  ■ .    »/  —  (s  —  V^)^- 

Jj,  =  2(.--l/S")&,     and      .-.   iz  =  *&=J^ 


db,Google 


DIPPKRKHTUIi  EQUATIONS. 

quation  involve  -j 

Kesolyiiig  with  respect  to  —  if  possible 

ti~jr  (^\      or      ^ 
dx^         '\dxf         '      (& 

This  is  an  equation  of  the  first  order,  which  being  integrated  givrai 
X  =  F^pi,     and    y  ^  /^,rfs  =  Jp,  -^-  F^p,. 
Henee,  by  eliminating  pj,  we  obtain  a  relation  between  x  and  y, 

■^        ^     '"'"''  (1+,.')* 


1+'?.. 


Hence,  by  eliminating  p-^,  we  get 

202.   Case  4th.  Let  the  equation  involve 

d^  ' 


I    di     djy\_ 
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Keplacmg  —  and  -^  oyi>i    and    ~,   the   proposed   equatios 
reduces  to 

^(...,t)  =  o....,). 

which  is  of  the  first  order  between  x  and  p-^,  and  must  therefore  he 
resolved,  if  possible,  by  some  one  of  the  methods  applicable  to  such 
equations. 

Thus,  if  the  equation  (1)  can  be  solved  with  respect  to  x,  giving 

we  shall  have,  since     y  =:  /Pidx  =:piX  —  fxdp^, 
y  -P\^  -  fJ'\Pidp-, (3) ; 

and,  by  eliminating  Pi  between  (2)  and  (3),  the  desired  relation 
between  x  and  y  will  be  obtained. 

Or,  again,  if  (1)  can  he  solved  forp,  giving 

Pi^F,x (4), 

then  y  ^^  SP\dx  —  fF-^x.  dx,  the  integral  sought. 

If  neither  of  these  suppositions  be  true,  we  can  only  resort  to 
some  one  of  the  expedients  exhibited  in  the  foregoing  chapters. 


By  substitution 
and  by  Integration 


(i+rf)* 


!^ — ^=C -= ^ —    when     C=  ^ 

•   •  ^,=       {If  -  !')■  -        (6--  -  «•)■      ■ 
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dtj  6=  -  3T= 


^a^-iffi-x^Y 


the  form  being 


, ,  the  desired  relation. 


By  a  substitution  similar  to  that  adopted  in  tie  last  casi 

•  4,,..|^)=o. 

But  ~-  =  ~-  •■~-  =  p.  -^,  and  by  substitution 

.■.4..,4^-.(..„|)=o, 

which  is  an  equation  of  the  first  order  between  ij  and  p,. 
d'^y  dy^  _ 


205.  Sx. 


■  y  —  mp^  —  0. 


dp,       dp,    dy  dp, 

dx        dy    dx      ^^  dy       ■'         ■^" 

cr  by  making  p^  =  2z,  and  consequently  p^dp^  =  dz, 
-: 3ms  t=y,     ds  —  2nisdy  =  ydy. 

This  is  a  linear  equation  of  the  first  order  and  first  degree,  and 
therefore  integrable, 

206.  Case  Gth.  If  we  reckon  (as  usual)  a  or  y  as  of  the  dimen- 
sion 1,  and  agree  to  reckon  ~  of  the  dimension  0,  and   -~  of  the 
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dimension  —  I,  then  every  eq^uation  of  the  second  order  which, upon 

this  supposition,  is  homogeneous,  may  be  reduced  to  on  equation  of 

dP-y        z 
the  first  order,  by  making  y  ^vx  and  -j-j-  =  — 

For,  if  n  denote  the  degree  of  the  coefficients,  the  terms  contain- 
ing' -vT  rnust  have  a  factor  of  the  desree  n  +  1,  and  those  contain- 

in"  -r-  must  have  factors  of  thedeareen.    Hence  after  substituting 

the  assumed  value 

necessarily  be  divisible  by  a",  and  thus  x  will  disappear,  lea- 
equation  between  f,0,  andpj.of  the  general  form 

-f'(»,«,ft)  =  0..,.(!). 

■r,                   .              ....                dx          dv 
But  d'j  =  pMX  =:  vox  +  %dv,     .  ■ .  =  — — 

Also         ^^i.      .-.  ^  =  ^.     .■..d.^{v.~^¥P. 


or  by  substituting  the  value  of  e,  obtained  by  resolving  (1),  an  equa- 
tion of  the  first  order  will  arise  between  v  and  'p•^,  from  which  ^^ 
may  be  found  in  terms  of  v.  Then  by  eliminating  j?i  from  the 
equation 

and  integrating,  we  shall  get  log  a;  ^  t^v. 

Lastly,  eliminating  v  between  this  result  and  y  =:  vx^  the  desired 
relation  between  *  and  y  will  be  obtained. 


207.  El. 

-S-4— 

Making 

-j^=-    and     y  =  vs     we  get 

tt 

—  ay,  —  3w:e  =  0     or    a  —  p,  —  3v  =  0. 
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.'.z=Pj  +  3v    and    {p^  +  Svjdv  ==  (p,  —  v)dpj^, 

P-idv  +  vdp^  =  Pi^Pi  —  ^vdv. 

C  +  PiV  =  ^Pi"  ~ -v%    or    pi^—^p^v  +  v^  =  iv^+2C. 

^1  —  v=y'4w2  +  2C.     Hence 


.■..-C,(|.  +  ^^+2f7)and|-|  =  V¥^ 


~4Ci        4iE 
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208.  The  integration  of  differential  eijuations  of  an  order  higher 
than  the  second  is  attended  with  difficulties  still  greater  than  those 
which  have  been  overcoMie  hitherto,  and  in  consequence  the  number 
of  integrable  forms  is  voy  restricted.  The  following  exhibit  a  few 
of  the  simplest  cases. 

1st.  Let  the  form  he    f(^,     ^^)  =  0. 

^"^       rf"*^  ~  "'     ^^'^     T^  ~  rf~'     ^^^  ^^  substitution 


-(•■£)=». 


which  is  an  equation  of  the  first  order  between  n  and  x.     This  being 
resolved,  gives 

■u  =  F,a^.     .-.  ^^  =  F.x     and     y  =  f-^F,x . d^-\ 

209,  Next  let  the  form  be 

(d'y      d—hA  _ 


an  integrable  form  of  the  second  order,  which  has  been  already 
examined. 
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<Py   _  d^y  _dv, 

dx^         '      dx*      dx 


dx  ' 


.  u  ^  V27-  2(7. 


lie  =r  iidtt,    and 


=  J2^^^2C' 


.^t 


.  • .  -^x  -  (2*  -  2C,fdx,     a«d      g|^(^-^Q  ^  c-,. 


«!,i2  L        3  ''J     '    (Ac  8-0 


5'=    3.5.7   +rr2+^+^*- 


die*      dii? ' 


d^~d^^' 


=  11  +  Csi  +  e, . 


.(2). 
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Then,  to  eliminate  w  between  (1)  and  (2),  we  get  from  (1) 
tV  =«  +  iAM^,     G-2'^^''  -  ^uC^e'  +  u=  ^  is=  +  C,, 

which,  substituted  in  (2),  gives  a  result  which  may  be  written  in  th4 


CHAPTER   VII. 


SIMULTAHEODS    DIFFERENTIAL    EQgATIONS. 

211.  lathe  applications  of  tbe  Cyculus  to  Physical  Astronoiuy, 
it  ocouis,  not  unfrequently,  tiiat  several  variables,  as  x,  y,  I,  &c. 
are  connected  by  co-exietent  relations,  the  numbe?  of  such  relations 
being  one  less  than  the  number  of  variables ;  and  the  object  pro- 
posed is,  to  deduce  equations  which  shall  express  the  values  of  x,  y, 
&c.  in  terms  of  the  remaining  variable  (.  The  following  solution  of 
some  of  the  simplest  eases  of  sucb  equations  was  first  given  by 
D'Alerabert. 

212,  Prop.  To  resolve  the  system  of  equations, 

in  which  A^  B,  C,  B,  A-^,  B-^,  (7,,  and  i>i,  arc  constants,  and  T  and  T, 
fiinctioiis  of  t;  so  as  to  express  x  and  y  in  terms  of  (, 
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equati<nis  to  the  foiras 

^  +  «»  +  Sy  =  JV....(l),     "d     -|.+o,.+4,!,  =  r,.,.(S), 

in  which  T^  and  y^  are  also  functions  of  (,  and  a,i,a^fij^  are  eonatauts. 
Multiply  (2)  b^  an  undatermined  constant  m,  and  add  the  resulting 
product  to  (I). 


i,(.+.,)+(.+„,(«+^^,)  = 


r^  +  mT^. 


Now  "ieberininfi  m  by  the  condition    m.  =  — ; 

and  suppose  in,  and  m^  to  be  ihe  two  values  of  m  given  by  this 

Also  put    a  -\-  miOj  —  i-[     and     a  +  m^nj  —  r^.     Then 
^(i  +  m,,)  +r,ix  +  »,y)  =  T,  +  m.r, 

-^  (»  +  »W)  +  >•.(«:  +  -H)  =  li  +  "zJV 

These  being  linear  equations  of  the  fii'st  order,  their  solutions  will  be 

^+jniy— e-'i'  [/s""''  {T^+m-^T^di^  ~\  from  -which  x  and  ji  may  be 
x+m^V-r-"'  [fe'"'  {T^+7n2T^)dt]  [  found  in  terms  of;. 

213.  iV.  Let  — +  %  +  5a;^e*,  and  >^+ «  +  2y  ^^e^t  jj^  the 
proposed  equations. 

As  these  have  the  forms  (I)  and  (2)  of  the  last  article,  we  mul- 
tiply the  second  by  m,  and  add. 
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Put  ■»=|±-|5.    O'    ™^  +  3».  =  4. 

,  ■ .  Ml  -  1,     and    n(3  -  -  4,  )■,  =  5  +  1  =  6,  j-g  =  5  ^  4  -  1 

from  which  a;  and  y  are  readily  found. 

214.  Prop.  To  integrate  the  system  of  equations, 
^j+(^.  +  i!j+a)=T....(l). 


.=-  +  (A^  +  B,3  +  Cri  =  3i  . . .  ._(3), 

in  which  A,  B,  C,  &o.  are  constants,  and  T,  T^T^  functions  o 
Multiply  (2)  by  m,  and  (3)  by  n,  and  add. 

Hence,  if  we  put 

X -\- my  +  nz  =  v,     and    A  4-  ^jm  +  A^n  =  M, 
and  determine  m  and  n  by  tbo  conditions 

"''~  A  +  Attn  +  A^n'     ^  ~  A  +  A^m  +  A^n 
the  eqaation  will  assume  the  firm 

-^  +  Mv  =  T+  'J\m  +  7\n,  which  is  a  linear 


■   (4). 
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This,  being  integrated,  will  give, a  relation  between  v  and  (.  Also, 
in  finding  the  values  of  to  and  n  from  ec[uatioiia(4),  two  cubie  equa- 
tions will  arise,  and  therefore  eaoli  of  these  quantities  will  have  three 
values.  Denoting  them  by  ?n„m3,  and  Big,  ^^,^2,  and  Wj,  and  represent- 
ing the  three  values  of  the  second  member,  after  integration  by 
Vi,  U^,  and  Ug,  there  will  result  three  equations  of  the  form 

a:  +  wiij- -f  iijS  =-U-^ 

3!-\-  ra^y  +  n^z  =  Pa, 

x+  m^  +  n^=  JI3, 
from  which  a,  y,  and  z,  can  be  found  in  terms  of  (. 
215.  Prop,  To  integrate  tbe  system  of  equations. 

-^  +  «;.  +  Sy  +  ,  =  0....(l). 

g  +  <.,.  +  %  +  .,  =  0....(2). 
Multiply  (2)  byro,  and  add.    Then 


Put    ( 


and  the  equation  will  reduce  to 

The  integral  of  this  equation  is 

«  =  C.e"  +  C^'. 
Hence  if  m^  and  m^  be  the  values  of  m,  deduced  from  the  assumed 
relation  of  m  and  the  constants  then 
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y  +  '^  '[  '"''^^  =  Ciff"'  +  C^t*. 


b  +  wi, —  4  —  8ni  3  _l  ^ 

1  =  —  1,     and     mj=-4.     .•.«!  =  3    ajid     Wj  =  ^ 

i-  -  4»  +  "  =  C,,'-/i+  C.r'A 
■.  I  =  i  +  4(;,«»  +  4tl^'  -  C,i'Vi  -  Cte-'A 
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CHAPTER   I. 


FIRBT  FBIKCIFIES. 


1.  In  the  general  expression  w  —  ip(«i,  «j,«3. . . .  «,),  which  signi- 
fies that  M  is  a  function  of  several  independent  variables  Xi,Xg,X3..ie„ 
the  value  of  m  ohviously  depends  upon  two  esscntiaOy  different  con- 
siderations, viz. ;     1st.  The  values  of  the  variables  Xj,  ^j,  I'g x„ 

and  2d.,  the  form  of  fie  function  (p. 

2.  The  consideration  of  the  changes  imparteii  to  «  by  changes  in 
the  values  of  the  independent  variables,  while  tie  function  (p  is  sup- 
posed to  retain  the  same  form,  is  the  chief  object  of  the  Differential 
Cal  ulus  and  then  the  form  of  the  function  is  supposed  to  be 
known  But  there  are  many  cases  especially  m  quest  ona  relating 
to  Toan  ma  and  minima  m  which  thi,  form  of  the  function  necessary 
to  fulfil  some  specified  condition  is  the  principal  object  of  inquiry. 
For  the  resolution  of  such  quest  on"!  the  ord  narj  methods  of  the 
Differential  Calculus  do  not  suffice  and  their  con'^ideration  is 
reserved  f  r  the  Calculus  of  I  anations 

3.  There  are,  it  is  true,  some  cases  in  which  it  becomes  necessary 
to  consider  the  change  in  u  due  to  both  these  causes,  namely,  a  change 
m  the  values  of  the  independent  variables,  and  a  chaoge  in  the  form 
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of  the  function,  but  it  is  with  the  latter  that  the  Calculus  of  Variations 
is  more  immediately  concerned. 

4.  The  form  of  a  function  may  be  so  connected  with  the  form  or 
forms  of  one  or  more  other  functions,  that  when  the  latter  are  given, 
theformer  will  beeonae  known.  For  example,  a  differential  coefficient 
has  a  certain  form  always  deducible  from  that  of  the  function  itself. 
This  connection  between  functions  ia  expressed  by  calling  the  original 
function,  whose  form  is  arbitrary,  th^  primitive,  and  that  whose  form 
is  dependent  upon  it,  the  derived  fuaction. 

Now  if  the  fjrm  of  one  or  more  of  the  primitive  functions  be 
supposed  to  change,  the  form  of  the  derived  function  will  undergo  a 
corresponding  change,  and  if  the  relation  connecting  the  forms  of 
the  primitive  and  derived  functions  be  invariable,  the  change  in  the 
form  of  the  latter  wilt  not  be  arbitrary,  but  will  be  connected  with 
the  change  in  the  form  of  the  former  by  a  fixed  relation. 

5.  To  trace  this  dependence,  or  to  investigate  the  eliange  in  a 
derived  funclion  resulting  from  an  arbitrary  change  in  the  form  of  its 
primitive,  is  the  design  of  the  Calculus  of  Variations, 

6<  In  this,  as  in  the  Differential  Calculus,  it  is  usually  necessary 
that  the  increments  of  the  function  shall  admit  of  being  indefinitely 
diminished,  and  also  that  such  increments  shall  continue  indefinitely 
small,  when  any  values,  consistent  with  the  conditions  of  the  ques- 
tion, are  assigned  to  the  variables  arj,  x^,  &c. 

Hence  the  necessity  of  the  following  proposition. 

7.  Frop.  To  investigate  a  general  method  of  giving  to  a  function 
such  a  change  of  form  as  shall  impart  to  it  an  increment  of  any  pro- 
posed'order  of  magnitude,  without  reference  to  the  values  of  the 
independent  variables  ij,  arg,  3:3 . . . .  x,  which  enter  into  it. 

Let     u  =  f  (*i,  aTg,  aTg . , , .  a:.)  be  the  original  function,  and 

«i  —  (pi(«i,  sTj,  Kg , . . ,  x„),  after  it  has  undergone  the  required 
change  of  form  ;  and  suppose  *  to  represent  a  small  quantity  of  the 
same  order  of  magnitude  as  that  which  we  desire  to  impart  to  the 
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Mj  —  «,  so  that  if  Mj  —  u  =  ni,  the  quantity  n  shall  be 
neither  excessively  great  or  extremely  small.     Thea 


musi,  be  finite  for  all  values  of  z^,  x^x^..  .x„  consistent  with  the 
couditions  of  tbe  question.     Assume 

v^-'a-  i.^Xi,x^X3  ...x.)  or  u^  =  u  +  i.  -^(ij,*^,^.,. . .  x.); 
in  which  the  function  4'  is  subjected  to  no  condition  but  that 
of  Eot  becoming  infinite  for  any  values  of  x^,  jc^,  jt^  , . ,  a;,  within  (he 
resti-iction  of  th    p    bl  m 

Hence,  ia  d  t  mpa  t  to  a  ^ven  primitive  fuactioR  such  a 
change  of  for  n  ball  u  it  to  receive  an  increment  susceptible 
of  indefinite  dm  t  n  w  must  add  to  it  anotber  arbitrary  function 
of  the  variabl  (  bj  t  t  the  above  restriction),  multiplied  by  a 
constant  i,  wh   h  t  to  be  assumed  of  the  same  order  of 

magnitude  a  that  p  pos  d  to  be  given  to  the  increment  of  the 
function, 

8.  j&.  Suppose  M  =  sin  cc,  where  x  can  take  any  value  between 
0  and  -c,  and  let  the  increment  Wj  —  m,  proposed  to  be  given  to  w  by 
a  change  of  form,  be  required  of  the  same  order  of  magnitude 
with  dx. 

Then  making  !  ~  adx,  when  a  is  nearly  equal  to  uaity,  we  may 

u^  =  u+imsx,  or  «i  =  w  +  tsia2:i;,  or  Mj  =  «  +  i  sia  4x,  &c. ; 
but  it  would  not  be  admissible  to  assume 

because  taa  x  would  become  infinite  for  one  of  the  admissible  values 
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of  X,  viz.,  *  —  -  ir,  and  therefore  i  tan  x  would  not  be  necessarily 
email,  as  required. 

If  the  increment  required  to  be  given  to  «,  were  of  the  same  order 
with  dx'  or  tfo^,  then  we  would  make 

i  =  0 .  (tc^         or        i  =  a.  dx^. 

9.  The  indefinitely  small  change  in  the  value  of  a  function  pro- 
duced hy  a  change  in  its  form,  is  called  a  variation,  and  it  appears 
that  the  variation  of  "a  primitive  function  is  entirely  arbitrary,  but 
the  variation  of  a  derived  function  is  dependent  upon  that  of  its 
primitive,  and  therefore  not  arbitrary. 

10.  Prop.  Let  M  ^  ¥>(iCi,  x^,x^, . . .  «„)  be  an  indeterminate  func- 
tlon  of  x-^^x^^x^ . .  ..w^  and  let  v  ^:  Fu  denote  a  relation  by  which  v 
is  derived  from  w,  that  is,  a  relation  of  form,  but  not  of  magnilude  : 
it  is  proposed  to  find  the  change  in  the  value  of  the  derived  function 
(or  tlie  variation  oiv)  resulting  from  an  indefinitely  small  change  in 
the  form  of  w. 

Let  'p(ai,a^2i*3i  ■  ■ . .  ^„)  be  replaced  by 

'P(«l,^.»3 ^.)   +  '  ■  4-  (^1.  3^,  ^3  ■  ■  ■  ■  ^")l 

and  let  the  operation  denoted  by  the  symbol  ^be  performed  on  the 
substituted  function  so  far  as  to  obtain  the  coefficient  of  the  first 
power  of  i  in  the  development  of 

i?[»(i„  V3  ■■■.'.)  +  i.  +('„  V,----  '.)-\ 

If  the  co-efficient  of  this  term  be  denoted  by  w,  then  will  i .  u  be 
the  variation  of  v.  This  will  appear  by  reasoning  entirely  similar 
to  that  employed  In  the  Differential  Calculus,  in  finding  the  differen- 
tial of  a  function  {p,  18). 

11.  The  proposition  enunciated  above  is  far  more  general  than 
that  commonly  presented  for  consideration.  Usually  the  only 
derived   functions  necessary    to   bo  considered,   are   such  as    are 
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obtained  by  the  processes  of  differentiation  and  integration,  which 
are  represented  by  the  symbols  d  and  /  respectively ;  and  for  these 
two  eases,  the  symbol  F  is  distributive,  that  is, 

F{<?-^Hf')  =  Ft? -ir  Fdf'. 

Then  to  find  the  variation  of  b  ^;  F^,  substitute  ip  +  i .  4-  tbr  ip, 

and  since  F{o?  -\- i  .■];)  =  F<f -\-  F{i.  -f), 

the  sanation  or  increment  given  to  Fp  will  be  F(i.-^)  or  i.F-l/, 
since  i  is  a  constant,  and  therefore  not  a  function  of  Xj,  a-^,  &o. 

12.  Thus  far  we  have  supposed  the  function  to  receive  the  kind  of 
increment  peculiar  to  the  calculus  of  variations,  viz.,  that  due  to  a 
change  of  form ;  but  if  the  independent  variable  be  supposed  to 
change  also,  tht;  function  will  receive  an  additional  increment,  and 
the  total  change  imparted  to  the  function  will  be  the  algebraic  sum 
of  the  two  increments  resulting  from  the  two  causes. 

13.  The  following  notation  is  used  to  distinguish  the  increments 
due  to  one  or  both  of  these  causes. 

1st.  The  character  S  refers  to  the  change  in  the  value  of  the  func- 
tion resulting  from  a  change  in  its  form. 

2d.  The  character  d  refers  to  the  change  in  the  value  of  the  func- 
tion produced  by  changes  in  the  values  of  the  independent  variables 

3d.  And  the  character  D  refers  to  the  total  change  resulting  from 
both  causes. 

. ' ,  If  M  be  a  determinate  function  of  several  variables,  then 
Jhi  —  du. 

.-.  Ifwbe  an  indeterminate  function  of  invariable  quantities,  then 
Du  ^^  Su. 

And  if  w  he  an  indeterminate  function  of  variable  quantities,  then 
J}u  =:  du  +  Sw. 

14.  Since  an  independent  variable  admits  of  both  species  of  change, 
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we  might  denote  that  change  hj  either  character      Unless  the  con- 
trary  19  specified  this  change  will  be  indaoated  by  d, 

15.  The  distinction  between  differentiation  and  ■variation  admits 
of  a  simple  geometrical  illustration. 

Thus  let  y  =  9«  (1)  be  the  equation  of  1 
a  curve  AOB  and  y-,  =  (p,a;  (2),  that  of  a 
second  curve  A^CiB-^,  the  form  and  posi- 
tion of  the  second  curve  being  supposed 
to  differ  very  slightly  from  those  of  the 

Put  OD  =  x,  DD-,  =  dx,  DC  —  y,  and  DC-^  =:  y^.  Then  tie 
change  iV".B  imparted  to  y  hy  an  addition  DD^  =  dx  io  x,  while  the 
point  referred  remains  on  the  same  curve  ACB,  will  represent  dy; 
the  change  CC-^  7=  y-i^"  y,  imparted  to  y  by  passing  from  (7  to  a 
point  C-i  on  the  second  curve,  (while  x  remains  unchanged,)  will 
represent  Sy  ;  and  the  change  NS-^  due  to  both  causes  will  represent 
J>y. 

16.  Prop.  Given  M  =/(*!, ^2,  3:3. ,,.«,)  a  (fcie?-mna(e  function  of 
several  variables,  to  determine  its  total  increment. 

Since  the  form  of  the  function  is  supposed  invariable,  we  have 


Du  =  rfu  =  -7-  dx. 


du 


dxt  +  . 


'.  dx, . . 


■  M]- 


17,  Prop.  Given  u  =  lf(x■^,x^,x^ x^  an  indelerminate  functio 

of  several  variables,  to  determine  its  total  int 


Here  the  form  of  the  function  and  the  magnitudes  of  the  independ- 
ent variables  must  be  supposed  susceptible  of  change,  and  therefore 

Da  ^^  dn  +  Su. 

But         du=^-r-  ■dx,+-;--  dx~  +  ■  .  -  .  +  -—  ■  dx^ ; 

and  5ii  =  i  ■  4-  (^n  ^^t^s"  "  ^^)-     Hence, 
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■^d^;'^"-^'-'^  <^*' '^'^  ^3 ■  ■  ■  ^'■)  ■  •  ■  (-5)- 

18.  Prop-  Given  m  =  i*"-  (p  (s,,  a;^,  a:,,  .  .  .  .  a;,),  where  F  ia  the 
symbol  of  a  derived  fimctioa  which  fulfils  the  condition  F{tp  +  tp') 
=  I^  +  Fnf',  and  ip  is  the  symbol  of  an  indeterminate  function,  to 
determine  the  total  increment  of  «. 

Here  Su  =  F\i-^  (k,,  x^,  x^,....  a-,)], 

=  F-S-i,f{x.^,x^,x^,....x„). 

dxj  dxj,  as, 

+  F.S.v{z„<r„x„....x:)....{C)' 

19.  Frop.  Given   F  =  / (arj,  x^,  X3, x„  Uj,  v^,  113,  .  .  .  .  h.), 

where  /  is  a  determinate  function  of  the  quantities  within  the  (  )  ; 
*n  ^ai  ^3,  •  ■  ■  ■  ^  being  independent  variables,  and  ti-,,  w^,  Wj,  .  .  .  «„ 
indeterminate  fiinctions  of  one  or  more  of  these  variables,  to  find  the 
total  increment  of  V. 

Here  V  varies  in  consequence  of  changes  in  the  values  of  x^,  x^, 
^3i  •  •  *»i  2nd  also  from  the  changes  in  the  forms  of  Wj,  Wj,  M3,  .  .  u„. 

Now  V  is  directly  a  function  of  cr„  and  indirectly  a  fiinction  of  x^ 
through  -Uj,  «2i  '"31  •  -  ■  ■  "f--  Hence,  if  x-^  be  supposed  alone  variable, 
the  change  in  Fwill  be 

dV,      ,  dV    du,     ,          dV  du.    ,  dV   du,  , 

j-^^»+  T— -J-*- -0^1  + J i — dx^-^..  .-J-■--=-■dx■^■, 

and  aimilarly,  where  Xj  alone  varies  the  change  in  V  will  be 

\_dir^       duj  rfjTj        cJa^  d«u       *  * '  *        du,    dx^  J 
and  the  other  variables  wil]  furnish  Uie  expressions. 
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Now  let  the  form  of  the  fanction.  Mj  change,  other  things  being  the 
lanrie,  and  the  corresponding  change  in  V  will  be 


rfT 


Su,, 


since  F  is  a  fanction  of  Wj,  and  the  change  produced 
change  in  m^  depends  only  upon  the  amoimt  of  cliange  i 
the  manner  in  which  it  is  received. 

Introducing  similar  terms  for  the  variations  of  Wj,  1/3,  . 
adding,  the  total  change  in  Fwill  be  thus  expressed 

dV    dUj    ,  dr    du^    ,  .  dV   du. 


LV: 


[dV_      dV   ^      d 
Ll/iTj        dui    dx2       d 


Cdv     dv  du-,      dV 

'  Ldx,       dtij '  dx,  "*"    rfuj 


+  : 


du. 


■5«a  +  . 


[«„    dx^  J 

'2        ■  ■  ■  ■       j^jj^  ■  (^^^J 

,  dV    dur\  , 

::+■■■■  + ^:dr.r' 


du^ 


■  m, 


the  quantity  in  the  last  line  being  the  variation  proper  or  6V. 

20.  Given  U  =  FV,  when  V  =  f  (ki,  %,  a^, .  .  .  .  «„,  Mj,  u^, 
«3,  .  .  .  .  w.),  where/  is  a  determinate  function  of  tho  quantities 
within  the  (  ),  and  ^  a  derived  function  which  satisfies  the  condition 
■f  (f  +  ¥>')  =  -^ip  +  F^'i  to  find  the  increment  of  (71 

First,  let  x^  alone  vary,  mid  since  F  is  a  determinate  function  of 
«i,  aj,  I,, .  .  .  .  x^,  Ml,  ^2,  Wg,  .  .  .  .  «„  it  follows  that  so  long  as  the 
forms  of  Mj,  ifj,  M^  .  .  . .  M.  remwn  unchanged,  the  quantity  V  will 
be  a  determinate  function  of  the  independent  variables  x-,,  x^ 
«3,  , . .  .  x„  and  therefore  the  corresponding  change  in  U  will  be 


[— —  Idx-,,         where 


[f] 


('''"otes  the  total  differential  coefficient  of  U  with  respect  to  x^. 
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And  similarly  when  x^  alone  varies,  Ihe  corresponding  change 

ill   tr  is    I  - —    (fej;    and   the  other  variables  will  furnish  like 

expressions. 

Now  to  find  the  change  in  U  due  to  a  change  in  the  form  of  Uj, 
we  observe  that  the  change  in  U,  resulting  from  a  change  of  any- 
kind  in  Wi,  mjglit,  at  first,  appear  to  be  properly  expressed,  (as  in  the 
last  proposition,)  by  -3—  ■  Su^.     Now  this  would  be  true  if  U  were 

properly  a  function  of  Wj,  that  is,  a  quantity  whose  magnitude  is 
fixed  by  that  of  Mj,  ;  but  such  is  not  the  case,  their  relation  being 
one  of  form,  not  of  magnitude ;  and  therefore  the  desired  increment 
is  not Su,.     But  although  Wis  not  a  function  of  w,,  it  is  derived 

from  «i,  the  firm  of  U  being  dependent  upon  that  of  V,  which  latter 
depends  upon  the  form  of  w,.     Andsinee  Tf  =  FV,  .-.  SXT  =  F5V. 
But,  by  the  last  proposition, 

.  ■ ,  F —  ■  Sui-  is  the  part  of  SU.  whicli  results  from  a  variation  in 

the  form  of  Mj. 

Hence,  the  entire  increment 
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.UUL^    TO  FUNCTIONS  OF  OSE  VABUBLE, 

31.  Prop.  To  find  tha  total  increment  of  the  differential  coefficient 
■T-^,  y  being  an  indeterminate  function  of  the  single  variable  z. 

Here  the  quantity  proposed  can  vary  only  in  two  ways,  viz  :  by  a 
change  in  the  magnitude  of  tie  independent  variable  a;,  and  by  a 
ohange  in  the  form  of  the  function  y,  tlie  case  correfiponding  to  that 
of  formula  (C),  with  the  number  of  variables  reduced  to  one.  We 
therefore  estimate  the  two  changes  separately  and  add  the  results. 

Now  when  x  talies  the  increment  dx, 


~  dx" 


'-A 


the  corresponding  change  in  ?(  being  -  ■    r^dx ;  and   hence  the   total 
increment  of  m  will  be 

I}u  =  d»-\-  5u  =  J^ife  +  Sp-. 


,^_  d^jy  +  Sy)        d-t,  _  d'y       dSff 
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22.  It  is  to  be  observed  tJiat  Sy  requires  a  certain  restriction ; 
for  it  was  sliown  tiiat  when 

«=    4-( 

it  is  necessary  to  assu         h    f 
become  infinite  for  any    al         fa: 
question.     This  condit    n    a      ft 
primitive  function;  bu    wh  n 
function  derived  from  h    p   m 
the  function  similarly  d         d  f    m  ■]'    ■ 
any  admissible  values  of  the  variables. 

Thus  when  we  say  that  SFf  ^^  iF-^,  it  ia  to  be  understood  that 
^4^  remains  finite  for  all  suitable  values  of  cc,,  x^,  &c  In  the  present 
example,  there  being  but  one  variable  r,  we  have 

and  we  must  so  select  -J^  that  ■  ■,       shall  be  finite  for  all 
^  dx" 

23.  Prop.  To  find  the  total  increment  of 


where  ^  is  an  indeterminate  function  of  x. 

This  is  a  particular  case  of  the  general  investigation  which  resulted 
in  the  formula  [Z)].  To  make  that  formula  applicable  to  the  present 
case,  we  reduce  the  number  of  variables  to  one,  and  put 

dv  dH 

'  ■*       dx^    "      dx^ 

Making  the  substitutions,  and  putting,  for  brevity, 


■^         '      d^ 
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or  by  substitutina  for         S  -f-,  6  —v  &c. 
Ihcir  values  given  by  the  last  propi>sitiun, 

-•=[-+ -2--.^+ Ail ...£S> 

24.  Here  5y  is  to  be  expressed  as  hitherto  by  i .  -^x,  and  therefore 
-4/  is  to  be  assumed  of  such  form  that  neither  it,  nor  any  of  its  first 
»  differential  coefficients  sbali  become  infinite  for  any  value  of  ar  con- 
sistent with  the  conditiona  of  the  problem. 

23.  Frop.  To  find  tbe  total  increment  of  fT"  =  f^'  V<i:r.      when 


-/[^,y, 


dy      iPy_ 


It  is  obvious  that  a  definite  integral  can  change  its  value  only  in 
three  ways,  viz. ; 

Isi.  By  a  change  of  the  superior  limit  x-i,  while  the  infcrioi'  limit 
»„  and  the  form  of  the  ditFerential  coefficient  Fremain  the  same;  2d. 
By  a  change  in  the  lower  limit  x^  while  the  superior  limit  and  the 
form  of  V  aie  unchanged ;  and  Srf.  By  a  change  in  the  form  of  V 
while  the  limits  are  invariable. 

The  complete  variation  or  total  increment  is  the  algebraic  sum  of 
the  three  separate  changes  thus  produced.  Denote  by  V^  the  value 
of  V  when  a;  =  x-^,  and  suppose  a■^  to  take  an  incremert  dxy  Then 
V^dx^  wUl  be  the  corresponding  increment  received  by  U;  forwhea 
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K,  takes  ail  iiicremeut,  U,  which  consists  of  an  indefinite  number  of 
tci-ms,  each  of  the  form  Vdx,  simply  receives  an  additional  term, 
expressed  fey  Y-^dx^. 

And  sintilarly,  when  Xg  takes  an  increment  dx^^,  the  correspond- 
ing increment  of  U  will  be  —  V^x^,  since  U  will  thereby  he 
deprived  of  one  term  expressed  by  V^/ix^ 

-  ■ .  DU  -  V,dx,  -  Vf^d^a  +■  sf'^  Vdx, 
and  we  must  now  find  an  expression  fijr  S  f    '  Vdx,  the  diange  in  U 
due  to  a  change  in  the  form  of  V.     Hat  the  operation  denoted  by  the 
symbol  /   '  satisfies  the  condition  F{f  +  if'}  =  i^^i  -f-  Fi^'- 

.-.  sf''^Vdx=:p'{V+SV)dx~f'''Vdx 
=  f^^  Vde  +  /■^'  SV.dx-  /*'  Vdx  =  r^  S  V.  dx. 

^  Xn  '^a  •'■fi  *'  ^0 

Now  as  Visa,  determined  function  of  x,  y.  -^,  -^,  &e.,  its  form 
'    dx    dx'- 


a  function  of  k),  can  vary  only  by  a  rfiaHge  in  the 
form  of  the  function  y. 

Heace  tlie  variation  of  F,  found  as  in  the  last  proposition,  is 

dx  '  dx'  "  dx' 

.■.sf''v,,=f''{M,+p,'?i+p,''-fL+...+p.m.i,. 

•f  Xg  -!  x^  L  dx  '  dx'  dx''J 

Now,  by  applying  the  formula  for  tiie  integration  by  parts  to  flie 

in  which  [P^y\i  and  [P^S'jI^  repre.-ent  the  values  of  PySy  at  the 
Hiperiorand  inferior  limits  respect iv.-ly.     Similarly 
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v  x^         ax'  ■  L       <fa  J 1       L       (i-f  J  n      <!  x^    ax      ax 

or,  by  applying  a  similar  process  to  the  last  term, 

And  if  we  integrate  n  times  successively  tlie  term 
/■'' P.. ^i,  there  will  result 

Now  colleotinc  the  coefficients  of  Su,  —^,  &c,  we  get 

4---f --].•[§].- [-'-Lit].-'- 

L    "  (fo:"-'  J  ,       L     "  lix"-^  J  0 
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-  [^. -S +  *"■]> 

which  is  the  expression  required. 

26.  The  value  o? Dj  ^Vdx  found  in  the  atove  propositions,  con- 
tains three  parts  essentially  different  from  each  other,  viz. : 

lat.  The  terms  Vidx,  —  V^x„,  which  are  independent  of  the 
change  in  the  form  of  V,  but  depend  exclusively  on  the  variations  of 
the  limits. 

2d.  The  terms  [Pj  —  &e.]iiy,  which  depend  upon  the  form  of  the 
function,  not  for  every  value  of  x  •  hut  for  limiting  values  alone, 

3d.  The  terms  within  the  sign  of  integration 

which  depend  upon  the  general  change  in  the  form  of  the  function. 

27.  The  nature  of  this  difference  becomes  more  apparent  by 
observing  that  Sy  =  i.  -^x.  For  it  is  plain  that  the  terms  in  the  first 
class  are  wholly  independent  of  the  form  of  the  function  -J/ :  that 
those  in  the  second  class  do  not  require  for  ticir  determination  a 
knowledge  of  the  form  of  the  ftmction  ^-i  but  only  the  values  of  that 
function  and  its  first  n  —  1  differential  coefficients,  at  the  limits ; 
and  that  the  terms  of  the  third  class  depend  upon  the  form  of  the 
function  -l-,  and  cannot  bo  determined  so  long  as  that  form  remains 
arbitrary. 

28.  Prop.  To  lincl  the  total  increment  of  P"  =   Z"^'  Vdx,  when 
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(I).  (g) -]• 

the  quantity   V  being  supposeql  to  contain  explicitly  the  limiting 


Since  3^j,  ^1  and  a'u,  y,,  are  connected  by  the  same  general  relation 
as  X  ntid  y,  the  integral    /    '  Vdx  can  be  varied  only  in  the   three 

methods  explained  in  the  last  proposition. 

Now  when  x^  receives  the  increment  dx^,  the  form  of  the  function 
ij  remaining  unchanged,  the  increment  received  by  U  will  be 
r„         /-x,  tdV      dV    My\  dV     idhA        ,      1,1, 

[''.+X:k+;5;-(5;)+^-(s^).+*°-i'T''- 


Similarly,  -when  x,^  receives  an  increment  dXfj^  the  change  in  V 
will  bo 

^ow  kt  the  form  of  the  function    /  change,  while  other  things 
remain  the  ^ame,  and  the  corresponding  cliange  in   U  will  be 

,  my\     rx,     dV     ,     ,    IdSiA     fx.     dV     ^ 

+{e);Jx:-m\  *  +  U);4  4«  ■ " 

WA  \dx)o 

,   M%\      /••,      dV  ld'S,,\     fx,      dr 
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D  .     -^P"  dV  dV  dV 

dV  _  dV  _  dV  dV 

dr,-"'    SjT.-""      'jm-''''     MVi"'" 
ns).  '[if]. 

Now  integrating  by  parts,  as  in  the  last  proposition,  and  collecting 
the  terms,  we  obtain 

4ip,-...i_+X>]_(f)-[{p.-.4_ 
+X?--].-(t). 

&o.,  fe.,  &e.,  &e, 

29.  Prop.  To  find  the  total  increment  of  (J  =j'  Vdx,  in  w 


d  by  Google 


442  CALCULUS  OF  TAEIATIOITS. 


dx  de^  d^ 

Then,  since  the  value  of  U  can  change  only  in  four  ways,  viz. : 
Ist.  By  a  change  in  the  value  of  x-^;  2d,  hy  a  change  in  the  value 
of  x^ ;  3d,  hy  a  change  in  the  form  of  the  function  y ;  and  4th,  by  a 
change  in  the  form  of  the  function  r;  we  shall  obtain  by  reasoning, 
as  in  a  preceding  proposition,  where  y  was  the  only  function, 


T         dy  d'^y           d"-/       ds  d?r. 

ng  indeterminate  functions  of  x. 

dz               dz^ 

•""  -p, 

DU^  ri(£r,  . 


FA+[p.-'^  +  te]s„ 


4a--]-(?).-[---].-(§V- 
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Jxo  L 


And  if  there  be  several  indeterminate  functions  of  x  ia  the  Talue  of 
U,  each  will  introduce  a  set  of  similar  terms  in  J)!!  or  SI/. 

30.  Remark.  The  results  just  obtained  are  equally  true,  whether 
the  functions  x,  y,  s,  &t<i.,  are  entirely  independent  of  each  other,  or 
are  connected  by  one  or  more  equations  of  condition, 

31.  Prop.  To  find  the  total  increment  of  ET  ==  /""^^  Vdx,  in  which 

^  L^'  ^'  di^'dx^  dz''  ^'  dz'  dx^' dx'^J' 

the  functions  >/  and  z  being  coimected  by  the  relation  Z  ^  0,  which 
relation  may,  or  may  not,  be  a  differential  equation. 

The  equation  (a)  of  the  last  proposition,  ia  immediately  applicable 
to  this  case,  but  since  z  and  y  are  connected  by  a  given  relation,  5z 
and  5y  are  not  both  arbitrary,  one  being  dependent  upon  the  other. 

32.  If  the  equation  Z  =:  0  can  be  resolved  with  respect  to  one  of 
the  variables  (as  z),  giving  a  result  of  the  form  z  =  Fy,  the  several 

differential  coefficients  — ,  — ,  &c,,  can  be  formed  by  simple  differ- 
entiation, and  these  values,  substituted  in  that  of  V,  will  render  it  a 
function  of  X,  y,  and  their  differential  coefficients.  Thus,  the  case  will 
become  the  same  as  that  considered  in  a  previous  proposition. 

But  since  the  equation  i  r=  0  is  often  a  differential  eijiiation  which 
cannot  be  integrated,  this  method  is  frequently  inapplicable.  It  will 
now  be  shown  that  by  another  method  (due  to  Lagrange)  one  of  the 
8  Sy  or  5z  can  be  removed  from  under  the  sign  of  integration. 
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Put      -P  =  ^,     ~^0,     -^^7,  &c.,      "^^ 


dx 

dL       „,  dL 


Now,  since  the  equation  i  =  0  is  true  for  all  forms  of  y  and  s  con- 
sistent witli  the  conditions  of  the  question,  we  must  have  SL  =.  0. 


When  this  equation  can  be  integrated  so  as  to  give  a  vaiiie  of 
either  Sy  or  Sz  in  terms  of  the  other,  (as  for  example  that  of  Sz  in 

terms  of  i5y),  we  can  form  the  values  of      —r-,     -^-^r  &e.,  hv  differ. 

«ntiatioa,  and  then  substitute  them  in  the  value  of  iJCT,  as  determlnett 
in  the  last  proposition,  thus  effecting  the  desired  transformation.  But 
as  this  integration  is  rarely  possible,  it  is  usually  necesaaiy  to  adopt 
the  method  referred  to  above,  which  will  be  now  explained. 
33.  The  value  of  ^F  being 

SV^my  +  F,^-^  +  F,^  +  &c  +  N'5. 
^  dx  '  d-j? 

dSz  d^z 

+  ^.'s-  +  ^=' *?  +  *»• 

we  can  (without  disturbing  the  equality  here  expressed)  add  to  the 
second  member  of  this  equation,  the  value  of  5L  multiplied  by  an 
arbitrary  quantity  >.,  since  >. .  5i  =  0.     Hence  we  may  write 

SV=  (iV+  M)5y  +  {P,  +  X/3)  ^  +  {F^  +  \y)  ^l  +  &c. 

+  (iV'+Xa>+(/>,'+X^')' 
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+  /•■'. (if  +  x.  -  ^Jii+iB  +  S.,.)t,j.i. 

Jxq  ax 


+ x^-  [«' + >-■  -  ''"'■'+^g + to] ,,.  & 

Now  let  it  be  required  to  determine  an  expression  for  SU  con- 
taining but  one  of  the  vaTiations  Sy,  Sz,  under  the  sign  ijf  integration. 
If  the  value  of  X  be  determined  by  the  condition 

the  ■variation  Sz  will  disappear  from  under  the  sign,  of  integration, 
and  similarly,  if  X  be  determined  by  the  condition 


Sy  will  disappear  from  under  the  sign  of  integration. 

The  following  example  exhibits  an  application  of  this  method. 
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34.  Prop.  To  find  the  total  increment  oi  U  ~  f    '  Vdx  in  which 

''=/[-.SS S/-] 

Pi,  — r^  —  Ps  ise.  /  uaa:  —  ?,  -^  =  iV ' 


rfa:  di^ 


The  equation  L  =i  (i  becomes  in  this  ciise 

i"  —  J-  =  0         since        /  t(?i:  —  z.     Henco 

dL       dv  ,..,,. 

d^^'du     ^^'     "'~  "'  similarly     ^  =p^,Y  ^  p^,  &c. 

Also  ^  =  -^  or  k'  =  0  and  siroijarly  fi'  =  —I,  f—  0  &c. 

And  by  substituting  these  values  in  the  formula  of  the  last  pro- 
position, we  obtain 


+  IP,  +  >,,,  -  &c.], ,  (f)  -  IP,  +  Xft  -  te].(*).+*c. 
-  (».,fe,  -  X.J.-,)  +  fp  [  J'  +  ^]  '»  .  it. 
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Since  P/  =;  0,  P^'  =  ^  '^o.,  there  will  be  no  terms   containing 

(11(f).- 

By  adding  V^dx^  —  Vgd^o  to  the  expression  for  SU  just  found,  we 
shall  ohtain  the  total  increment  DU^bxiA  in  order  to  reduce  DU  to 
form  in  which  5y  shall  be  the  only  variation  remaining  under  the 
sign  of  integration,  we  determine  X  by  the  condition 

which  gives  X  =  —  /  Jf'dx, 

Denoting  tliis  value  by  i  we  obtam 
1)0-=  F,&,-  Foi, +  [P, +  i.ft--':^-JSi  +  fe.]A, 


+  IP.  +  ,a  _  fa], .  (f )_  -  [P,  +  •>,  -  &c.]..  g) +*e. 
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35.  Thus  far  no  condition  has  been  imposed  as  to  the  invariability 
of  form  of  the  function  -^  or  St/.     The  conclusions  airived  at  are 
equally  true,  whether  that  form  be  variable  or  invariable. 
Thus  if  the  symbol  ^satisfy  the  condition 
Fit?  +  cp')  =F<?  +  F<p', 
it  is  equally  true  that 

dFf  =  FS^  -Fi.-l', 

whether  the  form  of  4"  be  constant  or  variable.     But  this  condition 

ceases  to  be  immaterial  when  it  is  necessary  to  take  account  of  the 

second  variation,  that  is,  the  variation  of  the  variation.     Thus  in  the 

case  just  referred  to,  we  should  always  have 

&^Fp  =  FS^q>  =  FiS-^. 

But  this,  when  the  form  of  4'  is  supposed  invariable,  reduces  to 

S^F^  ^  FO. 

Now  FO  =^  0,  since  by  the  nature  of  the  function  F,  we  have     ■ 

F{v  +0)  =  F<p  +  FO 
.  ■ .  F.0  =  F{!p  +  0)~Ff  =  F^-F'p^O.         .-.  S^Ff  =  0. 
Hence  for  convenience  we  agree  that  the  variation  Su  of  any  func- 
tion M,  although  of  arbitrary  form,  shall  yet  preserve  that  form  inva- 
riable, so  as  in  all  cases  to  satisfy  the  condition 
u'lf  =  0. 


d  by  Google 


SUCCESSIVE  VAEIATION.  449 

36.  We  may  notice  here  a  striking  analogy  between  a  primitive 
function  and  an  independent  variable,  the  first  increment  of  each 
being  ai'bitrary,  and  the  second  equal  to  zero. 

37,  Prop.  To  find  the  second  variation  of  the  differential  eoefliejent 


'tg3= 


But  since  ji  is  a  primitive  function         S'^y  =  0. 

,-.  — ,      =  0.    and  consequently     S^~-=(i, 
dx'  ^        ■'         dx" 

38.  Prop,  To  find  the  second  variation  of 

We  have  already  found 

dy   ^       ,,^y    ^^  j^    ^' 

dx  da." 

Cut  ^V  =0.     ^-'^'^^ 

and,  by  determining  the  value  of  5-r-  in  n  mariner  similar  to  that 

dy 
in  which  S  V  was  found,  we  get 

.dV _d-'V             d^V  dSy  _   d^V   d'Sy 

dy~  df    y      ^^Wdz rfy^Jl'*"' 
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SimUarly  s[-^.^']  = 


dP-V   , 


da:  L     (feJ 


Hence,  by  substitution,  we  at  length  find 


39.  Frop.  To  find  the  Beeond  TariatJon  of  /  Vdx,  when 

It  has  been  shown  that  5/  Vdx  =  f5  Vdx,  and  similarly  we  j 

ffi/  Fife  =  5  [ff/  Vdx'l  =  SfSVdx  =  /a^F(fe. 
Substituting  for  S^V,  its  value  found  in  the  last  propositior 
obtain 


d^V      d^ 


dx 


By  similar  methods,  the  third   and    higher  variations  could  be 
deduced,  but  the  results  are  of  little  practical  value. 
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MAXIMA  AND   MINIHA, 

40.  The  Caleulug  of  Variations  is  applied  with  gl-eat  advantage  in 
resolving  questions  of  maxiroa  and  minima,  to  which  the  ordinary 
methods  of  the  Differential  Calcullis  are  not  applicable. 

41.  A  maximum  value  of  a  function  is  one  which  exceeds  other 
values  of  that  function,  produced  by  iufmitely  small  changes  in  any 
or  all  of  its  varying  elements. 

la  the  Differential  Calculus,  these  changes  in  the  values  of  the 
function  are  produced  by  ohMiges  in  the  values  of  the  independent 
variables,  while  the  form  of  the  function  remains  the  same  ;  but  in 
the  Calculus  of  Variations  the  change  in  the  value  of  the  function  is 
due  to  a  change  in  its  form. 

42.  The  problem  of  maxima  and  minima,  as  resolved  in  the 
TJilferential  Calculus,  is  the  following : 

Given  u  =/e,  where  x  is  an  independent  variable,  and  /  a  func- 
tion of  determinate  form,  to  find  what  values' of  x  will  render  m  a 
maximum  or  minimum. 

In  the  Calculus  of  Variations,  the  corresponding  problem  is  this : 

Let  ip  denote  a  function  of  indeterminate  form,  and  m  =  i^  a 

function  derived  therefrom,  to  find  what  form  of  ip  will  render  u  a 


43.  The  mode  of  resolving  this  latter  problem  is  as  follows  : 
Let  ip  +  i .  -Ij  be  substituted  for  p  in  the  derived  function,  and  let 
F  [if  +  i .  -|i)  be  developed  in  terms  of  the  ascending  powers  of  i. 
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Then,  by  a  course  ot  re^bi  iii^  etititel;  similar  to  that  employed  in 
the  Differential  Calculus  t  will  appear  that  nhen  9  has  the  form 
proper  (o  render  ^ip  ■»  miMm  nn  or  minimum,  the  coefficient  of 
the  first  power  of  1  must  reduce  to  zi,ro  aid  tbat.  of  the  secoiid 
power  of  »  niu'.t  be  negative  fur  1  maximum  but  positive  for  s, 
minimum  In  othtr  words  if  the  form  of  (p  si  ne  be  supposed  to 
change  we  must  ha\e  ozt  =  0  But  when,  from  the  nature  of  the 
question,  both  the  lorm  ot  (p  and  the  value  of  x  ore  liable  to  varia- 
tion, we  must  have 

44.  The  application  of  this  theory  will  new  be  explained,  observing 
that  in  the  present  state  of  this  Calculus,  the  functions  to  which  it  is 
applied  are,  almost  exclusively,  those  having  the  form  of  a  definite 
integral,  snch  as 

45.  Prop.  Let  y  =;  ipa:  be  an  indeterminate  ftinction  of  a  single 
Tariable  x,  and  let  it  be  proposed  to  find  the  form  of  f,  which  shall 
render 

a  maximum  or  minimum,  the  symbol  /  denoting  a  determinate 
fii  notion. 

Let        dti  =  Mdx  -k-  N%dx-^  P,'^dx  +  pj^,  <h  +  &c. 
dx  dx^  dx^ 

lien     fc  =  ifJj  +  Af»  +  A^+&c. 


and  if  the  form  of  ip  be  such  as  will  render  i 
mum  for  any  given  value  of  ;!■,  we  must  have 
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This  eq^uation  cannot  ia  general  lie  satisfied  without  dcsti'oying  the 
independent  character  assigned  to  the  form  of  the  function  4'  or  Sy. 
For,  unless  the  coefficients  .y,  P,,  Pj,  &e,,  be  separately  equal  to 
zero,  tJie  eq^uation 

will  establish  a  relation  between  the  form  of  the  function  4-  or  5y, 
and  that  of  ip  or  ji,  which  is  inadmissible.  Nor  is  it  possible  in  gen- 
eral to  satisfy  the  separate  conditions  iV  =  0,  Pj  —  0,  Pg  =  0,  &c,, 
since  each  of  these  equatiois  establishes  a  relation  between  x  and  y, 
or  in  odier  words,  determines  the  form  of  y. 

Hence  unless  all  these  equations  should  concur  in  giving  the  same 
form  to  y,  they  would  contradict  each  other  :  and  since  this  concur- 
rence does  not  usually  take  place,  the  problem  does  not  ordinarily 
admit  of  a  solution. 

46.  If  in  the  last  proposition  the  value  of  «  should  contain  but  one 

of  the  quantities    y,     -^,     — ,     &c.,  or  if  by  the  nature  of  the  pro- 

posed  question,  the  value  of  all  but  one  of  these  be  fi;;cd  for  each 
value  of  K,  the  equation 


■will  be  reduced  to  a  single  term,  and  can  therefore  be  satisfied. 

4T.  Exami^le.  Let  m  — /(^, ;/,  -r-y  and  let  it  be  required  to  de- 
termine what  form  attributed  to  the  function  y  will  render  «  a  max- 
imum or  minimuin,  it  being  luiderstood  that  the  value  of  y  is  to  be 
given  for  each  value  of  x. 

In  tliis  case,  since  y  is  eonataiit  for  the  same  value  of  x,  Sy  —  0, 
and.  the  equation 

iVoy  4-  P, -,''-+  J\  -T-ir  +  ^c.  ~  0     reduces  to 

^  dx  tix- 
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The  following  geometrical  applieatioa  will  render  this  example 
more  intelligible. 

Prop.  To  determine  a  curTe  such  that,  if  at  eaeh  point  P  a  tangent 
be  drawn  and  produced  to  cut  tw 
given  lines,  DC  and  i>iC„  parallel  t 
theaxisof?^,  the  rectangle  DO  X  D^Cj 
of  the  parts  intercepted  between  the 
tangent  and  the  axis  of  x  shad  be  s 

derstood  that  the  curve  is  to  be  compared  only  with  such  otlier 
curves  as  pass  through  that  point. 

Let  0  be  the  origin,  OX  and  OFthe  axes. 
Put  OD  =  a,  OD^  =8,   0G  =  x,   GP  ==  y. 

Then  we  shall  have 


.■.SF  =  A%  +  P,f^,     where     iy=?     .nd    P,  =  ^ 
dx  dif  dy 

dx 
a         JF  =  [Sy  +  (a  +  a,  -  2>)  J]s,  +  [2(»  -  .,)  (,  -  .)  | 

+,(«  +  . ,-=^^)]f. 

But  since  it  is  proposed  that  the  curve  shall  at  each  point  be  com- 
pared with  such  curves  only  as  pass  through  the  same  point,  we 
must  have 


and  therefore  the  condition  5]'  —  0,  which  is  necessary  for 
I,  becomes 
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iXi  -  2*)  =  0 

-     2  —  --^  —  —^=0 
y       x  —  a       a  — «,         ' 

whence  by  integration, 

2\ogy  -  log  {x-a)-  log  (r  -  a{)  =  logc. 

or  i<^g{y')=ioglci^~a){x-a{}-] 

the  quantity  c  lieing  an  arbitrary  constant. 

This  equation  obviously  represents  an  ellipse  or  hyperbola  accord- 
ing a3  c  is  negative  or  positive, 

g  now  to  the  second  variation,  we  have 


^        tfe  L    dxj 

and  since  in  the  present  ease     V=f{x,y,-rj-\     and     Sy  —  Q 

.,11V,  A-.T^  '^^        f'^^^T 

we  shall  have  d^V  —  -=.-  -r-rx  ■     -i— 

[4]  ^"^ 

^r  =  .(,-.),.-..,[f]" 

or  by  putting  for  {x  —  a)  (x  —  a^)    its  value     — 

The  sign  of  this  quantity  is  the  same  as  that  of  c.  Hence  the 
curve  is  an  ellipse  when  F"  is  a  maximum,  and  a  hyperbola  when  V 
is  a  minimum.  In  the  first  case  the  curve  lies  entirely  within  the 
lines  CD  and  CiB^  ■  and  ir.  the  second  entirely  esterior  to  those 
lii)ea. 
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48.  Prop,  To  find  the  form  of  the  function  y,  and  the  values  of 
the    limits    x^,  and  x^,    which    shall    render  the   definite  integral 

17"=  /      Vdx  a  maximum  or  minimum,  -when 

the  character  /  denoting,  as  usual,  a  determinate  function. 
Here,  we  have 

-[-=-H-[f]r^---].[t].-^- 

rx,  r  ,^     dP,     d^P, 
'':Co    L  dx        dj/ 

+  <-'>"^]*-'^=»- ■■■("■)■ 

Two  cases  ma.y  occur  in  the  attempt  to  satisfy  this  equation,  viz. : 

1st.  The  variation  cJj/,  or  the  farm  of  tho  function  4-,  may  be 
wholly  unrestricted  (except  by  the  general  condition  always  appli- 
cable to  this  function)  ;  or, 

2d.  It  may  be  necessary  to  assume  the  function  4^  of  such  form  as 
will  satisfy  some  given  condition  or  conditions. 

In  the  first  case,  the  object  proposed  is  to  determine  among  all 
possible  functions,  that  one  which"  shall  render  m  a  maximum  or  mini- 
mum. In  tho  second  case,  the  derived  function  is  required  to  belong 
to  a  particular  class,  each  individual  of  which  fulfils  certain  given 
conditions. 

Maxima  and  minima  belonging  to  the  first  of  these  divisions  are 
called  absolute,  aaA  those  belonging  to  the  second  division  are  termed 
relative.     Taking  the  first  of  these  divisions,  put  for  breidty 


d  by  Google 


MAXIMA  AND  MINIMA  OF  ONE  VARIABLE.  457 

and  equation  (A)  will  reduce  W  the  form 

a^  -  a^  -vj'^ b-S,j.di  =  0 (B). 

This  equation  cannot  be  satisfied  so  long  as  the  form  of  Sy  or  4- 
remains  unrestricted,  unless  we  have  the  two  independent  conditions : 

aj  —  «(,  =  0,     and  6  =  0. 
For,  if  a^  —  a  be  not  equal  to  zero,  we  must  have 

o,  -On  =  —  f^'^Uy-dx, 

a  condition  manifestly  impossible,  since  the  value  of  the  definite 
integral  in  the  second  member  cannot  possibly  remain  invariable ; 
while  we  are  at  liberty  to  change  arbitrarily  the  form  of  the  quan- 
tity to  be  integrated  ;  but  the  value  of  Oj  —  a^,  which  depends  only 
upon  the  values  whieh  certain  quantities  have  at  the  limits,  will  not 
y  vary  with  a  change  in  the  form  of  5y.     Ilenoe,  we  must 

Now  this  iast  equation  cannot   be  true  for  every  form  of  d 
unless  i  ^  0,  or 


have 

a,  —  a„  =  0,     and      /  "'  hSy  .dx  —  d. 
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a  differeiiLial  equation  which  serves  to  determine  the  form  of  the 
function  y. 

49.  The  two  ec^uations,  a^  —  a^^  0,  and  b—<i,  differ  essentially 
in  their  signification,  the  latter  establishing  a  general  relation  between 
the  variables  x  and  y,  while  the  former  connects  the  particular  values 
which  these  quantities  have  at  the  limits  of  integration. 

50.  Without  this  distinction,  the  solution  of  the  problem  would 
be  impossible,  since  there  could  not  be  two  general  relations  between 
X  and  y. 

51.  The  coefficients  of  the  increments  in  the  equation  ai—a,,=  0 
being  constant,  and  the  increments  thcmsches  either  entirely  arbi- 
trary, or  restricted  by  a  limited  number  of  conditions,  that  equation 
will  be  equivalent  to  as  many  distinct  equations  as  cia  be  formed  bj 
placing  equal  to  zero  each  of  the  coefficients  of  thobe  increments 
which  remain  arbitrary,  after  we  have  elimmated  all  such  increments 
as  are  restricted  by  the  given  conditions  We  now  proceed  t«  show 
that  the  equations  thus  formed,  together  with  tbat  obtained  by 
integrating  the  differential  equation  &  ^  0,  wdl  just  suffice  for  the 
complete  solution  of  the  problem  when  a  solution  is  possible. 

52.  The  differential  equatioa  6  =  0,  or 

--S  +  IS-- .(-.).^^«....(.), 

is  in  general  of  the  2»'*  order.     For   since   V  contains  -j-^, 
the  quantity  P%  =  -■         will  usually  contain  --^  also  ;  and  therefore 


■■,    "  will  usually  contain  -7-T— 

Hence  the  integral  of  (C)  will  usually  contain  2n  arbitrary 
constants. 
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unrestricted,  the  equation  a.,  —  ag  =  <i  will  contain  2n  +  3  arbitrary 
increments,  viz. : 

in  which  case  that  equation  cannot  be  satisfied,  since  there  would  be 
formed,  by  placing  the  coefficient  of  each  arbitrary  increment  equal 
to  zero  2n  +  2  equations,  while  there  are  but  2n  constants  whose 
values  are  to  be  determined. 

This  result  might  have  been  anticipated,  for  it  is  evident  that  if 
the  form  of  the  function  y,  and  the  limits  of  integration  be  entirely- 
unrestricted,  the  integral  may  have  any  value  from  0  to  a> ,  and, 
therefore,  cannot  admit  of  a  maximum  or  minimum. 

63.  The  nature  of  the  restriction  imposed  upon  the  limite  must 
depend  in  each  case  upon  the  conditions  of  the  proposed  problem. 

1st.  Let  the  limiting  values  of  a;,  viz.,  a:^  and  S;  be  given  ;  that  is, 
let  it  be  proposed  to  find  sudi  a  form  of  the  function  y  as  will 
render  fVdx,  when  taken  between  fixed  limits,  a  i 


Here  we  have  rfci  =  0,  and  dxg  =  0,  and  the  equation  «j —  a^O 
is  now  equivalent  to  the  following  separate  equations : 

[p.-f...]_=0,[..-^  +  ..]^.0, 

ll\-&c],=0,  lF^-&c.]„^0,  &c.  &C.  &c....[/'„]i=:0,  [i'«]o=0. 

The  number  of  these  equations  is  2n,  the  same  as  that  of  the  con- 
stants remaining  to  be  determined ;  and  hence  the  solution  is  in  this 
case  complete, 

2d.  Let  the  limiting  values  of  both  x  and  y  be  given. 

Then  rfs,  =  0,  Sy^  =  0,  dxg  =  0,  St/f,  ^=  0,  and  the  equation 
a,  —  C(|  =  0  is  equivalent  to  Sn  —  2  separate  equations,  viz. :  those 
formed  by  placing  equal  to  zero  the  coefficients  of  the  following 
increments : 
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UJ  ^'     Ud  0,  Idx'J  i'     Li/ad  0  Lc&'^'J  i'     Idx-iA  „ 

But  there  are  now  two  additional  equations  resulting  from  the 

substitution  of  the  given  limiting  values  of  x  and  y  in  the  general 

solution  of  the  differential  equation  i  =  0.     For  let  the  integral  of 

that  equation  be 

where  c-^^c^ c^„  are  the  2re  arbitrary  constants.     Then  we  shall 

have  the  Hn  equations 

/[i,,,,,.,,.,....  ...]  =  0,    /[!.,!,„.„., ,,.]=(!, 

[/'3-&c]i=0,  [i'3-&c.]o=0,  &c.  &c  . . .  [P,Ji  =  0,  [P„]o  =  0, 
with  which  to  determine  the  2n  constants, 

3d.  Similarly,  if  the  limiting  values  of  x,  y,  and  -^werc  given  the 
new  condition,  would  remove  two  of  tho  preceding  equations,  viz. : 

[Pj  -  ^-  +  &cj  =  0     and     [-Pi  -  ^  +  &c.l  =  0, 
but  two  new  conditions  would  be  derived  from  the  substitution  of 
the  limiting  values  of 
the  general  solution. 


the  limiting  values  of  -j-  in  the  equation  obtained  by  difEerentiatinc 


Poi-let  /J^,;/,  g,c„c„ c,.]^0 

be  the  result  of  a  differentiation  with  respect  to  a.     Then  we  shall 

^i'.-..(l)-- -]  =  ». 
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equations  would  disappear  from  the  group  obtained  by  making 
i;-,  —  do  ^  0 ;  and,  on  the  other  hand,  two  new  equations  would 
result  from  the  substitution  of  the  limiting  values  of  -r-j  in  the 

equation  obtained  by  differentiating  the  general  solution  twice ;  thus 
preserving  the  total  number  of  equations  equal  to  2ra,  the  same  as 
tliat  of  the  constants  to  be  determined.  And,  in  general,  whatever 
may  be  the  number  of  the  quantities  having  given  limits,  the  total 
number  of  equations  will  be  2n,  and  therefore  just  sufficient  for  the 
complete  solution  of  the  problem. 

55.  When  the  limiting  values  of  x,  y,  -j-,  &c.,  are  not  absolutely 

fixed,  but  simply  connected  by  one  or  more  equations  of  condition, 
the  variations  of  the  quantities  so  connected  are  not  independent, 
and  therefore  two  or  more  of  the  equations,  resulting  from  the  con- 
dition Oj  —  Oa  ^  0,  will  be  replaced  by  a  single  equation.  Thus 
the  total  number  of  equations  deducible  from  a,  —  »„  =;  0  will  be 
diminished ;  but,  on  the  other  hand,  a  number  of  new  equations, 
just  sufficient  to  supply  the  deficiency,  will  arise  from  the  equations 
of  condition.     To  illustrate  this,  tal^e  the  following 

ExoM/pU.  Let  the  limiting  values  of  x  and  y  be  connected  by  the 
equations 

Vx  =/i^i     and     ^0  =/o«o- 

The  quantities  Ax^,  Si/^,  dx^,  5>/q  will  be  connected  by  the  following 
relations ; 

[I],- <^'+'''-  =/.'».•■''..  H];  ■'■'.  + '!"  =/.'«.■  ^'.- 

Now,  substituting  the  values  of  %,  and  Sz/„,  derived  from  these  equa- 
tions in  flj  ~  «(!  =  0,  and  placing  equal  to  zero  the  coefficient  of 
each  remaining  variation,  the  following  equations  will  result : 
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[p^  —  ^  +  &e-]  ^  0,  &c 

The  other  equations  being  the  same  as  heretofore. 

These  equations,  (2n-  in  number,)  in  connection  with  the  four  fol- 

'Ji  =/i«o.     l/i  =fii^Q,    /(■""i,  Vi^  "^i,  S H^)  =  0 

/(^o,  yo,  q,  c„  .  .  ■  ■  r,„)  ^  0 
will  just  suffice  for  determining  the  2re  +  4  quantities 


we  should  have 

[a.-"^.  +  ^[|]r/."-"»  •-[S].+4l].=/.'v.' 

Hence,  the  first  three  terms  in  eaeh  of  the  quantities,  Oj  and  a^, 
will  reduce  to  one,  and  the  number  of  equationis  dedueible  from 
(ii  —  Oj  =  0  will  bo  reduced  to  2ii  —  2.  But  we  shall  have  in  addi- 
tion six  other  equations,  viz. :  the  four  used  in  the  preceding  case, 
and  the  two  following ; 

/'  [''i.  y„  fi\,  «i,  ^2r-  C2~]  =  0,    /'  [^„  y„  /,%,  c„  c^,...  r,„]  ^  0, 
whidi  are  obtained  by  differentiating  the  general  solution 
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f{x,  y,  Cj,  Cj, cj,)  =  0, 

and  substituting  in  the  result  the  limiting  values  of  x,  y,  and  —. 

Thug  the  total  number  of  equations  will  be  2n  +  4,  which  is  just 
sufficient. 

And  the  same  result  will  be  found  true  when  the  restrictioas 
d  upon  the  limiting  values  of  the  several  variations  are  more 


57.  The  exceptions  to  the  preceding  theory  will  now  be  considered, 

58.  Case  \st.  Let  F  be  a  linear  function  of  the  highest  differ- 
ential  coefficient  -y~. 


be  of  an  order  higher  than  2»  —  1.     Hence,  the  equation 

ds         dx^  '     etc" 

caimot  be  of  an  order  higher  than  2»  —  1,  and  its  solution  will  coo 
tain  2n  —  1  disposable  constanta.  Thus  the  equation  a,  —  «d  =  0, 
which  is  equivalent  to  2ra  equations,  cannot,  in  this  case,  be  satisfied. 
69.  It  may  even  be  proved  that  the  equation  J  =  0  cannot,  in  this 
case,  be  of  an  order  higher  tjian  %n  —  2. 

For,  put  j-f  =  "■        Then  T  =:  fly  +  fl', 


where  fl  and  fl'  are  functions  o 


dy    iPy  d'^hf 

''  d^'  d^'  '  ' '  rfi^i' 


It  has  been  shown  already  that  the  equation  6  =  0  does  cot, 
this  case,  contain -j-^^  and  therefore  it  is  only  necessary  to  pro 
that  it  does  not  contain  the  coefficient  ;t-jjiy- 

Now,  this  coefficient  (annot  occur,  unless  it  be  in  one  of  two  terr 
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BMr=6v+S'      .•.P„  =  -^^=~  =  »,     and 
d'^y  dv 


Now  to  find  the  coefficient  of  ■,  „■  ';  in  — ; — ■",  we  must  form  the 
\-aliies  of  l-T-l,  (7-^)1  ■  ■  ■  ■  YT'J)'  °-'°^  rejeet,  in  caeli,  every  term 
except  that  of  the  hlglicst  order. 

Makmg  -; — ~  =  u,     we  have 


idb\_^d^        dS    dy         dS      '^■'y   ,    .  « 

\di)^dS'^d^"di'^'^-'^2  +  ^''-  ^  I 


Hero    the  last  term  -; 1-  =  -, H-     is    the  only  term   to  he 

au    dx      du    dx" 

retained,  because  all  the  others  are  of  an  order  less  than  n.     And 

similarly  the  only  term  in  \-fi\  '^^  ^^^  order  «  +  1  is 

S_  ^_d6_  d^+'i/ 
du  dx^      dv,  (^1"+'' 
Iq  the  same  manner,  it  appears  that  the  only  term  in  i-r^  of  the 
order  2»  ~  1  is 

d&     d'u  _d6    rf^B-ij, 
du   dx-^   ~  du    da?"-^ ' 

...„,,,,  „  dV  dV         dS        di' 

Agam,  smce  V  ~6v  +  6'    .  ■.Pa-,  —  ■ ■  = =  v (-  — 

,d'^~hi        du  du       dif 

Hence,   by  forming  the  values   of  — r— ', -^  ■  ■  ■  ■  -— --. 

dx  dx'-  dx"-^ 

retaining  only  the  terras  of  the  highest  order  in  each  successive  differ- 
entiation, it  will  be  seen  that  the  only  term  of  the  order  2»  —  1,  in 
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du    c!a;"~'      du  dx^'^^' 
e  tWs  term  is  precisely  the  same  as  the  term  of  tie  same 
disappear  in 

.  • .  the  equation  i  =  0  is  not  of  an  order  higher  than  2n  —  3. 
60.  Case  2d.  Let_  r=y -/a;  4--f  {«,p,),  where^i  ^ -^. 

Here      N=  -r-  =fi:,     and  P,  ^-~  =  . — '  '^  ". 

and  since  V  is  in  this  case  a  function  of  x,  y,  and  -^  only,  the  equa. 
lion  6  =;  0  will  become  simply 

and  is  immediately  iotegrable,  giving 


Substituting  the  value  of  Pj,  derived  from  the  proposed  equation, 
we  shall  have  an  equation  involving  x^,  p^,  &c-,  which,  solved  with 
respect  to_pi,  will  give  a  result  of  the  form 

Py  =  '?{x,c)         or         -£  =  <f{x,c) 

Now  suppose  the  limiting  values  of  x  given,  th<^e  of  y  heing  in. 
determinate : 

The  equation  o,  —  o  ^  0  is  then  equivalent  to  the  two  equations 
[/'i]i  =  0,  and  [Pilo  =  fl  or  /i^,  +  e  =  0,  (2)  and  f^^^+e  =  0  (3) 

Hbe  two  equations,  (2)  and  (3)  contain  but  one  arbitrary  constant 
c,  and  tberefore  cannot  usually  he  satisfied,  although  t!ie  general 
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solution  (1)  contains  the  proper  irambor  of  constants.  Hence  the 
proposed  problem  does  not  admit  of  a  solution. 

61.  If  in  the  case  just  considered /«  =  0,  so  that  V  =  -f  (ayij) 
the  two  equations  (2)  and  (3)  become  identical,  and  the  solution,  is 
then  possible :  but  it  belongs  to  the  indeterminate  class,  since  one  of 
the  constants  remains  entirely  arbitrary. 

62.  The  results  just  obtained  are  not  peculiar  to  functions  of  the 
first  order,  such  as  that  just  considered ,  for  if  Fbe  supposed  of  such 
form  as  will  give 

and  if  the  limiting  values  of  a  only  be  given,  similar  reasoning  will 
apply.  The  equation  6  =  0  will,  in  this  instance,  as  in  the  preced- 
ing, be  immediately  integrable,  giving 

^■-"S +  *»■=/>='+' 

and  the  first  two  equations  resulting  from  the  equation  Oi  —-  a^  =z  0, 
are  /,«i  +  c  :^  0,     and    /ja:,,  +  e  =  0. 

These  two  eqniitlons  cannot  usually  be  satisiied  except  whea 
f,T  =:  0,  in  which  case  y  docs  not  appear  in  the  value  of  V. 

And  in  general  if  -r—^  be  the  lowest  differential  coefficient  appear- 
ing in  V,  the  form  of  P"  being  such  that  —3—  =fa-^,  and  if  the  lim- 

dx' 
ititing  values  of  k  and  of  those  coefficients  which  are  higher  than  the 
«'*  be  alone  given,  we  may  prove,  in  like  manner,  that  the  problem 
will  not  admit  of  a  solution. 

Case  3d.  Let  iV=  0,  and  let  the  limiting  values  of  x  only  lie 

In  this  case  the  equation  6  =  0  becomes 
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dP,        d-^P„        d^P~    ,     „ 


~dx 

~ 

IS^^ 

d^ 

,  +  «c 

._u 

and  is  integrable. 

:   givi 

P, 

- 

dx 

d-p^ 
d-x' 

+  &C. 

=== 

and  the  two  coEditioii 

s  furnished  hy 

pl.lcmg 

equal  to  7ero 

thi 

:?cO«ffi- 

cicnts  5i/j 

aud 

S'M 

" 

[^'i- 

dx 

+  £^c.l 

=  0 

and 

[-p.- 

dp^ 

■  +  &C.]o 

:- 

0 

Hence  the  equation  a,  —  Oj,  =  0  is  equivalent  to  but  2ii  —  1 
equations,  instead  of  2«,  and  the  problem  is  indeterminate.  This 
result  might  have  been  expected,  for  since  ff  does  not  appear  in    F, 

nor  in  the  conditions  fnlfilled  at  the  limits,  the  coefficient  -f-  might 

dx 

have  been  taken  as  the  principal  function,  instead  of  y,  and  then  the 

equations  given  by  fl  E7  =  0  would  have  been  just  sufficient  to  estab- 

ibh  a  relation  between  x  and  -r,  without  arbitrary  constants,  which 

relation,  when  integrated,  must  give  an  equation  between  x  and  ij, 
I'ontaining  one  arbitrary  constant. 

63.  -If,  in  the  last  case,  one  of  the  limiting  values  of  y  were  given, 
the  problem  would  again  become  determinate.      Similarly,  when 

JV  =  0  and  P;  =  0,  and  both  limiting  values  of  y  and  ~  fire  in- 
determinate, the  solution  will  contain  two  arbitrary  constant';,  and 
will  be  rendered  determinate  by  assigning  at  least  one  LmLlinj  "lalve 

to  y  and  -r- 
dx 

And  generally,  if  the  first  m  terms  of  the  equation 

,^      dP,   ,   rf-^A      , 
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be  wanting,  and  if  there  be  no  eonditiona  fixing  the  limiting  yalues 
jfy,  -r,  •  ■  ■  ■  .  ,  the  soiutionwilleoTitainm  arbitrary  constants. 

The  preceding  cases  afford  the  principal  examples  of  exception  to 
ihe  general  theory.  We  now  return  to  the  consideration  of  ttiiit 
theory. 

64.  As  it  will  sometimes  be  possible  to  integrate  the  eijuation 

iV- 

one  or  more  times  without  determining  the  form  of  the  function  V, 
and  as  the  consideration  of  these  cases  will  greatly  facilitate  the 
application  of  the  theory  to  particular  examples,  we  proceed  to 
examine  some  of  these  cases,  arranging  them  in  two  classes. 

G5.  Isl  Case.     Let  the  first  m  of  the  quantities  v,  ~.  — ^,  &o.  be 
■"da  dx" 

wanting  in  V,  or  let 

v  =  fL^ ^1 

■^  L  '  ife™  dx'J 

Then  the  first  tti  terms  of  the  equation 

^      ^  +  &c.  =  0 
dx 

will  be  wanting,  and  that  equation  will  reduce  to 
which  gives,  when  integrated,  m  times, 


dx 


h  &c  ^  f  J  +  e^x  +  c^a;'  -}-..-. 


a  differential  equation  of  the  order  2»  —  vt. 

66.   Case  2rf.  Let  the  independent  variable  x  be  wanting  i 
or  let 
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L     dx  '  dx^  dx'  ds''+U 

or,  ty  aubatituting  for  JT,  its  value  derived  from  the  equation, 

-^  -^   J     +  "TT^  —  &C.  ~  0,  we  get 
dx         dx^  ° 

+['-.ss?-<-»-s-s:-]- 

But  the  quantity  /  P^  ^~^i  ^  g'^^^i  '^y  ^"  integration  by  parts, 


^  ^:^dx^p  ^_^.^!i^4 


A"^ 


(^"y       dPn   d"~'y 
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^      ^dx^L    ^dx^       dx     dxA 
L    ^dx^'        dx     dx'       dx^    dxA 

which  is  a  differential  equation  of  an  order  not  higher  than  2n.  —  1. 

Thus  it  appears  that  when  Fdoes  not  contain  the  independent 
variable  x,  the  equation  6  =  0  can  be  reduced  at  least  one  order. 

67.  The  following  are  the  most  important  applications  of  for- 
mula (i)) : 

''=^(1) <•)■ 

Hero   r  ^  c  +  i>j  ^  by  formula  {D),  since  P^  =  0,  P^^  0,  &c. 

But  r  is  a  function  of-/'     .■.  P,  :^ — r— is  also  a  function  of -r— 
dx  dy  dx 

Hence  by  substituting  for  Fand  P^  their  values,  and  then  solving 
with  respect  to  -r-,  the  result  would  take  the  form 

dx     "^v   ■  ■  y  -  '^v'=  -<-  H 

Here  y  is  a  linear  function  of  x,  and  this  result  shows  that  linear 
functions  have  the  property  of  giving  a  maximun 

to  every  function  of  -j~  which  admits  of  such  a  value. 

M.  Let  ^=f(«-^i) (»)• 

Than  F=t+P,  ^'■ 

dx 
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3d.  Let  F-W«.  fl\.. 


-4© «■ 


The.  v=,  +  F'\-i..p. 

dx^      ax    ax 

68.  Case  3d.  Let  the  function  F  belong  at  the  same  time  to  both 
of  the  preceding  classes,  that  is,  let  the  independent  variable  x,  and 
the  first  first  m  of  the  quantities  y,  ~,     -j^,  Sec,  be  wanting  in  V. 

The  equation  6  :=  0  gives,  as  in  the  first  case  by  integration, 

-P™ ^  +  *=<=■  =  '^0  +  =1^  +  ^2*^  +  ^0 -^-la^-'. 

.  ■ .  P„  =  ^^  -  &c.  +  Co  +  c^x  +  cjs^  +  &e. . . . .  c^s^'. 
dx  u        i  J  "—1 

This  value  substituted  in 
the  diflerential  of  the  given  relation 

L      ^*  dx'"+^  ^      dx      rfaf +ij 

L  ^  'J  rfi"'+' 

Integrating  by  parts,  we  get 
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r-,+P        .'*:t^+rP         <<-"?     dP^   J-H-y-l 


But  since  in  general 


+  (_l)r.,(,_l)(,_2). 


if  we  put  successively  r  equal  to  {1, 3, 3, m  —  1),  and  suLstituta 

the  resulting  values  of  the  integrals, 


in  equation  {E)  it  will  be  a  differential   equation   of   tiie  order 
2»  —  ?/i  —  1 ;    that  is,  the  original  differential  equation  will  have 
had  its  order  reduced  by  w  +  1  degrees. 
69.  Suppose  for  example  that 


Then  the  equation  6  —  0,  becomes 


=  0, 


dP„ 
whence  by  integration    F^  —  -t-=  +  c. 

and  this  value  substituted  in  the  differential  of  (1)  v 
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-=[-S]2— .2- 


F=c'  +  c^  +  /*, 


a  differential  equation  of  the  second  order  as  it  should  be,  since 
2n-m-l  z^2. 

Uelatwe  MaaAtna  and  Minima  of  One  VaHahle. 

70.  Prop.  To  determine  the  form  of  the  function  y  =  '^x  which 
will  render  /  Vdz  (taken  between  certain  limits)  a  maximum  or  min- 
imum, when  y  is  selected  from  those  functions  which  satisfy  the 
additional  condition  JV'dx  =  e     (between  the  same  limits) ;    the 

The  condition  fVdx  ^  a  maximum  or  minimum,  gives 

£}frdx  =  0 (1). 

And  the  condition  JV'dx  =  c,  gives 

D/V'dx=0 (2). 

Multiply  (2)  by  an  arbitrary  quantity  X,  and  add  the  result  to  (1); 
then    DfVdx+\.Dfr'dx  =  0  or  DJ{V+\V')dx  =  (i---- (S) 
and  equation  (3)  will  include  all  the  conditions  involved  in  the  prob- 
lem, and  will  imply  that  both  (I)  and  (2)  are  necessarily  true. 
Tor  since  by  hypothesis  X  is  an  arbitrary  quantity,  we  may  'ftTita 
J)f(V+Xir')dx  =  0     and     DJ\r  +  \V')dx  =  0 
■  ■  ■  ^A^i  ~  \)  ^''^^  =  0     or     {X-,  -  \)Dfrdx  ^  0. 
Now  X,  and  \  are  not  equal,  and  therefore  X,  ~  Xj  is  not  equal 
to  zero.     Hence  we  must  have 

DfV'dx  =  0,         and  .  ■ .  from  (3)         DfVdx  ^  0  also. 
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Thus  (3)  ineludos  all  the  conditions  rctjuircd ;  and  therefore  if  we 
replace  F'  by  V -\-  y^V,  the  problem  can  be  solved  as  one  of  abso- 
lute maxima  or  minima. 

The  formula  (3)  expanded  and  applied  to  the  limits  Xf^  and  a;,,  glvea 

71.  Oor.  It  may  be  shown  in  nearly  the  same  manner,  that  when 
/Vdx  =  a  maximum  or  minimum,  and  also 

fV'dx  =  c        and         fV'dx  =  c', 
the  problem  may  be  solved  as  a  case  of  absolute  maxima  and  minima 
by  replacing  F  by  V  +  XV  -\- >.' V"  where  X  and  X'  are  arbitrary 
constants. 


1 


72.  We  will  now  illustrate  the  principles  already  explained  by  a 
few  examples. 

1,  To  find  the  nature  of  the  line  (lying  entirely  in  one  plane) 
which  is  the  shortest  distance  between  two  given  points. 

Let  X(^y^  be  the  co-ordinates  of  the  point 
A,  and  x^y^  those  of  B.  The  general  value 
of  the  length  of  the  arc  of  a  plane  curve  AB 

ia  /  1 1  +  y-|  )  dx  taken  between  the  proper  0 
limits.     Hence  in  the  present  case  we  shall  have 

U  —  I   ^ Vdx  =  f    ^\\4--~\  dx=  &  minimum. 
•fx^  Jxij  \        da?! 

Here  F  ^  II  +-7-5)  —fvj  \  ^'^^  consequently  by^  formula  (o), 
the  solution  of  the  equation  J  =  0  becomes 

and  the  shortest  path  from  yf  to  £  is  a  straight  line. 
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V^dx^  -  r^dx^  +  P-,Sy^  -  P/yo  =  0 


dx^  =  0,  (ie,  =  0,  Sy^  =  0,     and     Sy^  =  0, 
the  limiting  values  of  both  x  and  y  being  fixed. 

To  determine  the  values  of  the  constants  c  and  c'  we  have  thi 
equations 

5-1  =  cXi  +  c',         and         J/o  =  «;,,  +  <^' ; 

thus  the  solution  of  the  problem  is  complete. 

2,  To  find  the  line  of  shortest  distance  between  two  given  a 
Let  the  equation  of  the  curve  AB  be  y^  =  -F^ (I). 

and  that  of  the  curve  OJ}, 

y,  =  F,x,...-  (2). 
As  in  example  1, 


=  ('+l?f=/(l)^ 


.  • .  y  =  ea;  +  c , 
and  the  shortest  distance  is  still  a 
straight  line. 

To  determine  the  values  of  the  constants  c  and  e',  and  the  limiting 
values  Xg,  yj,  x^,  y^,  we  proceed,  as  follows : 

From  (1)  and  (2)  we  get  the  following  conditions  connecting  dx^ 
SyQ ;  dx^  and  5y„  viz. : 

m  which  ta  —  —f~^,      and      (,  ~  — r^-l 

"        dxg  dxj 

.  ■ .  %o  =  {If,-  c)  rf^o,  Sy^  =  (fj  -  c)  dxi. 
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Substituting  these  values  in  the  equation  a^~  aa  =  0,  and  replacing 
F,,  Ffl,  J*!,  P^  ^7  '''isi''  values,  we  get 

(1  +  e'^fdz^  -  (1  +  c^)^d^,  +  c  (I  +  c^)"^  ((,  -  c)<l^. 

Now,  placing  equal  to  zero  the  coefficient  of  dx^  and  dx^,  the  only 
arbitrarj'  incrementa  reniajning  in  the  equation,  we  get 


w,  1 +c;i  =  0-.-_(3),     and     1  +  rfo  =  0  ■  •  -  (4). 

These  two  equations,  with  the  following 

suffice  to  determine  the  six  quantities,  c,  e',  x^,  y^,  s„  i/y 

He  equations  (3)  and  (4)  show  that  the  shortest  line  S!S'  cuts 

both  curves  at  right  angles. 

73.  In  the  preceding  example,  suppose  the  given  curves  to  become 

straight  lines  perpendicular  to  the  axis  of  x.     Then  dxg  =  0,  and 

dxi  =  0,  since  the  extremities  of  the  shortest  line  will 

have  invariable  absciasee. 


-^=  03,     and     ti--p- 


Also     ic  —  -f^  =  03  ,     and     t^  ^  ~i-  =  03;     .-.0  =  —  =  0; 


and  as  c'  is  now  indeterminate,  the  required  line  of  shortest  distance 
may  pass  through  any  point  of  AB. 

This  ia  an  example  of  Exception  2, 

3.    To   find    the  form   of    the  function    y,   which    shall  render 


^=X>"(>+g)*- 


a  maxmium  or 
Here  we  have 
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«iid  therefore,  by  formula  (4), 

-T* 

Making  e  ■=.  l",  and  solving  with  respect  to  dx,  we  get 

This  comes  under  the  binomial  form,and  therefore  is  integrable  wlien 


&  =  •■ 

'        2ft      2~  ' 

an  integer  or  ze 

lOi    th«t 

is,  when 

.   h»,   on, 

J  of  the 

following 

valueE,  viz. : 

..\.\. 

i-. 

or,  -I,  - 

1          1 
5-  "3'  " 

-^e. 

As  a  particular 

case  of  this  problem 

,  suppose  »=-^-, 

.-.  d^  = 

°vf(r 

-r*^ 

■*i 

OP                 it  = 

^*„ 

i% 

=  -*^ 

■2»)*. 

■-1/5"- 
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.•..  +  ,  =  ii.,.r.i.-SL_(„_,.)J. 

If  the  limiting  values  of  x  and  y  be  given,  then 

dx^  ~  0,     hy^  =  0,     dxy  =  0,     5yj  =  0, 
and  the  equation  Oj  —  do  —  0  disappeara. 

To  find  the  two  constants  c  and  I,  we  have  the  two  equations 


•(I)- 


74.  The  equation  (1)  of  this  last  example  exhibits  the  solution  of 
the  celebrated  problem  of  the  Brachystochrone,  or  the  curve  of 
vwiftest  descent. 

Thus,  let  A  and  B  be  two  points  in  the  same  ver- 
tical plane,  and  let  it  be  proposed  to  determine  the 
nature  of  the  curve  APB,  along  which  a  heavy  body 
will  descend  from  A  Ui  B  (under  the  influence  of  the 
force  of  gravity  alone)  in  the  shortest  possible  time. 

Denoting  by  ( the  time  occupied  in  passing  from  A  tc 
in  the  unknown  path,  the  co-ordinates  of  which  point  are  x  and  y; 
by  s  the  variable  arc  AP,  and  by  g  the  velocity  acquired  by  a  heavy 
body  falling  vertically  during  a  unit  of  time ;  then  it  is  shown  by 
the  prineiplea  of  Mechanics,  that  the  velocity  acquired  by  the  body 
in  descending  along  the  curve,  (when  it  has  reached  the  point  P,) 
will  be  expressed  by 


my  point  P 


db,Google 


MAXIMA  AND  MINIMA  OF  ONB  VARIABLE.  479 

•  *-  f  y     {^  "'"Til  ^^=  ^  minimum  between  the  limits 
a:  =  a:,  —  0,     and    x=^Xi  —  AF. 

The  equation  (I)  represents  a  cycloid,  the  axis  DC  =  I  being 
vertical,  and  the  extremity  of  the  basp  coincident  with  A,  the  point 
of  departure. 

75.  4.  Through  two  given  points  A  and  J5,  draw  a  curve,  of  given 
length,  so  that  the  area  included  between  the  chord  AB  and  the 
curve  APS  may  be  the  greatest  possible. 

'  This  is  a  problem  of  relative  maxima  and  minima,  since  the  curve 
b  to  be  selected  from  a  particular  class,  viz. ;  those  which  have  a 
given  length  I,  or  which  fulfil  the  condition 

AJso  fVdx  =  J    '  yiix  —  a  maximum. 

Therefore  by  the  method  of  relative  n 
and  minima,  we  have 

i>  =  DJIV+  XV')d^  :=  i)^^'[y  +  >-(l  +1?)  ]d^ 

+  X(  V^'dx^  -  r„' .  dx„  +  5f^^  V'dx). 
Here  the  limiting  values  of  both  x  and  y  are  invariable,  giving 
dx^  ^  0,     oi/j  =  0,     dx^—  0,     aij-y  =  0. 
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Hence  the  eijuation.     a,  —  Ug     disappears,  and  formula  (6)  gives 


(-)(•  +  # 


<,-„^  +  S\*  =  x  -  g=^ 


_(y-_£)^_ 


^^ .^=,  whence 

and  the  required  curve  is  the  are  of  a  circle. 

To  determine  the  constants  c,c',  and  X  we  have  the  three  equatio; 


-  chord  AB 


<i-\ 


or  when  the  origin  is  at  A  and  the  chord  AB  coincides  with  the 
axis  of  ^, 

,^  +  c^  =  K^(.,-cr  +  ^  =  7.^    and    |-=.inA. 

76.  5.  Given  the  length  I  of  the  curve  joining  two  fixed  points 
A  and  £,  to  find  the  form  of  the  curve  when  the  surface  generated  by 
its  revolution  obout  the  axis  A£  is  the  greatest  possible. 
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Here/ri.=_/;^'J,,(l+*;)& 


.-.  I>V'=I>/{V  +  xr)dx  =  0  and 

The  equation  a^  —  aQ  =  Q  disappears,  and  (6)  gives 


y/fi,,  +  X)'-,' 

o  integrate  thi 

put  2*!/  +  X  ^  a 

and     ^ 

-fi 

=  .- 

t, 

—  — +  '-.-^ 

,  and  rfy  = 

2*- 

(2-C 

A^e 

d 

r2_/3 

.-.  dx  = 

~2^ 

dt 

t 

V(2»,  +  >.)' 

-'"-      2i     • 

-=i'°sr  = 

c' 

2*^°S2*y  +  X- 

'V^+ 

X)^- 

-e' 

«  ,__2»j  +  X  +  -/(Sij,  +  x)!"  -  «• 

ar'°8 

c' 

.y+  C'+ V(y+  C')'-  (?' 
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II  which   0  =  ^,  C-^—,     and     C" 


'  2*c' 


This  is  the  equation  of  the  Catenary,  which  therefore  is  the  required 
curve. 

'it.  Prop.  To  find  the  form  of  the  function  and  the  values  of  the 
limits  Kg  and  x^  which  shall  render 

U  :^V'  -\-  I    '  ydx  a  maximum  or  minin:ium,  where 

-"/(-IS S). 

-=/'[--(l).--e>--(II p).] 

The  general  equation  6  —  0,  being  derived  exclusively  from  the 
terms  under  the  sign  of  integration,  must  be  the  same  as  in  the  last 
proposition,  and  therefore  it  will  be  necessary  to  consider  only  those 
terms  which  refer  to  the  limits ; 

VntdV  ^M'dx^-]r  N'dy^  +  F^'di^  +  P-i'^i(^\  +'i!c..--. 
Then  the  additional  terms  in  D  U,  resulting  from  F',  are 

--.--^---.■(fi--4m- --■■'©) 

and  the  first  member  of  the  equation  o,  —  do  ^  0  will  he  increased 
by  these  terms,  which,  lieing  of  the  same  form  with  the  terms  pre- 
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viously  found  in  that  equation,  there  will  be  no  diiFeronee  ia  the 
manner  of  discussiDg  it  in  its  modified  form. 

It  must  be  remembered,  however,  that  the  possibility  of  satisfying 
the  condition  DU  ^=  0,  depends  upon  the  fact  that  the  number  of 
independent  increments  in  the  equation  a-^  —  a^  =  0,  does  not  usuaDy 
exceed  the  number  of  arbitrary  constants  in  the  integral  of  the 
eqtiation  6  =  0.  Hence  if,  in  any  particular  case,  the  pumber  of 
independent  increments  should  be  greater  than  the  number  of 
eonstants,  the  solution  would  be  impossible. 

Now  in  the  ease  at  present  under  consideration,  the  number  of 


relating  to  the  mtenor  limit  is  n'  +  2,  and  the  number  of  incre- 
ments already  found  to  e\ist  m  Og  is  «  +  1 

If  then  n'  +  2  >  n.  +  1,  or  «'>«—!,  the  solution  of  the  prob- 
lem Will  be  impossible. 

Similar  remarlts  apply  to  the  superior  limit ;  and  we  conclude 
that  when  the  new  function  V  containa  any  coefficient  of  an  order 
higher  than  «  —  I,  the  function  Cwill  not  admit  of  a  maximum  or 

78.  J'rop  To  find  the  form  of  the  function  j/  and  the  values  of 
the  limits  iCo  and  a:,,  which  shall  render  U  =  f  ^  Vdx  a  maximum 
or  minimum,  where 

\rf»A" \d3^''"}J 

The  general  equation  DU  =  0  becomes  in  this  case    (p.  441) 
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This  being  written  in  the  form 

"i  -  flo  +/^^  ^^y^':  ^  0, 

shows  that  6  is  the  same  as  before,  and  therefore  the  form  of  the 
function  y  is  not  changed  by  supposing  Fto  contain  explicitly  the 
limiting  v^ues  of  a,  y,  -j-,  &c. 

Also  the  terms  in  a,  •-  Op  —  0  are  of  the  same  nature  as  if  V 
did  not  contain  the  limits,  forming  a  series 

Ai_<h,  +  -2/yi  +  G,  (^\  +  &c.  +  ^o'^e  +  -5,-^2/0  +  Co  (^)  &c. 

jii,  £„  Cj,  &o,,  .^0,  ^01  ^0!  ^<!'i  being  constants.  For  in  the  ex- 
pressions 

/    '  m^dx,   I    '  m^x,  &c., 

the  same  supposition  is  made  as  in  the  terms 
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and  tho  other  coefficients  of  the  several  increments  ia  the  equation 
Oj  —  Oj  =  0,  where  V  did  not  contain  the  hmits ;  viz. :  that  the 
value  of  y,  derived  from  the  equation  6  =  0,  has  been  substituted  in 
m.,  m^,  &C.    This  substitution  being  effected,  and  the  definite  integrals 


f^'fi^d^,   f^' 


indx,  Ha., 


being  formed,  the  quantities  A-^,  B-^,  A^,  'B^,  &c.,  will  become  entirely- 
constant. 

Thus  the  mode  of  treating  the  equation  i>  (7  =  0  is  in  all  respects 
the  same  as  in  the  case  previously  considered. 

The  following  examples  will  illustrate  the  cases  considered  in  the 
last  two  propositions. 

79,  -Ec-  Having  given  the  area  c  of  the  figure  BAAjB^,  bounded 
by  the  axis  of  x,  hy  two  ordinates  passing  through  the  given  points 
B  and  J5„  and  by  a  curve  ACA^^to  find  the  nature  of  the  curve  and 
(he  values  of  the  extreme  ordinates  BA  and  5,J„  when  the  peri- 
meter of  the  figure  is  a  minimum.  Put 
OB=x^,  OBi=Xi,  BA^y^  BlA^=y^. 
Then,  since 


e  have 


BA  +  B^Ai  +  ACA^  ^  y„  +  l,^ 

Iso  y"'^'  V'di:  =  f^^ydx  =  e. 

.-.    U^  V"+f^\r+>-V')dx: 


Here  U  contains  a  term  V",  exievior  to  the  sign  of  integration, 
involving  the  limiting  values  of  y,  and,  therefore,  by  the  method 
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applicable  to  such  cases,  coinblned  with  that  of  relative  ma.ci 
and  minima,  we  have 

i)  If = i)  [,. + J, +y^'' |(i + g)*+ xj }  &] = 0. 

Now     F  +  XF'  ~fi^,  -j-Y  and  therefore  by  formula  (4) 
F  +  XF'=c, +  P,  J. 

Bu.       P.^^f'+^n^A  +  a-i.!;. 

dy  \         ax'/       ax 

Put    ^■^^,     and     U„,      the.      (l+g)(,e^,)=^.- 


or,  (3;  —  Cg)^  +  (y  —  ^)''  =  a^,  the  equation  of  a  circle. 

Hence,  the  curve  ACAj,  is  a  circular  arc. 

To  determine  the  values  of  the  ordinatea  fg  and  i/„  and  that  of 
H,  the  radius  of  the  circle,  we  recur  to  the  equation 

u,  —  Ug  ^  0,  which  hecomes,  in  the  present  case 

( V+W'^dx-,-  ( V+X V%dx„+  (P{)-^ 5>/j-  (P,)o ^l/o 

+  N-'Sy^+N'Syf,=  0,     (1), 

since  F+XF' does  not  contain  Pj,P3,&c.,  and  F"  contains  only  y, 

and  Ji. 

Also,  since  the  points  Jl  and   /?j  are  given,  dr,  =i  0,  and  dxj  —  0, 
Thus,  (1)  is  equivalent  to  the  two  conditions 
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(P,),+  i\^"=  0,  (Pi)o-  iV=  0. 

But  jr'=~^l,     and    N"=^^=\. 

Hence,  by  substituting  the  values  of  if,  iV"  and  P-^,  we  obtain 

E('+S)-»]+-».  -  [!(•-©-*].-'=»' 

And  therefore  the  arc  ACA-^  is  a  semieirde,  the  tangents  at  A  and 
^1  being  perpendicular  to  OX. 

Also,  vaAms  azz^-{x^—x^,     and     yi=:y^ 

But  area  5j1^j£,^  2a' J/(|+ -ira^  =  c,  and  ,-,  yg  becomes  known, 
thus  making  the  solution  a 


80.  Ex.  To  find  the  curve  of  swiftest  descent  from  one  given  curve 
to  another,  the  motion  being  supposed  to  commence  at  the  upper 

Let  AB  and  A^B^  be  the  given  curv 
CC^  the  curve  required. 

Put     OD  =  x„,     BO^ya,     0E  = 
EP  =  y,     OF=x^,     ^Cj^'A.     OF 
Then,  by  the  principles  of  Mechanics  (before 
cited),  the  velocity  acquired  by  the  body  ii 
descending  from  C  to  P  along  the  curve  CPC^,  is  expressed  by 


-1 

oi 

, 

,s, 

"  \ 

] 

ir 

\ 

'c. 

.  <i,  =  p,  (J -j,.)]-i.[l +  !;]*& 
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.-.U^f^'lj,-  y,)'^.  h  +  ~fdx  =  f^'  Vd:,  =  a.  minimum. 

Here  Fconlaius  the  limit  y^  explicitly;  and  therefore  i>(7wU[  con- 
tain the  additional  term.s 

wliich  terms  appear  in  tho  equation  oij—  a^  =  0,  but  not  in  the  equa- 
tion *  ^  0. 
Also,  since  V  =  /L, ^\,       we  have,  hy  formula  (*), 


l-i. 


'    '  <fe       L       y  —  3/(1       J 
This  is  the  differential  equation  of  a  cycloid  having  the  axis  parallel 
to  y,  the  cusp  or  extremity  of  the  base  at  the  upper  point  a;,,  y,,,  and 
the  diameter  of  the  generating  drcle  =  2(7. 
The  equation  a,  —  o^  =  0  gives,  in  this  case, 

+  (X?  "•■'')*"='' ■••■<')■ 

But    n.='f^-"-N=-'4l,    .i„„    N-'p.^O 
oija  ay  dx  ax 
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.■.y"^'«„(iE-(P,),-{Pi)i,     and    f(^\n,dx 

Again,  if  the  diiFerential  equations  of  the  two  given  curves  be 

we  shall  have  the  following  conditions  connecting  the  values  of  dx^, 
Sy^  dxj,  wid  Syi,  viz. : 

'Sya+{^\dxa  =  fcdX(„     and     Sy^+{^\  dx^=  tjxi- 
Now  aulislitutine  the  values  of  &„,  5y„  /    Vnrfj:,  and   /    ^  {-:-]  n^dx 

in  (1),  and  placing  the  coefficients  of  dx^  and  rfar,,  separately,  equal  to 
zei-o,  we  get 

F.  +  (P.).  [..- (!)>»,     .nd 

''.+  (^.)«['o~(S)J-[™"-<-.)j(l). 

-HA).-(A).l['.-(|)J=o,    or, 

('-'o)-»]..[..-(|)J=0--P). 

»a      [(>.S^)*-(.-..)-']r(a[('-£)-*- 

<--)-*].-.(S).[('+£)^-<'-)"'].— '* 
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From  (2)  we  obtain        ^+*i(j")  — *^'     and  therefore  the  cycloid 

intersects  the  second  curve  at  right  angles. 

Also,  from  (3)  we  get         1  +  (^  i-^\  =  0 ;         .-.i^^i^ 

and  the  tangents  to  the  two  curves,  at  the  points  of  intersection  with 
the  cycloid,  are  parallel.  The  co-ordinates  of  those  points  are 
readily  found. 

81.  Proj).  To  determine  the  forms  of  the  functions  j/  and  z,  and 
the  values  of  the  limits  x^  and  a;,,,  which  shall  render 

f  —  /    ^  Vdx  a  maximum  or  minimum,  where 

~-'L''-''dx'     dz^" dx'^''     ^'  dx'     dx^ dx'"}' 

The  equation  Z)V=  0  becomes  in  this  case 

-[-•s3].-x:'[--§+s-— 

+<-»-^]%^- 

L         rfa-^ij.       L  (if^iJo      -/a:Q  L  dx  dx' 

+  {-l)"'-^^^&.(£e  =  0. 

^       '       dx"  J 
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If  tlie  functions  y  and  z  be  independent  of  each  other,  their  varia- 
tions Sy  and  5z  will  also  be  independent ;  and,  by  reasoning  as  in 
previous  propositions,  it  will  appear  that  we  shall  have  the  conditions 

And  for  the  equation  of  the  limits 

+  [A'  -  to.]  i^-^X-  VP;  -  to.].  (S).- ''°-  to.  =  0, (2,. 

The  mode  of  treating  these  equations  is  exactly  the  same  as  that 
employed  when  V  contained  but  one  function,  and  by  reasoning,  as 
in  that  case,  it  may  be  readily  shown  that  the  number  of  equations 
applicable  to  the  solution  of  tie  problem  will  not,  in  general,  be 
affected  by  any  equations  of  condition  restricting  the  limits.  Tor 
every  such  equation  of  condition  will  diminish  by  unity  the  number 
of  terms  in  (3),  either  by  reducing  to  zero  the  variation  which 
appears  in  such  term  ;  or,  by  uniting  two  terms  in  one,  and  thereby 
diminishing  by  unity  the  number  of  equations  deducible  from  (2). 

But  the  given  equation  of  condition  will  just  supply  the  place  of 
that  which  has  disappeared. 

Thus  it  will  suffice  to  prove  that  (1)  and  (3)  furnish  the  requisite 
number  of  equations  in  a  single  case,  as  when  the  limits  of  x  are 
alone  fixed. 
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Now  the  lirst  of  equations  (1)  is  of  tho  order  2n  in  31,  and  m  -f  n 
in  s,  and  the  second  of  equations  (1)  is  of  the  order  m  +  m  in  y, 
and  2m  in  z.     They  are  therefore  of  the  forms 


.[. 


dy         d^+y       dz         (f*zl_ 
'  dx         ds?"^'    '  da.         dx^J 


.(4). 


If,  then,  we  differentiate  (3)  2ni  times,  and  (4)  m -\-  -n  times,  wc 

shall  have  3m.  +  «.  +  2  equations  with  which  to  eliminate  the  Sm+ji 

(fe  d'^+'z 

quantities    z,— g^^^,     and  the  resulting  equation  will  lie 

of  the  order  2wi  +  2ra  in  y.  The  integral  of  this  equation  will  con- 
tain 2iM  +  2tt  constants.  But  the  number  of  equations  given  by 
(2)  is  exactly  2n  -f-  2m,  viz. :  the  2«  equations, 

rpj_^+&e,l  =0,  [/',-^+&e.l  =^0,[P2-&c.],=zO,&c.; 

and  the  2m  equations, 

[^.'-'^'+4«.]_=0,  [p,.-!?^+fa.]^=o. 

[P2'— &C.]i  =0,  &G. 

Hence  the  problem  is  in  general  determinate,  but  there  are 
eseeptions  entirely  similar  to  those  considered  in  the  ease  of  a  single 
dependent  function  y. 

82.  If  the  functions  y  and  z  be  connected  by  an  equation  i  =  0, 
and  if  it  be  possible  to  resolve  that  equation  with  respect  to  y  or  z, 

BO  as  to  obtiun  a  result  of  the  form  z  ^f{x,y,  ~,  &c. I,   the  values 

of  -J-,     -T-j,  &SC.,  ciin  he  formed  by  differentiation,  and  substituted  in 

that  of  V,  which  will  then  contain  se,  y,  and  the  differential  coeffi- 
cients of  y  with  respect  to  x,  thus  presenting  a  case  already 
considered. 
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83.  But  since  the  proposed  equatipn  Z  =  0  is  often  a,  differential 
equation  difficult  to  be  integrated,  we  are  often  compelled  to  adopt 
the  method  already  noticed,  (Page  444}  in  which  by  the  introduction 
of  a  new  indeterminate  quantity  X,  and  a  suitable  determination  of 
its  value,  we  are  enabled  to  obtain  nn  expression  for  5  f7  which  shall 
contain  but  one  of  the  variations  Sy  and  Sg  under  the  sign  of  inte- 
gration. 

Thus,  if  we  denote  by  6,  the  sum  of  the  terms  exterior  to  the  sign 
of  integration  in  the  value  of  5(7,  (Page  445)  there  will  result 


^I'y- 


and  if  we  so  assume  the  quantity  X  as  to  fulfil  the  condition 

dx 
it  -will  appear  by  reasoning,  similar  to  that  employed  whea  y  was 
the  only  function,  that  the  condition  6(7=0  cannot  be  satisfied  (so 
long  as  the  form  of  5yis  arbitrary)  unless  we  have  the  two  conditions 

1=0     and    jr+X.-Sii_tM)  +  fc.  =0. 

Hence,  we  have  for  the  solution  of  the  problem,  the  three  general 
equations 


rf(P/  +  Xg')   , 


and  JV'  +  Xu' '^  -7      ■■■■  +  &c.  =  0. 

which  are  just  sufficient  to  determine  the  three  unknown  quantities, 
X,  tf  and  a. 

84.  We  will  now  give,  in  conclusion,  examples  to  illustrate  the 
cases  and  methods  above  exptoied. 
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Ex.  To  find  the  nature  of  the  line  which  is  the  shortest  diatanca 
between  two  given  points  in  space  there  being  no  restriction  by 
which  the  line  is  required  to  be  confined  to  one  plane. 

The  general  value  of  the  length  of  the  arc  of  a  curve  of  double 


talten  between  the  proper  limits. 


Hence  in  the  present  ease  we  shall  have 

-=/:'(■+!:+£)*—» 

u„. 

"•™''=('+S^^#^=f=»''' 

=  i^=» 

„     iv             dx           „,     dr 

dz 
dx 

''■^      V      ^  dx^  ^  dx"  dx      \      ^  dx'^^  dnyi 

Pj  =  0,     P2'  ^  0,  &c. 
Hence  the  equations 

jV-'^+  &c.  ^  0     and    JV'  -  ^  +  &c.  =  0 
dx  dx 

become  — r— '  —  0     and      — ^i-  =  0 


Eliminating  first  -r-  and  then  -~  between  these  two  equi 
readily  obtain  results  of  the  forms 
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ill  which  m  and  n 


X  +  p,         and         z  =:  nx  -\-  q. 


l^ese  are  the  equations  of  a  straight  line,  which  therefore  is  the 
shortest  distance  required. 

To  find  the  values  of  the  constants  m,  n,  p,  and  q,  we  introduce 
the  given  limits  x^,  y„,  s^  «„  ^i,  Zj,  and  thus  get 

y(,  —  maro  +  p,    Z(,  =  n%+?,    y,  =  wzi +^,    s,  =  Mj  + -/, 
which  suffice  to  determine  m,  n,p  and  g. 

85.  If  the  limiting  values  of  x  only  were  given,  those  of  y  and  s 
remaining  indeterminate,  the  terms  exterior  to  the  sign  of  integra- 
tion would  give 

{^1)1  =  0.  {Pi\  =  0,  (AOi  =  <*.  (-Pi')o  =  0. 
whieh  are  equivalent  to  the  two  equations 

m  =  0     and     n  =  0, 
thus  leaving  the  other  two  constants  p  and  q  indeterminate,  and  pre- 
senting one  of  the  cases  of  exception  already  noticed. 

86.  -Se.  To  find  the  shortest  distance  between  two  given 
surfaces. 

Let  the  equation  of  the  first  surface  be  /o(«(i,  yc^^n)  =  0  ■  -  ■  ■  (1) 
and  that  of  the  second  surface  /i(^i)  ^it  ^1)  —  "^  ■  ■  ■ '  (2) 

1  +  j-j  +  ^1 
and  we  immediately  deduce  as  before 

V  =  mx  +  p (S),,  =  nx  +  q (4) 

which  show  that  the  shortest  path  is  still  a  straight  line. 

To  fix  the  co-ordinates  of  the  extremities  of  this  line  we  form  the 
complete  increment  of  (1)  and  (2)  thus : 
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[|-i(t+l(l)]-.+i-'--l:--.---<=' 

Put  for  brevity 

<%  «i         ^.         iK 

dpf,  dy,  dzQ  (^1 

"""^W  ™'^^'  ""^Z"'  "'^!^' 
t&u  dx,  dx^  dxi 


'»«'-^'(l)..(D.'(S).-0. 


Cheir  values  derived  ftom  equations  (3)  and  (4).     We  sliall  thus 
obtain 

(!+»».,  +  »«,)  ii.  +  (i.,Jy,  +  «,Sj.  =  0 

(1  +  mi»,  +  »!.,)  <fr,  +  ».,«!,,  +  «,Js,  =  0. 
Now  olimiRating,  by  tbe  aid  of  these  equations,  dx^  and  dx^,  from 
the  equations 

y^a  +  (^iVyo  +  {A'V^o  =  0 
r,i»,  +  (P,)Ai  +  (A')i&i=  0, 
and  placing  equal  to  zero  the  coefficients  of  S'j^  Ss^  Sy^,  5sj,  we 
obtain 

"o  J'.  -  (A)o  (1  +  ".  +  »".)  =0 (7) 

»'.  f,  -  (P.),  (1  +  —,  +  «•.)  =  0 (8) 

'.y.  -  (A').  (1  +  —.  +  «».)=  0 (9) 

»in  -  (A'). (1  +  "i  +  "J  =  0 (10). 

If  now  we  replace  Tp  and  {F^^  &c.  in  (7),  (8),  (9)  and  (10),  by 

(1 +>»=  +  «")*     -—    "  &c. 
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we  readOy  find  fi-om  (7)  and  (9)      m  =  mo,  k  =  «„ (11) 

and  from  (8)  and  (10),     m  =  m,     and     w  =  n^ (12). 

Now  eliminating  x^,  y^,  z^,  x^,  y-^.  £„  whicli  quantities  occur  in  tha 
values  of  m^,  «„,  wii,  and  n-y,  by  means  of  the  six  equations, 

y^  =  mx^  +p,     y^  =  inj;,  +  p, 


there  will  remain  the  four  equations  (11)  and  (12)  with  which  to 
compute  the  values  of  m,n,p,  and  5;  thus  the  line  of  shortest 
distance  will  be  fixed  in  position  ;  and,  by  combining  its  equations 
with  those  of  the  given  surfaces,  we  can  find  the  values  of 

87.  The  equations  (11)  and  (12)  sliow  th^t  the  hue  of  shortest 
distance  is  normal  to  both  surfaces  For  the  assumed  values  of 
wip  and  fio  indicate  that  they  represent  the  tangents  of  the  angles 
formed  by  the  projections  of  the  normal  to  the  first  surface  on  the 
planes  of  xy  lud  x^  with  the  axis  of  x  ,  while  m  and  »  denote  the 
tangents  of  the  cone'iponding  angles  formed  by  the  projections  of 
the  line  of  shortest  di&tjnce 

A  similar  remark  applies  to  Ihp  i[umtities  Wj  and  Hj  ind  the 
normal  to  the  second  burHice 

88,  -St,  To  find  the  shortest  distance  traced  on  the  surface  of  a 
given  sphere  between  two  given  points  in  the  surface. 

Here  the  quantity  to  be  rendered  a  minimum  is  the  same  as  in 
the  last  two  examples,  viz. : 

but  since  the  path  is  restricted  to  tho  surface  of  a  given  sphere,  the 
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co-ordinates  x,  y,  and  z,  of  any  point  in  the  required  path,  will  be 
connected  by  the  relation 

Hence  the  Tariations  of  y  and  s  will  not  be  independent  of  each 

Now  we  might  form  from  (2)  the  value  of  — ,  which,  substituted 
in  (1),  would  reduce  F  to  a  form  in  which  it  would  no  longer  con- 
taia  the  fimetion  z,  or  its  differeatial  coefficient,  or  we  may  adopt  the 
method  of  Lagrange,  which  is  usually  the  easier.  Taldng  the  second 
method,  we  have 


-(^ 


dx^      dx^J 


.  p,= 


'v/^^^I^'   '~vA^ 


ud 

become,  in  this  case, 


dx       dx  dx         dx 

dx        dx  dx         dx 
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dy 


V  '  "'^  rfi^  +  da? 


EUminating  -p  between  (3)  and  (4),  ■« 
■'A 


(5); 


W'+e  +  s?/        \V'+i 

and  by  integration 

dy         dz 

or,  by  changing  the  independent  variable  from  a:  to  s,  (5)  bceomea 

By  similar  reasoning  we  may  obtain 

dx         dy  ,^,  ^        dz         dx 

y  —  —  x-f  =  Ci (7),     and     3:  —  —  z  —  =  e, (8). 

'  ds  ds        ^  "■  "  rfs         (fe       ^  ^  ' 

Multiplying  (0)  by  a;,  (7)  by  s,  and  (8)  by  y,  and  adding,  we  get 

<•«  +  V  + '■zJ' =  0,     or     s  +  i.ar4--^y=0 (9), 

the  equation  of  a  plane  passing  through  the  origin. 

Thus  the  required  line  of  shortest  distance  on  the  surface  of  the 
sphere,  is  confined  to  a  plane  passing  through  the  centre,  and  is,  con- 
sequently, a  great  circle. 
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The  equation  a,  —  Od  =  0  in  this  case  disappears,  siuco 
dx^  =  0,     rfsj  -  0,     o>o  ^  0,     oV,  =  0,     0%  ^  0,     and     &i  =  0. 
The  constants  —  and  — ^  are  founii  by  substituting 

3'o,yw3o>  ana  a'i,yi,z„  for  ar,y,  and  z  in  (0). 
89,  If  tlie  limiting  -values  of  x  only  were  given,  or  the  problem 
that  in  which  it  is  required  to  find  on  the  surface  of  the  sphere,  the 
shortest  path  between  two  parallel  sections,  th^  variations  Sy^^,  5y^, 
^-01  ^^u  would  not  reduce  to  zero,  and  the  equation  Oj  —  a,,  i=  0 
would  give  the  four  conditions 

|  +  >.(,yo^0---.(10); 


n/'  +  ss  +  S 


•01); 


which  apply  to  the  inferior  limit,  with  two  similar  equations  for  the 
superior  limit. 

Eliminating  X^  between  (10)  and  (11),  there  results 

dy  dz 


i,  the  constant  c  t^<i'm  (.');  and  that  equation  becomes 
dy  dz  d.y        dz 
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.  ■ .  log  ;/  =  log  z  +  log  m  =  log  mz ;     and     r/  —  mz. 

This  is  the  equation  of  a  plane  passing  through  the  axis  of  x,  aud 

forming  an  arbitrary  angle  (taa-'m)  with  the  plane  of  xz-     Hence, 

the  required  path  is  the  arc  of  any  great  circle  perpendicular  to  tJie 

planes  of  the  parallel  sections. 
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